LINEAR ALGEBRA

TSOGTGEREL GANTUMUR

ABSTRACT. We review some concepts from linear algebra over R.
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1. LINEAR MAPPINGS AND MATRICES

The basic object here from our perspective is R, whose elements are typically written

as * = (x1,...,2p). We have the two basic operations * + y = (z1 £ y1,...,2, £ yn) and
Az = (A\x1,...,Azy), where z,y € R” and A € R. Any vector z € R" can be written as

r=x1€1+ ...+ Tpep, (1)
where the so-called standard basis vectors e, € R™, k=1,2,...,n, are defined as

e1 = (1,0,0,...,0,0),
es = (0,1,0,...,0,0),

en =(0,0,0,...,0,1).
In other words, the i-th component of the vector e is given by

() = b4 = {1 for i = k, )

0 otherwise.

Here, the symbol d; is called Kronecker’s delta.
The central concept of linear algebra is that of linear functions (other names include linear
maps, mappings, and transformations). A function F : R™ — R™ is called linear if

Flax + By) = aF (z) + BF(y), (4)

for any scalars o, 8 € R and vectors x,y € R™. In this context, R” and R™ are called the
domain and the codomain of F.

Example 1.1. The identity map id : R® — R" defined by id(x) = z, and the map F : R? — R

defined by F'(x1,x2) = 1 — 322 are linear.
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Given any x € R", by linearity, we infer

F(x)=F(zie1+ ...+ xpen) =x1F(e1) + ... + 2, F(ep). (5)

This means that the collection of vectors F'(e1),..., F(e,) € R™ completely determines the

linear map F'. Conversely, given a collection of vectors fi,..., f, € R™, the map F : R® — R™
defined by

Fa)=xifi+...+znfn, (6)

is linear. Therefore, a linear map F' : R™ — R™ can be identified with a collection of n vectors
from R™. Furthermore, if we denote the i-the component of F'(ej) or fi by a;, then

n
[F(Z’)]Z =a;171 + ;222 ...+ QjnTyp = Z Q; ;T (7)
k=1

The coefficients a; j are usually arranged in a rectangular array, as in

CL171 (1172 . al,n
CL271 CL272 e a27n

A - 9 (8)
am,l amg e amyn

and the whole collection A is called an m x n matriz. When there is no risk of confusion, we
simply write a1, a;, etc., instead of 11 and a; . Thus, any m x n matrix generates a linear
map F': R" — R™, and any linear map F' : R" — R corresponds to an m X n matrix. In
other words, denoting the space of m x n matrices by R™*™ and the set of all linear maps
between R™ and R™ by L(R™,R™), there is an identification L(R™, R"™) = R™*".

Example 1.2. (a) For the identity map id : R™ — R™, we have id(eg) = e, k = 1,...,n,
and hence the matrix entries are [id(eg)]; = (ex); = d;5. This matrix

1 0 ... O
=1, — 0o 1 ... 0 ’ 9)
o 0 ... 1

is called the n x n identity matrix.

(b) For the zero map F : R™ — R™ defined by F(x) = 0 for all x € R", the corresponding
matrix will obviously be the m x n matrix whose entries are all 0. This matrix is called
the m x n zero matriz, and denoted by simply 0, or by 0y, xp.

(c) For F : R? — R? given by F(z1,72) = (1 + 372, —71), the corresponding matrix is

A= (é _31> . (10)

(d) For F : R — R? given by F(t) = (2t,5t), the corresponding matrix is

A= @ | (11)

For A,C € R™*™ and A € R, the operations A + C and AA are defined in the same way
as for vectors, by identifying R™*" with R™". In addition, a multiplicative operation for
matrices arises in connection with composition of linear maps, as follows. Let F' : R™ — R™
and G : RY — R” be linear maps. Then the composition F o G : R* — R™ defined by
(F o G)(x) = F(G(x)) is linear, because

F(G(az + By)) = F(aG(z) + BG(y)) = aF (G(z)) + BF(G(y))- (12)
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Suppose that A = (a;;) € R™" and B = (b;r) € R™ are the matrices corresponding to F
and G, respectively. Then we have

F(G(ek)) = F(blkel + ...+ bnken) = blkF(el) + ...+ bnkF(en), (13)
and hence the (i, k)-th entry of the matrix corresponding to F o G is
[F(G(ek))]i =big[F(e1)]i + ...+ buk[F(en)]i = ainbig + - . . + ainbpk. (14)

In view of this, we define the product of A and B as the matrix AB € R™*¢, whose entries
are given by

[ABi, = Z a;jbjr = aibig + ... + inbpi. (15)
=

Exercise 1.1. Prove that matrix multiplication is associative ((AB)C' = A(BC)) and dis-
tributive (A(B + D) = AB + AD), but not commutative in general.

Recall that the components of F'(x) for € R" is given by (7). In light of the definition of
matrix multiplication, (7) tells us that F'(x) is simply the product of the matrices A and z, if
we consider z as an n X 1 matrix, i.e., as a column vector. Thus we define the (matriz-vector)
product between a matrix A € R™*™ and a vector x € R™ as the vector Az € R™, whose
components are given by

n
[Az]; = Zaikwk = @121+ ...+ AinTn. (16)
k=1

With this definition at hand, we can write F'(x) = Az for z € R™.

