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Radial case, half disk

In the radial case, the data and the solution do not depend on ¢, so
e.g., the eigenfunction expansion of f reduces to

fn= Z BrJo(ag k1),
k=1

with the coefficients

Br= f f (g ) rdr.

wlh (060 oI

Consider the Laplace eigenproblem with the homogeneous Dirichlet
condition on the half disk {(r,¢):0<r<1,0<¢ <n}. In the ¢-direction
one has the expansion in terms of sin(n¢), with the eigenvalues —n2,

This immediately leads to the “pre-Bessel” equation
1 n?
wh(n) + ;w;l(r) + (JL - r—z)wn(r) =0,

implying that the eigenfunctions are vy, (1, ¢) = Jn(a 1) sin(ng) with the

eigenvalues —ai o where n=1,2,....
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Exterior Dirichlet problem for the circle

Let us solve the exterior Dirichlet problem

Au=0 in R?\D, u=g on O0D.
For r>1, we can write -
u(r, @) = oM + ) (En(r) cos np+¢ -y (1) sinng),
and e
(o0}
8P =yo+ Y (yncosnd+y_,sinng).
n=1

We must require {,(1) =y, for all ne Z. The ODE for & is

1 n?
CEdm+=-CEnr— _2€n:0»
r r

whose only solutions that do not blow up at co are &,(r) =y,r™", giving

u(r,¢) = Y0+Zr (Yncosng +y_,sinng) fg((p 0)P.(6)do,

where P.(x) = 27[ W‘(}sm is the Poisson kernel for the disk exterior.
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Solid cylinder

Consider the eigenvalue problem
Au=Au,

in the solid cylinder D x (0, ), with the homogeneous Dirichlet boundary
condition. Letting A, be the 2-dimensional Laplacian, and writing
u(r,¢,z) = V(r,p) Z(z) in the cylindrical coordinates, we have

Au=ZNV+VZ'=AVZ.

We divide by VZ and rearrange to get

AV 7V AV 72N
A ) = A-—22 =2 =,
14 Z v Z

for any positive integer m, with Z(z) = sin(mz). Then V must satisfy
AV =A+mA)V,
on the unit disk D, with homogeneous Dirichlet condition. This means
)L+m2:—aflyk => )Ln,k,m:—afl,k—mz,

where «a,, i are the positive zeroes of J,.
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Spherically symmetric eigenproblem

The spherically symmetric eigenproblem in the unit ball with the
homogeneous Dirichlet condition is

Auzurr+§ur=/1u, u(1)=0.
This can be solved by observing
(rw)) yr = U+ 2Uy,
so that the eigenproblem can be written as
(rw) ;= Aru.

Its only bounded solutions are multiples of

sin(mnr)

u(r)
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