HINTS TO PRACTICE PROBLEMS FOR MIDTERM

MATH 222 WINTER 2015

1. Does the following series converge or diverge?

o
1)
(a) Z (\f) Hint: Apply the n-th term test, and the fact that lim {/n = 1.
n n
n=1

— (—1)"1
(b) E ()\Fogn' Hint: Apply the alternating series test.
n
n=1

2. (a) Give a convincing argument that the following inequalities are true.

n n+1
/ loga;da;§log1+log2+log3+...+logn§/ log x dx, (1)
1 1

for any integer n > 1. Hint: Use the geometric argument as in the proof of the
integral test, or what is the same, observe that

k k+1
/ logzdx <logk < / log x dx,
k—1 k

because log x is increasing, and sum over kK = 2,3,...,n.
(b) Show that
n"el™" <n! < (n+1)" e, (2)
for any integer n > 1. Hint: Compute the integrals in the estimate (1).
(c) Show that

. nl ) .
lim — =0, lim Vn! = oo, and lim — =0,
n—oo Nt n—00 n—oo n!

for any (fixed) real number r. Hint: Use (2) and the squeeze theorem.

3. (a) (Binomial theorem) Derive the Maclaurin series for (1 + x)™, where m is a positive
integer. From this, derive a formula for (a +b)™. Hint: Recall that ¢, = f(™(0)/n!
for the Maclaurin series coefficients. Write (a + b)™ = o (1 + %)m for a # 0.

(b) (Binomial series) Find the Maclaurin series for (1 + )%, where a is a real number
and a is not among 0,1, 2,.... Determine its radius of convergence. Hint: Use the
formula ¢, = f("(0)/n! for the Maclaurin series coefficients. Once the coefficients
are known, apply the ratio test to find the convergence radius.

(c) Starting with the fact that

1
V1—22

(arcsinz) =
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derive the Maclaurin series for arcsinz. Hint: With the help of (b), derive the

Maclaurin series for (1 — m2)7%. Then integrate the Maclaurin series term by term.
4. Derive the Maclaurin series for the following functions.

(a) E(x) = / e’dt. Hint: Based on the Maclaurin series of €%, derive the Maclaurin
0

series for e'”. Then integrate the series term by term.

(b) S(z) = / %dt. Hint: Based on the Maclaurin series of sin z, derive the Maclau-
0

rin series for Sltit

5. Decide if the series

Then integrate the series term by term.

> 1
Z log cos —, (3)
n
n=1
converges. Hint: For n large, we have
1
Tl
cos 52
and so ) ) .
1 —~log(l— —)~ —=.
og cos og( 52 ) 5,2

This suggests that the series (3) converges, and that it should be comparable to the
series " n~2. Then the limit comparison test gives us the limit

_ 1
lim n?logcos —.
n—o0 n

In order to compute this limit, we replace it by

. logcoszx
lim 3
z—0 X
which is amenable to L’Hopital’s rule.
6. Consider the series
o
Z(_l)nanxn27
n=0
where ag = 1 and an4+1 = 3"a, for each n = 0,1,2,.... Determine the values of x for

which the series converges. Hint: By applying the ratio test to the series, we end up

with the limit

(n+1)?
lim M = lim 3"z(tD*=" = iy 3ng?n
n— 00 ‘ang;n ‘ n—o00 n— 00

which can be computed, depending on whether 322 > 1, 322 = 1, or 322 < 1.
7. Find the convergence radius of the following power series.
o0

(a) Z(n3+a”)(az —3)", where a > 0 is a given real number. Hint: Apply the ratio test.
n=0
The answer will depend on the value of a, in particular on whether or not a > 1.
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1 n oo : -
) Z log (14 =)(y +1)". Hint: The ratio test leads us to the limit
n

log(1 +
im g< n—‘rl),
n—oo log(1+ 1)
which can be computed by applying L’Hopital’s rule to
log(1+ —27) lim log(z + 2) — log(x + 1)

acggo log(l + %) o xi)oo log(x =+ 1) — IOg.%'

8. Consider the space curve given by
X(t) = (1 + cost,sint,2sin §),

where t is a real parameter.

(a) Show that |X(t)] = 2 (i.e., the length of X (t) equals 2) for any parameter value
t. Hint If X( ) = (x1(t),z2(t), z3(t)), what this question is asking is to compute
\/ xl + 5132 + 1‘3( )

(b) Compute the dlstance between the point X (¢) and the line L that passes through the
points (1,0,0) and (1,0,1). Hint: If X (t) = (z1(¢), z2(t), x3(t)), what this question
is asking is to compute \/(z1(t) — 1)2 + z2(t)2.

(c) Compute the unit tangent 7'(¢), the unit normal N (t), the binormal B(¢), and the
curvature k(t) of the curve, as functions of the parameter t. Hint: These are routine
computations.

(d) Describe the curve in words, giving enough details so that a person with some
knowledge of calculus would be able to sketch the curve from your description.
Hint: What is the geometric significance of the information obtained in (a) and (b)?

(e) Sketch the curve. Hint: Use the information obtained in (a) and (b).