Remark 1.3. Given a vector z € R", we can define the linear map G : R — R" by G(t) = tz,
so that the matrix of GG is an n x 1 matrix with the entries identical to the components of x.
Let us denote the matrix of G by X € R™*!. Then the matrix of the map FoG is AX € R™*1,
meaning that we have (F o G)(t) = ty for some y € R™. This vector y is precisely what we
defined as the matrix-vector product Ax.

2. LINEAR SPACES

Given a linear map F : R” — R™ with the associated matrix A € R™*" we define the
range of F or the range of A as

ran(F) =ran(A4) = {4z : z € R"} C R™. (17)

This set is also called the image of A or of F', or the column space of A. Furthermore, we
define the kernel of F' or the kernel of A as

ker(F') = ker(A) = {xr e R" : Az =0} C R", (18)

Other names for this set include the null space of A, and the zero set of F. The range
and the kernel of F' contain important structural information on the map F. This can be
gleaned by considering the equation F(x) = b, where b € R™ is given. It is clear that
F(z) = b has a solution if and only if b € ran(F). Moreover, if F(z) = F(y) = b, then
F(zx —y) = F(z) — F(y) =0, and hence x — y € ker(F). On the other hand, if F(x) = b and
h € ker F', then F(x + h) = F(z) + F(h) = b. This means that the extent of non-uniqueness
of the solutions of F'(xz) = b is precisely measured by the kernel of F. In particular, F(z) =b
has a unique solution if and only if b € ran(F') and ker(F) = {0}.
Let x,y € ker(A) and «a, € R. Then we have

Alaz + By) = aAz + BAy =0, (19)
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that is, ax + Sy € ker(A). Let &, n € ran(A), that is, £ = Az and n = Ay for some z,y € R™.
Then for o, 5 € R, we have

af + Bn = adz + fAy = Aaz + By), (20)
that is, a& + fn € ran(A). The kernel and the range of A are examples of linear spaces.

Definition 2.1. A nonempty subset V' C R is called a linear space (or a linear subspace of
R") if ax + Py eV forall z,y € V and o, § € R.

Let us denote the columns of A by Aj,..., A, € R™. Then for x € R", the matrix-vector
product Az can be written as

Ax = 21 A1 + 2945 + ... + 2, A,. (21)

In general, the right hand side is called the linear combination of the vectors Ay, ..., A, € R™,
with the coefficients given by x1,...,x, € R. Thus the range of A,

ran(A) = {z1A1 + ... + 2,4, : x € R"}, (22)

is simply the collection of all possible linear combinations of the columns of A, which explains
the alternative name “column space.” We say that the space ran(A) is generated, or spanned
by the collection {Aj,...,A,}, or simply that ran(A) is equal to the span of {A,..., A},
with the latter defined by

span{A1,..., Ay} ={x141 + ...+ 2, A,z € R"}. (23)

The first step towards understanding ran(A) is to try to come up with an “efficient” description
of it, by removing redundant vectors from the collection {Ay,...,A,}. In other words, we
want to have a minimal subcollection {Vi,...,Vi} C {A1,...,A,}, with the property that

span{Vi,...,Vi} =span{Ay,..., A, }. (24)

The vector A, can be removed from the collection {Ay,..., A,} without changing its span if
and only if A4,, can be written as a linear combination of the remaining vectors {Ay,..., A,_1},
that is, if and only if there exist numbers x1,...,x,—1 € R such that

A, =x1A1+ ...+ xp_140_1. (25)

We see that some vector A; can be removed from the collection { Ay, ..., A, } without changing
its span if and only if there exist numbers x1,...,x, € R, not all equal to 0, such that

:ClAl + ...+ ann = 0. (26)

In terms of A, the latter condition is the same as ker(A) # {0}. This also means that we
cannot remove any vector from the collection {V3,...,V;} without changing its span if and
only if the only way for the equality

oiVi+...+x, Vi =0, (27)

to hold is to have ;1 = ... = a3 = 0. If we form the matrix V € R"™** with the vectors
Vi,..., Vi as columns, then the latter condition means that ker(V) = {0}.

Definition 2.2. A set {Vi,...,Vi} C R™ is called linearly independent if
s Vi+...+x,Vp =0 implies 1 =...=x =0. (28)
It is called linearly dependent if there exists x € R¥ \ {0} with 21V; + ...+ 2V} = 0.
By convention, the empty set is linearly independent.
Definition 2.3. A basis of a linear space X is a linearly independent set that spans X.

If {V1,...,Vi} is a basis of X, then we have the following characteristic properties.
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e Any x € X can be written as
r=6VI+ .+ &V, (29)

for some ¢ € R¥, because {V1,...,V;} spans X.
e This expansion is unique, in the sense that if

aVi+ .o+ &GVe=mVi+ .o+ Vi, (30)

for £,n € R¥, then ¢ = 7). The reason is that we can write the preceding equality as
G —m)Vi+...+ (& —mw)Vi =0, (31)

which implies £ = 7 by linear independence.

Example 2.4. (a) With the empty set considered as a subset of a linear space X, we have
Y zez @ =0 by convention, so the empty set is a basis of the trivial vector space {0}.
(b) The set {e1,e2,...,e,} CR™ is a basis of R", and called the standard basis of R™.

