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Backward time differencing: Implicit methods

To allow large time steps, one needs to use implicit methods, such as

Uikl — Uik Uit ] kel T Uit k+1 — 2Uj k41

s u;o = f(ih).
T hz l,O f( )
This can be rewritten as
2T T T .
1+ 72 | Wik+1 = 35 Wikl ~ 35 Ui kel = Ui uio = f(ih).

So, in order to find u; 41 one needs to solve a system of linear equations.

This scheme is unconditionally stable. In general, implicit methods are
more expensive than explicit methods due to matrix inversion. But in 1D,
the overhead is negligible, because one can solve tridiagonal system in
O(n) time.
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Discrete maximum principle

Recall the implicit method from the preceding page:
(A +20)Uj 1 — CU-1 k41 — CUi+1 k+1 = Uik

where ¢=1/h* >0. This can be written as

CU_1,k+1 T Uik + CU1 k+1

Uu; =
Lt 1+2¢
Theorem
Fix some K, and let M = Iliclaxmax ujr. If uj,, =M for some interior node
<K i ’ ’
(,m) with n< K, u; must be constant for all i and all k< K.
Proof.

Suppose that M = u; 41 for some particular (interior) node (i, k+1) with
k+1=<K. Then it must be the case that
Ui1,k+1 = Uik = Uir1k+1 = M,

otherwise they cannot have M as their average. This reasoning
“propagates” to make every u;; =M for k< K. O
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Linear second order equations

Consider the general second order equation
Aty + Buyy + Cuyy + F(uy, uy, u) = 0.

The first three terms are called the principal terms, and the behavior of
the equation is largely determined by the coefficients A, B, and C. The
terms represented by F are called the lower order terms. Note

@ A=C=1, B=0is the Laplace equation with lower order terms.
@ A=1, C=-1, B=0 is the wave equation with lower order terms.
@ A=C=0, B=1 is also the wave equation with lower order terms.

@ A=1, B=C=0 is something like the heat equation, if there is a
lower order term with uy,.
We want to perform a change of variables, and try to transform the
above equation into one of these simple forms. Without loss of
generality, let us assume that A and B are nonzero.
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Change of variables

We consider the general linear change of variables

{=ax+ By, n=yx+0y.

We have
Uy = QUg + Y Uy, Upe = @ Ugg + Y Uy + 20y Ugy,
uy = Pug +6uy, Uy = B uge + 6ty + 2P ugy,

Uyy = aPuge +ySupy + (By + ad) ugy,
and so

Al + Butyy + Cuyy = (Aa® + Baf + CB) uge
+ (2Aay + B(By + ad) + 2CP6) usy
+ (Ay* + Byd + C5%) gy
=: Atz + B gy + Cy.
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Hyperbolic case

If D:= B> -~ 4AC >0, then we can make A' = C' =0, by choosing

-B++vD -B-+vD
ﬁ:é:l’ b=, /}/:—_
2A 2A
We have
B =2Aay + B( +a)+zc—2A_(Bz_D)+B_ZB+zc— Bz;éo
Teaay T By - a2 24 TTATY

So the equation becomes of the form
Uy + Glug, up, u) =0,

which is a wave equation with lower order terms. This case (i.e., D>0) is
called hyperbolic. Note that once we have the above form, by changing
to, e.g., £+n and ¢ —1n, we can transform the equation into the form

Uge — Uy + H(ug, uy, u) = 0.
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Parabolic case

If D=0, then choose

We have
A =Aa?+Ba+C,

B B2 —4AC
B =-Ba+Ba-—+2C=————=0.
2A 2A

The equation becomes of the form

uge + Glug, un, ) =0,

which resembles the heat equation. This case (i.e., D=0) is called
parabolic.
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Elliptic case

If D<0, then choose @ =1 and B=0. We have
A=A B =2Ay +B6.
We let § = —2Ay/B so as to make B'=0. The remaining coefficient is

2,2 2
WYC A yac- )=

Ay?*(-D)
B R B

C =Ay? —24y* + =

If we choose y = B/v/—D, we have C'=A=A". The equation becomes of
the form
Ugg + tny + Glug, un, u) =0,

which is the Laplace equation with lower order terms. This case (i.e.,
D<0) is called elliptic.
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Discriminant

Depending on the sign of D= B?—4AC, we transformed the equation into
wave-like, heat-like, or Laplace-like forms. Can these forms be
transformed from one to another? We have

A' = Ad® + Baf+Cp? = (“)T( 4 Blz) (“)

g) \Bl2 C)\p
T
) (@ A B/2\(y
B'_2Aay+B(ﬁY+a5)+2Cﬁ5—(ﬁ) (B/Z C)(ﬁ)'
T
o > (Y\' (A B2\(y

which can be rewritten as
(A’ B’/2)_(a y)T(A Blz)(a y)
B2 C )\ &) \Bl2 C/J\p §)
Therefore we have
D (A’ B2

_ _ 2 D
_Z_det B2 C,)—(aé—ﬁy) (—4),

so one cannot alter the sign of D by change of variables.
Math 319 Lecture 17 Feb 10 9/ 10



Classification of second order equations

We classify
Aty + Buyy + Cuyy + F(uy, uy, u) =0,

according to the sign of D= B? —4AC:

e Hyperbolic D> 0: The canonical forms are

Uge — Uny + Glug, uy, u) =0 and uey + H(ug, uy, u) = 0.

@ Parabolic D=0: The canonical form is ug + G(u, ty, u) = 0.

e Elliptic D<0: The canonical form is ug; + Uny + Glue, up, u) = 0.
This classification can be extended to the cases where

@ more than two independent variables present.

@ F depends on x,y, in particular, to inhomogneeous equations.

@ Fis nonlinear (this is called the semilinear case).

@ A, B, Cdepend on x,y. In this case, the equation type may depend
on x,y, but usually the coefficients are so that the equation has a
single well-defined type.

@ A, B, C depend on u (quasilinear equation). In this case, the
equation type may depend on the behavior of u itself.
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