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Maxwell's equations

Maxwell’s equations in vacuum are

OE 0B
— =cVxB, V-E=0, — =-CcVxE, V-B=0,
ot ot

where E is the electric field, and B is the magnetic field. We have

’E B
%:ch %:—CZVxVxE:cz(AE—V(V-E)):czAE.

So the electric field satisfies the wave equation
Ey—*AE=0.

The same holds for the magnetic field.
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Wave equation

The Cauchy problem for the wave equation in 3D is
Uy —Au=0, u(x,0) = f(x), ur(x,0) = g(x),

where u(x, 1) is the unknown solution (x€R3, £>0).
Let ¢(x) be a function defined on R3. Then we define

1 t
ulx, t) = — »dsS :—f (x+yHdS,,
4wt |y7x|:[('b y Y 47 |y|:1¢) y J
and claim that u satisfies the wave equation. Note that u(x,0) =0.
We have
Au= L Ap(x+yndS, = ! A¢p(y)dS
47 Jiy=1 yoey Ant Jiy-xi=¢ VIEoy-
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Spherical means

1 r

u(x, ) = — X+ tdS+—f Vo (x+ yr) - ydS

+(x, 1) in |yI=1(P( yodsS, 7 Sy ¢x+yn-ydSy
u(x, 1) 1

= +— Vé(y) - ndS
t 4wt |y7x‘:[ (py Y

u(x, 1) 1 u(x, 1) 1
=—+ — A ds, =: —®d(x,1).
, +4nt o d(dSy +4nt (x, 1)

Note that u;(x,0) = ¢(x). For the second derivative

Up(x, 1) = + =—
" 12 Amee ¢

t

Amt _Et

tur—u tq)[—q) 1 ( u 1 ) 1 1
(OF%

Note that uy(x,0) =0.
0
o=2 [ apmds,= [ apmds,.
0t Jiy-x=t ly—-xl=t

So Au= uyg, u(x,0)=0, and us(x,0) = P(x).
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Poisson’s formula

Since u; — Au=0, we have

0
0= a—t(utt—Au) = (U o — Auy),

so v= u; satisfies vy, —Av=0, v(x,0) = ¢(x), and v(x,0) =0. Hence

1 0o(1
,t = - dS - | dS »
u(x ) 4mt |y—x|:tg(y) y+ 6[ (4ﬂtﬁyx|:[f(y) y)

satisfies uy — Au=0, u(x,0) = f(x), and us(x,0) = g(x). This formula is due
to Poisson (1819), and often called also Kirchhoff's formula.
Introducing the spherical average

1
M, =— ds,,
t[p1(x) An [y—x|=r¢(y) y
Poisson’s formula can be written as
0
u= tMt[g] + a—t(tMt[ﬂ)
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Method of descent: Waves in 2D

Recall

1 a0 (1
u(x, t) = e i tg(y)d y 6t(4mfy xl:tf(y)dSy),

satisfies u; —Au=0, u(x,0) = f(x), and u(x,0) = g(x). If f(x) = f(x1,%2,%2)
and g(x) = g(x;, x2, x3) are independent of x3, then u defined above will
also be independent of x3, and moreover satisfy the 2-dimensional initial
value problem

—Au=0, u(s,0) =f(©), u(§,0) = g(&),

where A, is the 2-dimensional Laplacian, and & € R?.
Explicit calculation gives

0 d
e ) = _ gpdn (f fapdn )
S

amt Jyp st \/ 12 —n— flz b=t/ B—n—¢E2 )
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