Example 2.5. Consider the matrix
1 0 1
A=(0 1 1}, (32)
5 7

so that A1 = (1,0,2), A2 = (0,1,5), and A3 = (1,1,7). Since A; + Ay — A3 = 0, we can
express any of Ay, Ao and As in terms of the other two.

(a) Let us remove As, and consider the resulting collection {A;, As}. This is linearly inde-
pendent, because the first two components of the equation aA; + A = 0 already imply
a = (3 =0. Thus we have

ran(A) = span{4;, As}, (33)

and the collection {4, A2} cannot be reduced any further, meaning that {A;, A2} is a
basis of ran(A).

(b) Let us remove Aj, and consider the resulting collection {Az, As}. This is linearly inde-
pendent, because the first two components of the equation aAds + A3 = 0 give § = 0 and
a+ B =0, yielding a = = 0. Thus {Ag, Az} is a basis of ran(A).

Suppose that we started with the collection {A;,...,A,}, and by removing redundant
vectors one after another, we ended up with the subcollection {V1,...,V;} that is a basis of
ran(A). We have seen in Example 2.5 that different choices in the intermediate steps can result
in a different subcollection, say, {W1,...,W,} C {A1,...,A,}. Tt is also conceivable that a
basis {W7i,...,W,} of ran(A) that is not necessarily a subcollection of {41,...,A,} can be
obtained by some other means. In any case, we prove below that the number of elements in a
basis is a quantity that depends only on the linear space itself, rather than on what particular
vectors we have in the basis. Thus in our situation, it is necessarily true that r = k.

We first prove the following fundamental result.

Theorem 2.6 (Steinitz exchange lemma). Let {Vi,...,Vi} C R™ be a linearly independent
set, and let {Wy,...,W,} C R™ be such that V1,..., Vi € span{Wh,... , W,}. Then k <r,
and after a possible reordering of the set {Wh,...,W,}, we have

span{W1,... , W,.} = span{Vq,..., Vi, Wii1,..., W,.}. (34)
Proof. Since V} € Y := span{Wi,..., W, }, we can write
Vi=agWi+...+a,W,. (35)
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If oy =... = a, =0, then V; = 0, which would contradict the fact that {V;} is linearly
independent. Hence there is at least one nonzero coefficient among a1, ..., a,. Without loss
of generality, let a1 # 0. Then we have
_ 1 r

Wl_am—g—ng—...—g—lwr, (36)
and hence Y = span{Vy, Wy, ..., W, }. Thus, we can write

Vo=a1Vi +aoWo + ...+ a,.W,, (37)
with the coefficients aj,...,a, having (possibly) new values. If ag = ... = o, = 0, then
Vo = a1 Vi, which would contradict the fact that {V;,Va} is linearly independent. Therefore
there is at least one nonzero coefficient among o, ..., a,. Without loss of generality, let

ag # 0. Then we have
Wo=—2Vi+ LV, — aWs — - &, (38)

az
and hence Y = span{Vy, Vo, W35, ... W, }. We can repeat this process, and end up with the
conclusion Y = span{Vy,..., Vi, Wii1,..., W, }, which also shows that k£ < r. O

By applying the preceding theorem with {W7, ..., W, } given by the standard basis {ey, ..., e,}
of R™, we get the following important corollary.

Corollary 2.7 (Basis completion). Let {Vi,...,Vi} C R™ be a linearly independent set. Then
there exist vectors Vii1,...,V, € R™ such that span{Vy,...,V,} = R".

In the Theorem 2.6, if {W7,..., W, } is a basis of span{Vi,...,V}, we can switch the roles
of {V1,...,Vx} and {W1,...,W,} in the entire argument, and get r < k as well.

Corollary 2.8 (Dimension theorem). Let {Vi,...,Vi} C R"™ and {Wh,...,W,} C R" be
linearly independent sets such that span{Vi,...,Vi} =span{Wi,...,W,}. Then k =r.

This corollary motivates the following definition.

Definition 2.9. If a linear space X has a basis with k elements, we call k the dimension of
X, and write k£ = dim X.

Example 2.10. (a) We have dim{0} = 0.

(b) For A from Example 2.5, we have dimran(A) = 2.

(c) Since the standard basis {ej,e2,...,e,} C R™ has n elements, we have dimR" = n.
(d) If X C R™ is a linear space and k = dim X, then Corollary 2.7 implies that k£ < n.

Intuitively, dim X is the number of degrees of freedom in X, or how many “free variables”
we need in order to describe a point in X. At this point, dim X is defined only when X admits
a basis. However, the following result guarantees that this does not pose any restriction.

Theorem 2.11 (Basis theorem). Every linear space X C R™ admits a basis.

