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Overview

Linear operator equatioAu = gwith A: H — H’

Riesz basisV = {¢\} of H, e.g.u= )", uxyy

Infinite dimensional matrix-vector systefu = g, with
u= (UA))\ andA : ly — 0p

Convergent iterations such aé*? = u() + o[g— Au®]
We canapproximateAu() by a finitely supported vector
How cheap can weomputethis approximation?

The answer will depend oA andV
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Linear Operator Equations

e LetH be a separable Hilbert spad¢, be its dual
e A:'H — H'is boundedly invertible
e gc H'is alinear functional

Problem

u e Hissuchthatu=g

e Forv e H andh € H', (h,v) = h(v) theduality pairing



Sobolev Spaces

e LetQ be ann-dimensional domain or smooth manifold
e H =H'c HY{(Q) is a closed subspace
e H' = H~'the dual space



Linear Differential Operators

o Partial differential operators of ordet 2

(Auv) = ) (8ap0°u,0°V),

laf,|B]<t

e Example: The reaction-diffusion equatian= 1)

(Au,v>—/Vu-Vv+ K2uv,
Q



Boundary Integral Operators

e Boundary integral operators

(Au, V) / / (y)dQy,dQy

with the kerneK(x, y) singular atx =y

e Example: The single layer operator for the Laplace BVP in 3-d

domain { = —5
1

K(x,y) = drlx—y|



Convergent Iterations in Continuous Space

Gradient Iterations

u( D) = ul + Bi(g — Au), B:H —H
o u—uD) =u—u® —BAU—uD) = (I — BA)(u—u®)
o [lu—uT < I = BiAl e flu — uD|5
Convergence

pi = |l = BiAllp—p <1



Normal Equations

Observation
LetR: H' — H beself-adjoint (Rf, h) = (f Rh) forf ,h e H’

and’-elliptic: with somea > 0 (Rf,f) > «f|f||2, for f € H'.
ThenA'RA: H — H' is self-adjoint and--elliptic.

Normal Equation
Au=g — A'RAu= A'Rg

Assumption

Alis self-adjointandH-elliptic.



Riesz bases

V = {¢ : A € V}is aRiesz basifor H
—eachv € ‘H has a unique expansion

v=3"d\Wen st B < 3 WP < Clvi
AeV AV

° d)\ ceH andd)\(’(/Ju) = 5>\M

e {dy: A € V}is aRiesz basis fok’
o U= {4} := {dy\} is thedual basis (15, 1,) = dx,

Forv e H, we haver = {v,} := {d\(v)} € (V)
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Wavelet bases

e V Riesz basis fot{ = H!
e Nestedindexset§oC Vi C...CV;C...CV,
o §=spar{yy: A€ Vj} C Hand

Sj=spayy: A e Vj} CH

Locality, Polynomial exactness and Vanishing moments
diam(suppy,) = O(271) if A € Vj \ Vj_1
All polynomials of degreel — 1, Py 1 C Sp
Py, C So more precisely(Py_;, )i, € So

e {S;} has a goodipproximation property
e If A€ V\ Vo, we have(Py_;,v)L, = 0~ cancellation
property
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Equivalent Discrete Problem

[Cohen, Dahmen, DeVore '02]
e Wavelet basisV = {¢) : A € V}
e StiffnessA = (Ayy,1,), andloadg = (g, 1x)

Linear equation in /»(V)

Au = g, A l3(V) — £o(V) SPD andy € (2(V)

U= Y, uxy, isthe solutionof Au= g

I = Vllgywy = [lu— Vlp With v =37, vathy

A good approx. ofl induces a good approx. af

V¥ defines g@opological isomorphisrbetweertH and/z(V)
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Convergent Iterations in Discrete Space

Richardson’s iterations

u+D) = u® 4 ofg— Au®) i=0,1,...
o u—uD =u—ul —aA(u—ul) = (I —aA)(u—ud)
o flu=ul D] <1 = Al |lu — ]y,
Convergence

p=|- aAHfzﬂfz <1

» gandAu() areinfinitely supported
e Approximate them byinitely supported sequences
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Approximate Iterations

Approximate right-hand side

RHS[g, ] — 0. satisfieg|g — 0./, < €

Approximate application of the matrix

APPLY [A, v, ] — W, satisfies|Av —w,|lg, < ¢

Approximate Richardson’s iterations
0@ =0

00+ = a® + o (RHS[g, &i] — APPLY[A, M, e])  i=0,1,...

