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Cosine series

Consider the Laplace eigenproblem on interval (0,1) with the
homogeneous Neumann boundary conditions:

V=2, Y0)=v1)=0.
The eigenfunctions and eigenvalues are found to be
Vi(x) = cos(mkx), /1k=—ﬂ2k‘2, k=0,1,....

With respect to the inner product

1
(f.g)= fo f(0gxdx,

the cosines {vy} are orthogonal:

1+6k05

1
(vj, vie) :j(; cos(mjx) cos(mkx)dx = ke

and they form a basis for the set of all functions f with [fII> = (f,f) < co.
s



Heat equation with Neumann boundary conditions

Consider the initial-boundary value problem on (0,1)
ut:Au’ ux(or t) = ux(l;t) :0) u(xyo) :f(x))

where Au= uy. Suppose that u and f are written in terms of the cosine
basis {v;} as

ue ) =Y Eve®,  f=Y Pruk.
k=0 k=0

Then we have

w=Y € Au=) A=Y G-1PkAu = &) =pre ™ KL,
k=0 k=0 k=0

SO

o -2kt
uxx, )=y e ™" Brcos(mkx).
k=0

The essential difference to the Dirichlet case here is that there is a mode
(k=0) that does not decay.
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Example

Heat equation with initial condition f(x) = e

Coefficients of u(x,0)
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—100(x—1/2)?

u(x,0)
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Example

Heat equation with initial condition f(x) = e

Coefficients of u(x,0.1)

-04l
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Example

Heat equation with initial condition f(x) = e

Coefficients of u(x,0.2)

-04l
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Example

. N . 100(x—1/2)2
Heat equation with initial condition f(x) = e~1000-1/27,

Coefficients of u(x,0.3) u(x,0.3)
10
asl
os]
i 04l
oal 02 02 06 08 o
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Example

. N . 100(x—1/2)2
Heat equation with initial condition f(x) = e~1000-1/27,

Coefficients of u(x,0.4) u(x, 0.4)
10
asl
os]
i 04l
A * /—\
oal 02 02 06 08 o
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Example

. N . 100(x—1/2)2
Heat equation with initial condition f(x) = e~1000-1/27,

Coefficients of u(x,0.5) u(x,0.5)
10
asl
os]
i 04l
02| oof
oal 02 02 06 08 o
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Example

. N . 100(x—1/2)2
Heat equation with initial condition f(x) = e~1000-1/27,

Coefficients of u(x,0.6) u(x, 0.6)
10
asl
os]
i 04l
02| of -
oal 02 02 06 08 o

Math 319 Lecture 24 Mar 7 4/6



Wave equation with Neumann boundary conditions ¥

Consider the initial-boundary value problem on (0,1)
uy = Au, ux(0,1) = ux(1,0 =0, u(x,0) = f(x), u(x,0)=gx.

Suppose

u )=y EOve,  f=Y Prve 8= D ViVk
k=0 k=0 k=0

Then we have
EQu=-m°k*Eg, = Ex(0) = Brcos(mkt) + Y—kk sin(k?),

SO

u(x, t) = Po+7yot+ Z (ﬁkcos(nkt) + y—kk sin(nkt)) cos(mkx).
k=1
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Example

Wave equation with initial conditions f(x) =e

Coefficients of u(x,0)
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—100(x—1/2)?

and g=0.
u(x,0)
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Example

—100(x—1/2)?

Wave equation with initial conditions f(x) =e and g=0.
Coefficients of u(x,0.1) u(x,0.1)
10~
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Example

—100(x—1/2)?

Wave equation with initial conditions f(x) =e and g=0.
Coefficients of u(x,0.2) u(x,0.2)
10~
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Example

—100(x—1/2)?

Wave equation with initial conditions f(x) =e and g=0.
Coefficients of u(x,0.3) u(x,0.3)
10~
08t
0.6+
] 04
0.2
0‘.2 04 06 0‘.3 10
04l
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Example

o iy 100(x-1/2)2
Wave equation with initial conditions f(x) = e~ 1000=1/2" and g=0.

Coefficients of u(x,0.4) u(x,0.4)
& 100
04
L
0.8
021
0.6
B 2 4 14 ) 04
-0.2 0.2
0‘.2 04 06 0‘.5 1‘.0
-04L
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Example

o iy 100(x-1/2)2
Wave equation with initial conditions f(x) = e~ 1000=1/2" and g=0.

Coefficients of u(x,0.5) u(x,0.5)
—51
04,
L
02}
B 2 4 6 8 10 12 14 i
—02}
04 06 08 10
—04l
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Example

o iy 100(x-1/2)2
Wave equation with initial conditions f(x) = e~ 1000=1/2" and g=0.

Coefficients of u(x,0.6) u(x,0.6)
& 100
04
L
0.8
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0.6
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0‘.2 04 06 0‘.5 1‘.0
-04L
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Example

—100(x—1/2)?

Wave equation with initial conditions f(x) =e and g=0.
Coefficients of u(x,0.7) u(x,0.7)
10~
08t
0.6+
] 04
0.2
0‘.2 04 06 0‘.3 10
04l
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Example

—100(x—1/2)?

Wave equation with initial conditions f(x) =e and g=0.
Coefficients of u(x,0.8) u(x,0.8)
10~
08t
0.6+
] 04
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