Proof. Since the empty set is a basis of {0}, we can assume that X # {0}. Hence there
is a vector Vi € X with V; # 0. If X = span{V;}, we are done. If X # span{V;}, then
there is a vector Vo € X with Vo ¢ span{Vj}. Suppose that we continued this process, and
got X = span{Vi, Va,...,Vi} for some k. By construction, the set {V;, V5, ..., V4 } is linearly
independent, and so this set is a basis of X. Anticipating a contradiction, now suppose that we
never get X = span{V1,Va,..., Vi } for any k, so that we have an infinite sequence of vectors
V1, Va,...in X. By construction, {V4,..., V,41} is linearly independent, and so dimY = n+1
for Y = span{Vi,...,V,4+1}. However, since V; € R for all i, we have Y C R”, implying that
dimY < n, a contradiction. [l

Exercise 2.1. Let X C R™ and Y C R” be linear spaces satisfying dim X = dimY and
X CY. Show that X =Y.
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3. THE RANK-NULLITY THEOREM

Our quest for understanding the range and the kernel of a matrix A € R™*" has lead
us to the concepts of linear spaces, linear independence, span, basis, and eventually to the
dimension theorem. With these concepts at hand, we now want to get back to the study
of ran(A) and ker(A) proper. In the preceding section, we have encountered the following
argument. Denoting the columns of A by Aj,..., A, € R™, the columns of A are linearly
independent if and only if the equality

Ar = 11 A1 + 2940 + ... + 2, A, =0, (39)

implies 1 = ... =z, = 0. In other words, dimran(A) = n if and only if ker(A) = {0}. This
suggests that there might be some law relating the dimensions of ran(A) and ker(A).

Suppose that the columns A1, ..., A, are linearly dependent, and that we remove redundant
columns one by one to get a basis of ran(A). Let us consider the first step of this process.
Thus without loss of generality, we assume that

o1 Ay +oagAs + ...+ oA, =0, (40)

with a1 = 1. Taking this into account, we infer that x € ker(A) if and only if
x1A] + 2240+ ...+ 2y Ay = (12 — agr1)As + ...+ (T — apx1) Ay = 0. (41)
Let us denote by A’ the matrix consisting of the columns As, ..., A,, that is, the matrix that

results from removing the column A; from A. Recall that ran(A) = ran(A4’) by construction.
By the aforementioned argument, we also have

Tro9 — 1
x € ker(A) = . € ker(A"). (42)

Tp — Qpx1

Hence in order to specify an arbitrary element z € ker(A), we can choose z; € R freely,
and then choose the remaining components xo,...,z, so that the second inclusion in (42)
holds. This suggests that dimker(A4) = dimker(A’) + 1. To make this argument absolutely
convincing, let Wy, ..., W, € R"~! be a basis of ker(4’), and define Vy, Vi, ..., V. € R" by

1 0 0
= || w=| Mg v T
(0773 [Wl]n—l [Wr]n—l

where [W;]; denotes the j-th component of the vector W; € R"~!. Basically, what we have is
Vo=aand V; = (0,W;) for i = 1,...,7. The set {Vp, V1,...,V,.} is linearly independent, and
AV; =0 for i = 0,...,r. The latter implies that span{Vp, Vi,...,V,} C ker(A4). Moreover, if
x € ker(A), then by (42), for some coefficients fi, ..., [, € R, we have

X9 — 21
=0Wi+...+ 8 W,, (44)
Tp — QpT1
or, equivalently,
x2 Q2
=6 |..- | +8WL+...+ 6 W, with By = 1. (45)
Tn Qp

This precisely means that = € span{Vp, V1,...,V,}, and hence {Vp, V1,...,V,} is a basis of
ker(A). We conclude that

dimker(A) = r + 1 = dimker(A’) + 1. (46)



8 TSOGTGEREL GANTUMUR

Suppose now that we started with A®) = A, and removed redundant columns one by one to get
a sequence of matrices A, AM . A®) with A®) e R™*("=k) haying linearly independent
columns. Since ran(A*)) = ran(A), we have dimran(A) = n — k. On the other hand, as A®)
has linearly independent columns, its kernel is trivial, and so (46) yields

dimker(A) = dimker(AM) +1 = ... = dimker(A®) + k = k. (47)

This, at last, gives the sought relationship between dimran(A) and dimker(A), which turns
out to be the following beautiful equality:

dimran(A) + dimker(A) = n. (48)

We did not spend much work to prove it, but it is one of most important results from linear
algebra, called the rank-nullity theorem. The name is explained by the following terminology.

Definition 3.1. The rank and the nullity of a matrix A € R"™*" are the dimension of its
range and of its kernel, respectively, and they are denoted by

rank(A) = dimran(A), nullity(A) = dim ker(A). (49)
Let us state (48) in terms of rank and nullity.
Theorem 3.2 (Rank-nullity theorem). For A € R™*", we have
rank(A) + nullity (4) = n. (50)

This theorem can be very powerful, because it reduces the complexity of studying two quan-
tities into that of studying either of those quantities. We will see many important applications
in what follows.

4. INVERTIBLE MATRICES

Let F': R™ — R™ be a linear mapping, with the associated matrix A € R™*". If for every
& € R™ there exists a unique x € R™ satisfying F'(z) = &, then we say that F' is invertible, and
call the map F~! : £ — x the inverse of F. As we have discussed in the preceding section,
F' is invertible if and only if ran(F) = R™ and ker(F') = {0}. By the rank-nullity theorem,
this implies that m + 0 = n, or m = n. In other words, for a linear map to be invertible,
the domain and the codomain spaces must have the same dimensions. Once m = n has been
established, we see that the invertibility of F' : R™ — R”™ is equivalent to either (and hence
both) of the conditions rank(A) = n and nullity(A) = 0.

