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Fourier series

Consider the Laplace eigenproblem on the unit circle S':
V' =Av.
The eigenfunctions are found to be
vy (x) = cos(nx), with eigenvalue A, = -n, n=0,1,...,
and
Vu(x) = sin(nx), with eigenvalue A, = -1, n=-1,-2,....

They are pairwise orthogonal:

2n
<Vny Vm> = /(; Vn(X) U (0)dx = (1 + 6 10) 86 s

and they form a basis for the set of all functions f on the circle with

IF1I? = f.f) < oo.
vy 28



Fourier ring problem

Consider the heat equation on S'
u; =Au, u(x,0) = f(x).

Suppose that u and f are written in terms of the Fourier basis {v;} as
ux,n= Y &Ova),  f= )Y, Butn
n=-—o0o n=-—oo0
Then we have
- - 2 —n’t
w= ), Cn Bu= ), u-nv, = Ep)=pre
n=-o0o n=-o00

so -
ux, =), e‘"zlﬁnvn(x).

n=—o0o
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Wave on a ring

Consider the wave equation on S!:
ug =Au, u(x,0)=f(x), ulx0)=gx).

Suppose

uxn= Y Ea@va,  f= Y Pavm 8= ) Yl

n=—oo
Then we have
2 Yn .
EWu=-nCy, => &n(8) = Broos(nt) + o sin(nt),
SO

ulx, )= Po+yot+ Y, (,Bncos(nt) +In sin(nt)) Un(X).
neZ\{0} n
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Inhomogeneous Dirichlet boundary conditions

Consider the heat equation
ur =Au, u(x,0) = f(x), u@,9)=a, u(l,n=p,

on (0,1), where a, 8 are given numbers. For separation of variables, we
need homogeneous boundary conditions (i.e., we need @ = $=0). Let

ux)=a+(f-ax,

so that #(0) =« and &(1) = B. This means that w= u— & should satisfy
w(0) = w(l) =0. We have

Wy = Uy, Aw = (U— U) yx = Uyy,
so by solving the problem
wr = Aw, w(x,0) = f(x) — u(x), w0, =w(,1) =0,

with the homogeneous boundary conditions, and setting u=u+ w, we
solve the original problem (with inhomogeneous boundary conditions).
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Inhomogeneous Dirichlet boundary conditions

Consider now the general problem
us =Au, u(x,0) = f(x), u=g on 0Q,

on QcR" where g does not depend on time. Suppose that & is some
function defined on Q, that is equal to g on the boundary Q. Then
w= u— it must satisfy w=0 on 0Q. We have

Wy = Uy, Aw=Au—-u) =Au—-Au,
so the original problem reduces to
wy=Aw+Au, w(x,0) = f(x) — u(x), w=0 on 0Q.

This is a heat equation with an inhomogeneous (or a source) term.
If we allow the boundary condition g to depend on time, we would get

wr=Aw+ Au— uy, w(x,0) = f(x) — u(x,0), w=0 on 0Q.
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Inhomogeneous Neumann boundary conditions

Now consider
us = Au, u(x,0) = f(x), ux(0,1) = a, uy(1,0=p,
on (0,1). Let
8- axz’
2

so that i,(0) = a and (1) = B. We have

ux)=ax+

W = Uy, Aw=(U—UWyx= U~ (f—-a),
so the original problem reduces to
wr=Aw+p-a, w(x,0) = f(x) — u(x), wy (0,1 = wy(1,1) =0.

Note that an inhomogeneous term arises again.

In general, inhomogeneous boundary conditions can be traded
for inhomogeneous terms in the equation.
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Inhomogeneous heat equation with a reaction term

So a problem of interest would be
u; = Au+pu+h, u(x,0)=f(x), xeQ)

with some homogeneous boundary condition, where u is a constant, and

h is a function possibly depending on t. Let v; and A; be eigenfunctions

and eigenvalues of the Laplacian on Q with the given boundary condition.
Suppose

u, )=y &),  hx=)Y njOvx, =) B
=i

Jj=1 J=1
Then the problem reduces to the ODE problems
EDe=Aj+wei+n;, ¢;0) = .
The solution is

t
fl(t) — e(/lj+”)t,3j+/ emj+u)(t_s)1”]j(3)d8.
0
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