MATH 315 MIDTERM EXAM WINTER 2014
Version 4

1. Solve z2e™°+¥(222 4 3) dz + (23e” ¥ 4 siny cos y) dy = 0.

Solution: The equation is of the form

a(z,y) dz + b(z,y) dy = 0,

where

a(z,y) = x26z2+y(2x2 + 3), and b(x,y) = 23t siny cos y.
We have

gz = x26x2+y(2x2 +3), and :;Z = 322 Y 4 23 2™ Y 4 0,

so the equation is eract. This means that there is a function F(z,y) such that

OF (x,y) _ o(z,y),  and OF (z,y)

o oy b(z,y).

The latter condition gives
3 24y : 3 x2+y L. 2
F(z,y)= [ b(z,y)dy = [ (¢ + sinycosy)dy = z’e —I-Esm y+ f(x),

and substituting this into the former, we get

OF (z,y)

0 = 302 Y 4 206 Y 4 f(z) =a(z,y) = $26x2+y(2$2 +3).
x

From this it is clear that we can choose f(z) = 0, and we get
F(x,y) = 23e” Y 4 %sin2 Y.
Finally, we can write the solution in implicit form as
2Pe” Y 4 %sin2 y=A,
with A an arbitrary constant.

2. Solve the initial value problem g’ + ysinz = y?sin z with y(5) = %

Solution: We recognize the equation as a Bernoulli equation 3/ + ay = ByF, with
k = 2, and recall that a good substitution is u = y' * =y L or y = % If one does not
remember the exact exponent ¢ in the substitution y = u9, then it is also possible to



work with an unknown exponent ¢ until a point when the equation itself reveals which
value of ¢ would lead to a linear equation.

Getting back to solving the equation, if y = %, then v/ = —3—;, and so

v sinx sinx

! . .
- =5 or U —usinxr = —SIn .
u u u

Since (cosx) = —sinz, a suggested integrating factor is p(x) = €°5*. Let us compute

(€°%u(z)) = e/ (z) + e (= sinx)u(x) = e*% (v (x) — u(x) sinx).

COS T

This must be equal to —e sinz, if u were to satisfy v/ — usinz = —sinz. So we

have
(e“®Fu(z)) = —e“®Tsinz.

A direct integration gives
e fu(x) = —/eco‘” sinz dx = /ecos"’: dcosz = e 4+ C,

and thus
u(z) =14 Ce™ %,

Before converting this into an expression for y(z), we want to impose the initial condi-
tion y(3) = %. In terms of u = i, this initial condition is (%) = 2. Since cos § =0, it
leads to

ug)=14+C=2, that is, C=1
Finally, the solution to the original initial value problem is

11
u(r) 14 e cose’

y(z) =
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