Let F: R® — R™ be invertible. Then by definition, we have F(F~1(¢)) = ¢ for all £ € R™.
Furthermore, for each x € R", we have F~!(F(x)) = x, because F(y) = F(x) implies y = .
Hence for £, € R™ and «, 8 € R, we have

af + Bn = aF (z) + BF(y) = F(az + By), (51)
where x = F~1(¢) and y = F~1(n), implying that
F~H(ag + Bn) = aF 1) + BF (). (52)

This means that the inverse map F~! : R® — R” is also linear. The matrix associated to
F~1is called the inverse of A, and denoted by A~! € R™*". Since we have F o F~! = id and
F~1o F =id, the inverse matrix satisfies

AA™ =T and A'A=1 (53)
Remark 4.1. Suppose that A, B € R™*" satisfy AB = I. This means that ABy = y for all
y € R", and hence ran(A) = R" or rank(A) = n. Therefore, the map F' : R" — R™ associated
to A is invertible. Moreover, (53) implies that the matrix of the inverse map is given by

A~! = B, and that BA = I. We can apply the same argument to the equality BA = I, and
infer that B~ = A.
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This justifies the following definition.

Definition 4.2. A matrix A € R™*" is called invertible, if there exists B € R™*" satisfying
either (and hence both) of the conditions AB = I and BA = I. In this context, the matrix
B is called the inverse of A, and denoted by A~ = B.

We have previously defined A~! as the matrix associated to the inverse map of F(z) = Az.
In view of Remark4.1, this is equivalent to how we defined A~! in Definition 4.2. Moreover,
Remark 4.1 also implies that if a matrix is invertible, its inverse is unique.

Theorem 4.3. Let A € R™ "™, Then the following are equivalent.

o A is invertible.
e ran(A) = R", or rank(A) = n.

e ker(A) = {0}, or nullity(A) = 0.

Proof. We have actually proved this theorem in the earlier paragraphs of the current section,
but we include a proof here for convenience. Suppose that A is invertible, i.e., there is
B € R™ " such that AB = I. This implies that ran(4) = R". If ran(A) = R", then by the
rank-nullity theorem, we have ker(A) = {0}.

Finally, suppose that ker(A) = {0}. We need to show that A is invertible. First of all, the
rank-nullity theorem gives ran(A) = R", meaning that for any £ € R", there is z € R™ such
that Az = £. In order to show that x is unique, let Ay = Az, that is, A(x —y) = 0. Since
ker(A) = {0}, we get © —y = 0 or y — . Thus, for any £ € R”, there exists a unique z € R”
such that Az = £. Therefore, the map F': R” — R defined by F(x) = Az is invertible. [

Example 4.4. Let A = (a;;) € R™™"™ be a matrix satisfying the condition

D lawl <lawl,  i=1,...,n. (54)
ki
We want to show that ker(A) = {0}, and therefore A is invertible. Let x € R™ with x # 0,
and let y = Az. Pick an index i such that |z;| > |zi| for all k =1,...,n. Then we have
n n
Vi= D GikTk, O Gyl =Yi— Y ikl (55)
k=1 k#i
This implies that
n n
lagilledl < lyil + > laallor] < lyil + il D la] (56)
ki k£i

and so
n
il = Joil (Jaisl = 3 lawl) > 0. (57)
ki

We conclude that Az # 0 whenever z # 0, meaning that ker(4) = {0}. To take a concrete
example, we can immediately see that

A= (58)

N W O
w
—
\
—

is invertible.
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5. DUALITY

Our study of matrices gained a lot from writing the matrix-vector product Ax as
Ar = 21 A1 + x0A0 + ... + 1, A, (59)

where Aq,..., A4, € R™ are the columns of the matrix A € R™*" and x € R". Then a
natural question is: What if we think of a matrix as a collection of its rows, rather than a
collection of columns? This question will lead us to uncover a whole new structure known as

duality. Let A € R™*" and let ay, ...,y € R be the rows of A. Then we can write
a1
Az =| ... |. (60)
Q@

The elements of R1*™ are called row vectors.

Remark 5.1. It is convenient to introduce the notation R™ = R'X" and think of the
elements of R™ as n-tuples £ = (£1,...,&,) that behave like 1 x n matrices with respect to
matrix-matrix and matrix-vector multiplication operations. That is, we have

[€Blk = &bi + - - + Eabnr, and  {xr=&§71+ ...+ &y, (61)

for £ € R™, B = (byx) € R™™ and x € R™. A more abstract point of view is that the space
R™ is the set of all linear maps f : R” — R. Thus (60) is simply the decomposition of a

linear map F' : R™ — R™ into its components, as in F(z) = (f1(x),..., fm(x)).
Remark 5.2. Given a matrix
bii biz2 ... bin
po |t bz ban | g (62
bt bm2 .. bmn
we define its transpose as
bii b1 ... bma
BT bia baa2 ... bpp2 c RPXM (63)
bin ban ... bmn

For example, we have

(; g>T=<(1) §> @)T:(3 2), and (5 7)T:<?>. (64)

In particular, under transposition, row vectors become column vectors and vice versa.
Exercise 5.1. Show that (AB)T = BTAT for A € R™*™ and B € R™**.

