Lecture 17 (Sections 3.1, 3.2)

e Determinants

o Row and column operations



2 x 2 and 3 x 3 determinants

A= apl ap
az| azn
Q@ detA = apjazy — ajpaz
@ Aisinvertible < detA # 0

ajy  ap  ap
A= | ay axn ax3
az| aym  az

@ detA = a11a22a33 + apax3az; + ajzaznaz; — aj3aaz; — d12a21433 — 11423432

@ Aisinvertible < detA # 0
@ detA = aydetA;; —appdetAyp + ajzdetAps

A = az 4z Ap = az; 4 Az = a4
asz  ass asp  ass asp  az



n X n determinants

Let A be an n x n matrix with entries a;.

detA= aj; detAy; —ajpdetAp + ...+ (71)1+"a1n detAy,

n
= Z(*l)H'ka]k det A

k=1
4

Cofactor expansion

Set Cy = (—1)* detA;. Then for any row i

detA = a;Ciy +apCp + ... + ainCin

and for any column k

detA = a Cix + aCox + - - - + an Cux

@ |If Ais triangluar, then detA = ajjas . . . am



Row and column operations

Effect of row operations on determinant

Let A be a square matrix.

If B is obtained from A by a row replacement, then det B = detA
If B is obtained from A by a row interchange, then det B = — detA
If B is obtained from A by a row scaling with factor «, then det B = a- detA

Let U be an echelon form of A, and let the number of row interchanges used to
produce U from A was i. Then

detA = (—1)"det U = (—1)'(product of the diagonal entries of U)

A is invertible < detA # 0
detA” = detA
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