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Fourier series

Consider the Laplace eigenproblem on the unit circle S1:

v′′ =λv.

The eigenfunctions are found to be

vn(x) = cos(nx), with eigenvalue λn =−n2, n = 0,1, . . . ,

and

vn(x) = sin(nx), with eigenvalue λn =−n2, n =−1,−2, . . . .

They are pairwise orthogonal:

〈
vn,vm

〉= ∫ 2π

0
vn(x)vm(x)dx = (1+δn0)πδnm,

and they form a basis for the set of all functions f on the circle with
‖f ‖2 = 〈

f , f
〉<∞.
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Fourier ring problem

Consider the heat equation on S1

ut =∆u, u(x,0) = f (x).

Suppose that u and f are written in terms of the Fourier basis {vn} as

u(x, t) =
∞∑

n=−∞
ξn(t)vn(x), f =

∞∑
n=−∞

βnvn.

Then we have

ut =
∞∑

n=−∞
(ξn)t vn, ∆u =

∞∑
n=−∞

ξn(−n 2)vn ⇒ ξn(t) =βne−n 2t ,

so
u(x, t) =

∞∑
n=−∞

e−n 2tβnvn(x).
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Wave on a ring

Consider the wave equation on S1:

utt =∆u, u(x,0) = f (x), ut (x,0) = g(x).

Suppose

u(x, t) =
∞∑

n=−∞
ξn(t)vn(x), f =

∞∑
n=−∞

βnvn, g =
∞∑

n=−∞
γnvn.

Then we have

(ξn)tt =−n 2ξn, ⇒ ξn(t) =βn cos(nt)+ γn

n
sin(nt),

so
u(x, t) =β0 +γ0t + ∑

n∈Z\{0}

(
βn cos(nt)+ γn

n
sin(nt)

)
vn(x).
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Inhomogeneous Dirichlet boundary conditions

Consider the heat equation

ut =∆u, u(x,0) = f (x), u(0, t) =α, u(1, t) =β,

on (0,1), where α,β are given numbers. For separation of variables, we
need homogeneous boundary conditions (i.e., we need α=β= 0). Let

ū(x) =α+ (β−α)x,

so that ū(0) =α and ū(1) =β. This means that w = u− ū should satisfy
w(0) = w(1) = 0. We have

wt = ut , ∆w = (u− ū)xx = uxx,

so by solving the problem

wt =∆w, w(x,0) = f (x)− ū(x), w(0, t) = w(1, t) = 0,

with the homogeneous boundary conditions, and setting u = ū+w, we
solve the original problem (with inhomogeneous boundary conditions).
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Inhomogeneous Dirichlet boundary conditions

Consider now the general problem

ut =∆u, u(x,0) = f (x), u = g on ∂Ω,

on Ω⊂Rn, where g does not depend on time. Suppose that ū is some
function defined on Ω, that is equal to g on the boundary ∂Ω. Then
w = u− ū must satisfy w = 0 on ∂Ω. We have

wt = ut , ∆w =∆(u− ū) =∆u−∆ū,

so the original problem reduces to

wt =∆w+∆ū, w(x,0) = f (x)− ū(x), w = 0 on ∂Ω.

This is a heat equation with an inhomogeneous (or a source) term.
If we allow the boundary condition g to depend on time, we would get

wt =∆w+∆ū− ūt , w(x,0) = f (x)− ū(x,0), w = 0 on ∂Ω.
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Inhomogeneous Neumann boundary conditions

Now consider

ut =∆u, u(x,0) = f (x), ux(0, t) =α, ux(1, t) =β,

on (0,1). Let
ū(x) =αx+ β−α

2
x 2,

so that ūx(0) =α and ūx(1) =β. We have

wt = ut , ∆w = (u− ū)xx = uxx − (β−α),

so the original problem reduces to

wt =∆w+β−α, w(x,0) = f (x)− ū(x), wx(0, t) = wx(1, t) = 0.

Note that an inhomogeneous term arises again.
In general, inhomogeneous boundary conditions can be traded
for inhomogeneous terms in the equation.
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Inhomogeneous heat equation with a reaction term

So a problem of interest would be

ut =∆u+µu+h, u(x,0) = f (x), (x ∈Ω)

with some homogeneous boundary condition, where µ is a constant, and
h is a function possibly depending on t. Let vj and λj be eigenfunctions
and eigenvalues of the Laplacian on Ω with the given boundary condition.
Suppose

u(x, t) =
∞∑

j=1
ξj(t)vj(x), h(x, t) =

∞∑
j=1

ηj(t)vj(x), f =
∞∑

j=1
βjvj.

Then the problem reduces to the ODE problems

(ξj)t = (λj +µ)ξj +ηj, ξj(0) =βj.

The solution is

ξj(t) = e(λj+µ)tβj +
∫ t

0
e(λj+µ)(t−s)ηj(s)ds.
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