The first thing to notice from (60) is that = € ker(A) if and only if ayz = 0 for all
i=1,...,m. In other words, = € ker(A) if and only if £&x = 0 for all £ € coran(A), where

coran(A) = {ma1 + ... + Qm@m : N1, ..., Nm € R} CR™, (65)

is called the corange of A (also called the coimage of A, or the row space of A). Since the
rows of A are the columns of AT, the corange of A is basically the range of A:

€ € coran(A) = ¢T eran(A”). (66)

In particular, the dimension of coran(A), or the row-rank of A, is equal to the rank of AT.
Furthermore, we define the cokernel of A, or the left-null space of A, by

coker(A) = {n e R™ : nA =0} C R™. (67)
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As (nA)T = ATy, we have the following characterization
n € coker(A) = n' € ker(A"), (68)

that is, the cokernel of A is the kernel of AT under transposition. In particular, the dimension
of coker(A), or the left-nullity of A, is equal to the nullity of AT. Then the rank-nullity
theorem applied to AT yields

dim coran(A) + dim coker(A) = m. (69)
With Ay,..., A, being the columns of A, we can write

nA = (nAi,...,nA,), (70)

implying that n € coker(A) if and only if nz = 0 for all x € ran(A).

Since R™* is really a space of n-tuples, it makes sense to talk about linear subspaces of R™*.
Namely, a nonempty subset V' C R™ is called a linear space (or a linear subspace of R™) if
X+ pn eV forall {,n eV and A\, u € R. In light of this definition, we see that coran(A) is
a linear subspace of R™, and coker(A) is a linear subspace of R™*.

Definition 5.3. Given a linear subspace V' € R", the annihilator of V is
Ve={{eR"™ &z =0forall z € V}. (71)
Similarly, for a linear subspace W € R™, the annihilator of W is
We={zeR":{x=0forall { € W}. (72)

Both V° and W*° are linear spaces, and we have V°° = V and W = W. The following
result was derived earlier in this section, which we restate in terms of annihilators.

Theorem 5.4 (Corange and cokernel). For any matriz A € R™*", we have
coran(A) = ker(A)°, and  coker(A) =ran(A)°. (73)

The following theorem is of fundamental importance.

R™*™ " we have

Theorem 5.5 (Row rank equals column rank). For any matriz A €
dim coran(A) = dimran(A). (74)

Proof. Let rank(A) = k, and let By, ..., By € R™ be a basis of ran(A). Then any column A;
of A can be written as

A =cauBi1+ ...+ ¢pBy = BC;, (75)
where C; = (ci1,...,ci) € RF, and B € R™*F is the matrix with Bj,..., By as its columns.
In other words, we have

A= BC, (76)
where C' € R¥*™ is the matrix with C1, ..., C), as its columns. Denoting by a1, ..., o, € R™
the rows of A, then we infer

a; = 0171 + ...+ bjk’yk, (77)

where bj, are the entries of B, and v1,...,7 € R™ are the rows of C. This implies that
coran(A) C span{vyi,...,7}, and hence dim coran(A) < k by the Steinitz exchange lemma.
Now we apply the preceding argument to AT, and infer that dim coran(AT) < dimran(AT).
Since dim coran(AT) = dimran(A'") = dimran(A4) = k and dimran(AT) = dim coran(A),
we get k < dim coran(A), completing the proof. O
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6. DETERMINANTS

As linear independence is such an important concept, it would be convenient if we were
able to detect whether or not a set of vectors is linearly independent simply by computing
a function of the vectors. That is, it would be great if we had a function w of k£ arguments
Vi,..., Vi € R", with the property that

wVi,...,Vk) =0 = {V1,...,Vi} is linearly dependent. (78)
From the outset, we restrict ourselves to the linear setting. Thus, we look for a function
w:R"x ... xR" - R, (79)
k times

that is linear in each of its arguments, meaning that
O.)( ) ‘/i—la >‘V+/’LW7 V%-i—b .- ) = )\W( R ‘/;—17 V7 %4—17 . )+[,LU.)( LR ‘/’i—lv m %4—17 .. ‘)7 (80)
for all Vi,..., Vi, V,W € R™, and A, i € R. Such functions are called multilinear or k-linear

forms. Since we want w(V1,..., Vi) to be zero if {Vi,..., Vi } is linearly dependent, a minimal
requirement would be to have it zero when V; = Vj for some i # j, i.e.,
w..,V,...,V,...)=0 for any V e R™ (81)

Multilinear forms satisfying (81) are called alternating k-linear forms.

Example 6.1. The requirement (81) is vacuous when k = 1, and therefore any linear function
w : R — R is an alternating 1-linear form (or simply linear form). An example of an
alternating 2-linear form (or bilinear form) in R3 is given by w(V,W) = vjws — vsw; for
V = (v1,v2,v3) € R® and W = (w,ws, w3) € R3. With this form, note that even though the
vectors £ = (1,0,0) and n = (0, 1,0) are linearly independent, we have w(&,n) = 0. However,
O(V,W) = viws — vow; is an alternating bilinear form in R? with &(¢,n) = 1.

