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Poisson problem on interval

We considered the following problem on the interval (0,π)

uxx = f , u(0) = u(π) = 0.

We view this as inverting the operator ∆ : v 7→ vxx. We found the
eigenfunctions and eigenvalues of ∆ to be

vj(x) = sin( jx), and λj =−j 2,
(

j = 1,2, . . .
)

.

We take the followings facts as given.
Any function f with ‖f ‖ <∞ satisfies f =∑∞

j=1βjvj in the L2-sense,
with the unique coefficients βj = 2

π 〈f ,vj〉.
If u =∑∞

j=1 ξjvj in L2, then uxx =
(∑∞

j=1 ξjvj

)
xx

=∑∞
j=1 ξj

(
vj

)
xx.

From those we immediately get

uxx =
∞∑

j=1
(−j 2)ξjvj, and so u =

∞∑
j=1

1

(−j 2)
βjvj.
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Initial value problem for ODE

Consider the problem of finding x(t) ∈Rn satisfying

xt = Ax, x(0) = b,

where A is an n×n symmetric matrix, and b ∈Rn is a given initial state.
There exist orthonormal set of eigenvectors v1, . . . ,vn, with corresponding
eigenvalues λ1, . . . ,λn:

Avi =λivi, with 〈vi,vk〉 ≡ vT
i vk = δik.

Suppose that x and b are written in terms of the basis {vi} as

x(t) =∑
i
ξi(t)vi, b =∑

i
βivi.

Then we have

xt =
∑

i
(ξi)t vi, Ax =∑

i
ξiAvi =

∑
i
ξiλivi ⇒ ξi(t) =βie

λit ,

so
x(t) =∑

i
βie

λit vi =
∑

i
eλit〈b,vi〉vi.
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Heat equation on interval

Consider the initial-boundary value problem on (0,π)

ut =∆u, u(0, t) = u(π, t) = 0, u(x,0) = f (x),

where ∆u = uxx. Suppose that u and f are written in terms of the sine
basis {vj} as

u(x, t) =
∞∑

j=1
ξj(t)vj(x), f =

∞∑
j=1

βjvj.

Then we have

ut =
∞∑

j=1
(ξj)t vj, ∆u =

∞∑
j=1

ξj∆vj =
∞∑

j=1
ξj(−j 2)vj ⇒ ξj(t) =βje

−j 2t ,

so
u(x, t) =

∞∑
j=1

e−j 2tβj sin( jx).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0)
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.03)
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Frequency components of u(x,0.03).
Blue curve is u(x,0.03).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.05)
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Frequency components of u(x,0.05).
Blue curve is u(x,0.05).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.1)
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Frequency components of u(x,0.1).
Blue curve is u(x,0.1).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.2)
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Frequency components of u(x,0.2).
Blue curve is u(x,0.2).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.3)
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Frequency components of u(x,0.3).
Blue curve is u(x,0.3).
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Example

Heat equation with initial condition f (x) = e−200(x−3/2)2 .

Coefficients of u(x,0.5)
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Frequency components of u(x,0.5).
Blue curve is u(x,0.5).
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Alternative derivation

Consider the problem

ut = uxx, u(0, t) = u(π, t) = 0, u(x,0) = f (x),

on (0,π). Suppose that we can write u(x, t) = X(x)T(t), i.e., variables
separate. Then we have

ut (x, t) = X(x)T ′(t), uxx(x, t) = X ′′(x)T(t) ⇒ X(x)T ′(t) = X ′′(x)T(t).

Dividing through by X(x)T(t), we get

T ′(t)

T(t)
= X ′′(x)

X(x)
.

The left hand side depends only on t, while the right hand side depends
only on x. Hence the both sides must equal to a constant:

T ′(t)

T(t)
= X ′′(x)

X(x)
=λ= const.
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Alternative derivation

This gives the two equations

T ′(t) =λT(t), X ′′(x) =λX(x).

The second equation with the boundary conditions X(0) = X(π) = 0, has
the solution

Xj(x) = sin( jx), λj =−j 2,

for every positive integer j. Then the first equation is solved by

Tj(t) = Tj(0)e−j 2t .

By forming a linear combination of infinitely many solutions
uj(x, t) = e−j 2t sin( jx), we get

u(x, t) =
∞∑

j=1
Cje

−j 2t sin( jx).

So we are back to the questions related to the eigenfunctions of ∆.
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Wave equation on interval

Consider the initial-boundary value problem on (0,π)

utt =∆u, u(0, t) = u(π, t) = 0, u(x,0) = f (x), ut (x,0) = g(x).

Suppose

u(x, t) =
∞∑

j=1
ξj(t)vj(x), f =

∞∑
j=1

βjvj, g =
∞∑

j=1
γjvj.

Then we have

(ξj)tt =−j 2ξj, ⇒ ξj(t) =βj cos( jt)+ γj

j
sin( jt),

so
u(x, t) =

∞∑
j=1

(
βj cos( jt)+ γj

j
sin( jt)

)
sin( jx).
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Wave equation example with g ≡ 0

Coefficients of u(x,0)
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Frequency components of u(x,0).
Blue curve is u(x,0).
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Wave equation example with g ≡ 0

Coefficients of u(x,0.2)
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Frequency components of u(x,0.2).
Blue curve is u(x,0.2).
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Wave equation example with g ≡ 0

Coefficients of u(x,0.4)
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Frequency components of u(x,0.4).
Blue curve is u(x,0.4).
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Wave equation example with g ≡ 0

Coefficients of u(x,0.6)
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Frequency components of u(x,0.6).
Blue curve is u(x,0.6).
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Wave equation example with g ≡ 0

Coefficients of u(x,0.8)
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Frequency components of u(x,0.8).
Blue curve is u(x,0.8).
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Wave equation example with g ≡ 0

Coefficients of u(x,1.0)
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Frequency components of u(x,1.0).
Blue curve is u(x,1.0).
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Wave equation example with g ≡ 0

Coefficients of u(x,1.2)
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Frequency components of u(x,1.2).
Blue curve is u(x,1.2).
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Wave equation example with g ≡ 0

Coefficients of u(x,1.4)
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Frequency components of u(x,1.4).
Blue curve is u(x,1.4).
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Wave equation example with g ≡ 0

Coefficients of u(x,1.6)
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Frequency components of u(x,1.6).
Blue curve is u(x,1.6).
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Wave equation example with g ≡ 0

Coefficients of u(x,1.8)
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Frequency components of u(x,1.8).
Blue curve is u(x,1.8).
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Wave equation example with g ≡ 0

Coefficients of u(x,2.0)
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Frequency components of u(x,2.0).
Blue curve is u(x,2.0).
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Wave equation example with g ≡ 0

Coefficients of u(x,2.2)
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Frequency components of u(x,2.2).
Blue curve is u(x,2.2).
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Laplace BVP on a rectangle

Consider the boundary value problem

uxx +uyy = 0, u(0,y) = u(π,y) = 0, u(x,0) = f (x), u(x,a) = g(x),

on (0,π)× (0,a). Suppose

u(x,y) =
∞∑

j=1
ξj(y)vj(x), f =

∞∑
j=1

βjvj, g =
∞∑

j=1
γjvj.

Then we have

(ξj)yy − j 2ξj = 0, ⇒ ξj(y) =βj cosh( jy)+δj sinh( jy),

where δj = γj−βj cosh( ja)
sinh( ja) . The final solution is

u(x,y) =
∞∑

j=1

(
βj cosh( jy)+δj sinh( jy)

)
sin( jx).
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