e Choose:; such thatju® — @] = |ju —u®)|
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Convergence

RICHARDSON [i(®), gfn] — a()

for i=0,1,...
gi == Cpl; F) .= RHS[g, ] — APPLY[A, i), &]
it [|[F®]|g, 4+ 25 < efin then terminate;
gl+D) .= g 4 or®

endfor

Lemma

RICHARDSON|i(©), ¢] — @ terminates with|g — Adl||, < ¢
« Computational cost dRICHARDSON [i(?, ¢] depending or?
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Uniform Refinement Galerkin Methods

o Wavelet basigVj := {1y : A € Vj} of §
° StiffnessAj = <A77Z))\,1/}M>)\’“evj
o Loadg = (9, ¥a)rev,

Linear equation in /5(Vj)

Aju; =g, A : l2(Vj) — £2(V;) SPDandg; € 2(Vj)

e U =) ,[uj]a¥x € Sj approximates the solution éu = g

 With the orthogonal projectd?; : />(V) — ¢>(V;), the above
equation is equivalent t§;Au; = Pjg
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Convergence and Complexity

If ue H"*MSfor somes € (0, 2]

= lu— Uil < Cinf {ju— v < O(2710s
gj = e < Vest [He < O(277%)

N; = dimS; = O(2")

g < O(Njfs)

SolveAju; = g; with Cascadic CG~ complexityO(N;)
Similar estimates for FEM
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Best N-term Approximation

Givenu = (uy) € ¢2, approximateu usingN nonzero coeffs

o= | fh)

ACV:#A=N

Ny is a nonlinear manifold
Let uy be such thafu — un|ls, < [Ju—v]|l¢, forv e Ry
Uy is a best approximation af with #suppuy < N

un can be constructed by pickirg largest in modulus coeffs
fromu
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Nonlinear vs. linear approximation

Nonlinear approximation
If ue BEMS(L,) with £ = 1 + sfor somes € (0, 9-1)

en = [lun — ufl < O(N™)
Linear approximation
If u e HMSfor somes € (0, 2], uniform refinement

gj = [luj —ull < O(N™)

e H'™MSis a proper subset & "S(L)
o [Dahlke, DeVore]u € BY"S(L,) much milder tharu € H'"S
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Approximation spaces

e Approximation spaced® := {v € l : ||V — Vn]l¢, < O(N™5)}
e Quasi-semi-norniv| 4s := sufyen N3V — Vn|lg,
e ueBUS(L,)with 1 = 1 + sfor somes e (0, %) = u e A

Assumption

u € ASfor somes € (0, 9-1)

Best approximation

lu —v|| < e satisfies#suppv < 871/5\11\}4/53
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Requirements on the Subroutines

Complexity of RHS
RHS[g, ] — 0. terminates with|g — g:||, < ¢

o #suppg. S e YsjulYfs

« flops, memory < 5‘1/S!u!f4/ss+ 1

Complexity of APPLY

For #suppv < oo
APPLY[A,V, ] — W, terminates with|Av — w,||,, < e

o #suppw. < e Ys[YS

o flops, memory < 5—1/5|V|J14/SS + #suppv + 1
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Complexity of RICHARDSON

RICHARDSONi(®), ef,] — @)

for i=0,1,...
gi == Cpl; F) .= RHS[g, i] — APPLY[A, i), &]
it |[F0) + 2¢||g, < enn then terminate;
g+ .— g + ar®

endfor

Lemma
RICHARDSON (), ¢] — @ terminates withj|g — Adi|, < e.

® go:=[ju— lhj(o)”ﬁz

o #suppl <
,1/s‘u|1/s+€al/s( /E)C\u\}‘(f—i—5*1/5(50/5)(:]0(0)&(55
¢ flops, memory< the same expression
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Coarsening

COARSE|v,¢] — w
[V —w]|| < e and#suppv is minimal

Lemma

0 < 1/2. Let||u —v|| < 0. w = COARSE]v, (1 — 0)¢] satisfies
#suppw S & 5|ul}S and|ju —w|| <
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Complexity with coarsening

SOLVE [gfin] — @0
0@ = 0; g := |If|
for i=01,...
git1:=¢i/2 '
v := RICHARDSON [ii("), f¢; 4]
(41 .= COARSEv, (1 — 0)ei11]
until 41 < &fin

Theorem [Cohen, Dahmen, DeVore '02]
SOLVE[e] — G terminates with|g — Ali|l,, < e.
o #suppll S e Yojuly
o flops, memory< the same expression

24



Computing the Right Hand Side

Complexity of RHS
RHS|g, ] — 0. terminates with|g — 9./, < €
o #suppg. S e oull

« flops, memory < 6_1/5|u’%§+ 1

A naive approach:
o Computed = (g, ¥x)ren forsomeA C Vst |[g— 9| < ¢
e Arrange the coeffs i in modulus beforehand
e RHS[g, ] := COARSE[g, ¢ — 9]
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The Subroutine APPLY

Computability
Matrix A is calledg*-computablewhen for eachN one can construct
an infinite matrixAy s.t.