Remark 6.2. The preceding example shows that even though {V, W} is linearly independent,
we can have w(V, W) = 0 for some nontrivial alternating bilinear form w. In other words,
there might not be a single alternating k-linear form w that can detect linearly independent
vectors as in (78). However, it turns out that the collection of all alternating k-linear forms
is adequate for the task. Suppose that {Vi,...,Vi} is a linearly dependent set, and let w be
an alternating k-linear form. Without loss of generality, assume that Vi = asVo + ... + i Vi.
Then we have

w(‘/l,Vg,...,Vk) :ozgw(Vz,VQ,...,Vk)—l—...—f—akw(Vk,Vg,...,Vk) =0, (82)

implying that if {Vi,...,Vi} linearly dependent, then w(Vi,Va,..., V%) = 0 for any alter-
nating k-linear form w. In the other direction, we will show later in Theorem 6.5 that if
{Vi,..., Vi } is linearly independent, then there is at least one alternating k-linear form w
such that w(Vy, Vs, ..., Vi) # 0.

When combined with multilinearity, (81) implies an antisymmetry condition as follows.
With the notation a(V, W) =w(...,V+W,...,V 4+ W,...), we have

a(V4+WV+W)=aV,V)+a(V,IW)+a(W,V) +a(W,W)

83
= a(V,V) +a(W, W), =)

implying that w is antisymmetric in each pair of its arguments:
wl..,. V... W ) dw(. ., W Vo) =0 for any V,W € R". (84)

Exercise 6.1. Show that if w as in (79) is linear in its first argument, and if it satisfies the
antisymmetry condition (84), then w is an alternating k-linear form.
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Let w be an alternating k-linear form, and define the coefficients

wilmik :w(eil,...,eik), il,...,ikzl,...,n, (85)
where e; € R" are the standard basis vectors. If V; = v;1e1 + ... +vine, for i =1,...,k, then
n n n
w(Vl,...,Vk) :w(Zvuleil,..., kaikeik> = Z wil._.ikvul "'Uk:ika (86)

i1=1 ir=1 i1 5enyip=1

meaning that the coefficients {w;, . ;, } determine the multilinear form w completely. Further-
more, the antisymmetry condition (84) implies

87)

that is, w;,. 4, is antisymmetric in each pair of its indices. In particular, we have w;, ;, =0
whenever i, = i for a # b.

Woig.=wl..,en...,€,...),=—w(..,€,...,€5...) = —w

<
IS
—

Now suppose that {w;, 4, :41,...,i =1,...,n} is a collection of coefficients satisfying
Wi, = — W jois (88)
Then w : R™ x ... x R™ — R defined by
n
WV Vi) = D Wipi Uiy Uiy (89)
U1yl =1

is an alternating k-linear form. Thus we have established a one-to-one correspondence between

alternating k-linear forms and the coefficients {w;, i, : %1,...,% = 1,...,n} satisfying (88).
At this juncture, a crucial question is if and “how many” nontrivial alternating k-linear forms
exist. The set of all possible coefficients {wi, i, : %1,...,i = 1,...,n} is the same as R"

but the conditions (88) significantly reduce the possibilities. Namely, by permuting indices
and using (88), all coefficients can be expressed only in terms of the coefficients w;, . ;, with
i1 < i < ... < ij. For example, all alternating 2-linear forms in R3 can be generated by
specifying the three coefficients wi2, w13, and wes, which yields

n
w(V, W) = Z wijv,-wj = W12 (v1w2 — U2w1) + w13(v1w3 - Ugwl) -+ CU23(’U2’LU3 — 1}3w2). (90)
ij=1
_ n!
= k)"
A particular case of interest is alternating n-linear forms in R", where we have only one
independent component in the coefficients w;,._;, , because there is only one possibility to have

In general, the dimension of {w;, ;, € R:1<i; <ip <...< i <n}is (2)

n integers satisfying 1 < iy < i9 < ... < iy < n. Thus, if (i1,...,4,) is an even permutation
of (1,...,n), then w;, i, = wi. n, and if (i1,...,%,) is an odd permutation of (1,...,n),
then wj, 4, = —wi. . In other words, taking into account that wy ., = w(ey,...,e,), any
alternating n-linear form can be written as
n
wWVi,...,Vp) =wler,... en) Z sign(ii, ..., %) Vi, -~ Uniy, (91)
i1yenyin=1
where
1 if (1,...,4,) is an even permutation of (1,...,n),
sign(iy,...,in) = —1 if (i1,...,4,) is an odd permutation of (1,...,n), (92)
0  if (¢1,...,4,) is not a permutation of (1,...,n).

For example, we have sign(1,2) = 1, sign(2,1) = —1, and sign(1, 1) = sign(2,2) = 0. In light
of (91), the condition w(ey,...,e,) = 1 uniquely defines an alternating n-linear form, the
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form called the n-dimensional determinant:

n

det(Vh,...,V,) = Z sign (i1, ..., %n) Viiy ** * Uni,, - (93)

14enyin=1

The determinant is customarily thought of as an n-linear form applied to the columns of an
n X n matrix, and written as

n

det(B) = Y sign(it,...,in) b1 bign, B = (bix) € RV, (94)

i1yeyin=1

Example 6.3. For 1 x 1 matrices, we have det(b) = b. The 2-dimensional determinant is

det (bn b12> = sign(1, 1)b11b12 + sign(1, 2)by1ba2 + sign(2, 1)be1b12 + sign(2, 2)ba; bao

bo1  boo (95)
= b11b22 — ba1b2a = b1y det(baz) — bay det(bag).
Furthermore, the 3-dimensional case is
bi1 b2 bi3
det | ba1 ba2 b2z | = bi1baabss — b11b32bag — ba1b12033
b31 b3a b33
+ b21032013 + 031012023 — b31b22b13 (96)

= b11(b22b33 — b3abaz) — b21(b12b33 — b3abi3) + bs1(b12bas — ba2b13)
baa  bos biz D13 biz b3
= b11 det — by det b3y det .
e <b32 b33> 216 <b32 b33> Tosde <1722 bz3>
Example 6.4. Let B C R™ "™ be an upper triangular matrix, in the sense that b, = 0
whenever ¢ > k. This means that the indices of the nonzero terms in the sum (94) must

satisfy ix < k. Since the only permutation (i1, ...,i,) of (1,...,n) with iy < kis (1,...,n),
the determinant of a triangular matrix equals the product of the entries on the main diagonal:
det(B) = b11bog - - - by, (97)

Exercise 6.2. Show that det(A) = det(AT).
The property (91) can now be rephrased as
wVi,. .., V) =wler, ... en)det(Vh, ..., Vy), (98)

for any alternating n-linear form w. An important application of this is as follows. Given any
matrix A € R™*™, the formula

w(Vi,..., V) = det(AW,, ..., BVy), (99)
defines an alternating n-linear form, with w(ey,...,e,) = det(A). Hence by (98), we infer
det(AVy, ..., AV,) = det(A) det(V4, ..., V4), (100)
or simply
det(AB) = det(A) det(B), (101)

for any A, B € R"*".

Exercise 6.3. Show that if A is invertible, then det(A~!) = m.

Theorem 6.5. A set {Vi,...,Vi} of vectors in R™ is linearly dependent if and only if
w(Vi,...,Vk) =0 for any alternating k-linear form w.
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Proof. We have shown in Remark 6.2 that if {Vi,..., Vi } is a linearly dependent set and if w is
any alternating k-linear form, then w(Vi,..., V%) = 0. In the other direction, let {Vi,..., V4}
be a linearly independent set. We want to show that there is at least one alternating k-linear
form w such that w(Vi,..., V) # 0. We invoke Corollary 2.7 into complete the set {V1, ..., Vi}
to a basis {V1,...,V,,} of R”. This basis defines the invertible linear map F : R” — R" as

Flz)=xVi4+ ...+ 2,V,, (102)
and the inverse F~! is the map that sends
W=xVi+...4+2,Vp, (103)

to the coefficient vector z € R”. Let A € R™ ™ be the matrix associated to F~', and let
B € RF*™ be the matrix formed by the first k rows of A. In other words, BW € RF is equal

to the vector (z1,...,2x) in column format, for W € R". Finally, we let
w(Wh,...,Wy) = det(BW1,..., BWy), (104)
which defines an alternating k-linear form in R™. Then we have
w(Vi,..., Vi) = det(BW,...,BV;) = det(er,...,ex) = 1, (105)
where {e1,...,ex} is the standard basis of RF. O

Since up to scaling, the determinant is the only alternating n-linear form in R", in view of
the preceding theorem, we conclude that the columns of A € R™*™ is linearly independent if
and only if det(A) # 0. In other words, A is invertible if and only if det(A) # 0.

Corollary 6.6. A matriz is invertible if and only if its determinant is nonzero.

Determinants do not only give us a way to check if a matrix invertible, but also are able
to provide an explicit formula for the inverse matrix. Let A € R™ " be invertible, let b € R™,
and consider the equation Ax = b, which can be written as

Ax = 21 A1 + 2045 + ... + 2,4, = b, (106)

where Aq,..., A, € R"™ are the columns of A. Since A is invertible, there exists a unique
solution z = A~'b € R®. We want to derive an explicit formula for the entries of . To this
end, invoking the properties of the determinant, we compute

det(b,Ag, e ,An) = det(xlAl + ...+ z,An, Ag, ... ,An) = det(Al, Ao, ... ,An)

107
= z1 det(A), (107)
which yields
det(b, Ag, ..., Ap)
— 108
o det(A) (108)
This argument can be generalized as
det(. vy Aio1, b, Ay, - ) = det(. o Ais, AL+ F T A, A, - ) 109
=x; det(...,Ai_l,AZ‘,Az‘_;,_l,...) =x; det(A), ( )
leading to the so-called Cramer’s rule
7det(...,Ai_l,b,Ai+1,...) i1, ..n (110)

v det(A) ’
To compute the entries of A~!, we start with the observation that AC = I means AC} = ey,
k=1,...,n, where C} € R" is the k-th column of C = A~!, and ey, is the k-th standard basis
vector in R™. Thus Cramer’s rule yields
P det(. ooy Az;l, €Lk, Ai+1, .. )
i det(A) ’

ik=1,...,n, (111)
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for the entries of C. We define the adjugate of A, as the matrix adj(A) € R™*" whose (7, k)-th

entry is given by
det(...,Ai_l,ek,Ai_i_h...). (112)

Then we have

det(A)A™! = adj(A). (113)
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