« foranyq < g, Ay — Al| < O(N-9)
e having in each colum®(N) non-zero entries
e whose computation tak&3(N) operations

Theorem [Cohen, Dahmen, DeVore '01]

Recalls € (0, %). Let A beq*-computable withg* > s. Then we
can construcAPPLY satisfying the requirements.

e A needs to be approximated well by computable sparse matrices
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Compressibility

AssumeA, A : Htto  HtHo
Level [A| := ] such that\ € Vj\ Vj_1
liballnr = 2MNT=Y for r € [—d,~), v := sup{q : 1\ € HI}
r<min{t+d,o}andr <y —t,|ul > |\
(AU )| < IADA |- [pllpe=r S oA llree (9 lpe—r
< 27" (kl=IAD

Theorem [Stevenson '04]

e {1,} are piecewise polynomial wavelets that avéficiently
smoothand havesufficiently many vanishing moments

¢ Ais eitherdifferentialor singular integrabperator

e any entry ofA can be computed spendidg 1) operations

; * * d—t
thenA is g*-computable for somg* > === (> s)
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Computability

Unit cost assumption
Any entry of A can be computed spendidg( 1) operations

¢ Only satisfied for very special cases: differential operators with
constant coefficients, single layer potential operatoRon

e Numerical quadraturis needed
Theorem [Gantumur, Stevenson '04, '05]

e {1,} are piecewise polynomial wavelets that avéficiently
smoothand havesufficiently many vanishing moments

e Ais eitherdifferentialor singular integrabperator

; * * d—
thenA is g*-computable for somg* > Tt (>9
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Galerkin solutions

(-, := (A-,-) is an inner product ofy, || - || := (-, -)zis a
norm

Let G € ¢2(A) be an approx. to insideSOLVE

A = PaA|gy(ny : £2(N) — £2(A), andgp := Pag € £2(A)
ua € ¢2(A) is the solution toApup = Oa

lu = uall = infueg,a) flu — vl

In a sensey, is the best approx. frorp(A)
The next sef\ generated bsOLVE can be too big, not optimal
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Saturation

Galerkin orthogonality

u—up La f2(N)

Lemma
u € (0,1),w € ¢, andA D suppw s.t.

[PA(9 — AW)[| > pullg — Aw|
Then we have

_ 1
flu—unll < [2 = w(A) %2 lu - wi|
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Adaptive Galerkin Method

GROW([wW] — [A, 1]:
r := RHS[g, (] — APPLY [A, w, (]

vi=|rl[+2¢
determine a set A D suppw, with minimal
cardinality, such that IIPAF || > w|r |

GALSOLVE [¢] — w:
k:=0;w,:=0
while  with [Axy1, k] ;== GROW [wy], vk > ¢ do
Solve A/\k+1Wk+1 = OAyi1
ki=k+1
if k=0(modK)then wy;; = COARSE[wW;1,¢]
enddo



Complexity

Theorem [Cohen, Dahmen, DeVore '01]

Letk < oo suitably chosenGALSOLVE [¢] — w terminates with
19— Awllg, <e.

o #suppw S e VSjule
e flops, memorys the same expression
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Optimal expansion

Lemma [Gantumur, Harbrecht, Stevenson "05]
w e (0, ﬁ(A)*%), w € ¢,. Thenthe smallest sek D suppw with

IPA(g — Aw)| = g — Aw||

satisfies .
(A suppw) < [lg — Aw||~Sjulse
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Optimal Complexity without Coarsening

Theorem [Gantumur, Harbrecht, Stevenson '05]

LetK = co. GALSOLVE [¢] — w terminates with|g — Aw||,, < e.

_ 1/s
o #suppw < e Youl s
¢ flops, memory< the same expression
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Summary

¢ There exist asymptotically optiméllly discreteadaptive
wavelet algorithms for solving linear operator equations.

e There exist adaptive Galerkin methadghout coarseningf the
intermediate iterands.
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