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INSTRUCTIONS 

Answer only two questions out of Section P. 

Answer only four questions out of Section S. 


Questions Marks i 
PI 
P2 
P3 
Sl 
S2 
S3 
S4 
S5 
S6 

This exam comprises the cover and 5 pages of questions. 



(§P) Answer only 2 questions out of PI-P3 

Let (n, F, /1) be a (T-finite measure space. A set E F is an atom of ft if ft(E) > 0 
and if ft(F) 0 or ft(F) = ft(E) whenever FE F and FeE. 

(a) Show that 
(i) two atoms A and B are either a.s. disjoint, i.e. ft(A n B) = 0, or a.s. 

coincide, i.e. ft[A.6B] = O. 5 MARKS 
(ii) there are only count ably many atoms, provided we identify atoms A and 

B for which ft(A.6B) = O. 5 MARKS 

(b) If A is an atom of (R, B, P) (where B is the Borel (T-algebra and P is a 
probability), show that there is x E R such that A = {x} a.s. (i.e. x E A and 
P(A \ {x}) 0.) 

10 MARKS 

(a) Prove. that for any distribution function F(x) P{X::S; x} and any a 2:: 0, we 
have 1: [F(x + a) - F(x)]dx a. 

10 MARKS 

(b) Let F be a non-decreasing, right-continuous function from [0,00) to [0,00) 
such that F(O) O. Let X be a non-negative random variable . .Show that 

100 

E[F(X)] = P[X 2:: x]dF(x). 

10 MARKS 

Let X and Y be two real valued random variables on a probability space (n, F, P), 
and let PX,Y be the law of (X, Y). 

(a) Define pry E BIX] and pry E BIX x]. 
10 MARKS 

(b) Suppose that PX,y= ~Pi + ~P2 , where 

if (1,2) ED,
P,(D) = {~ 

otherwise, 

where D is a Borel subset of R 2 • Show that 

if x 1,pry E BIX = x] = {IB(2~
IB e xdx ifx=/=l. 

Note: IB denotes the indicator function of the set B. 
10 MARKS 
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(§8.) Answer only 4 questions out of 81-86 

(a) The joint pdf for continuous random variables X and Y with ranges X == 
Y == R+ is given by 

fx,Y (x, y) cdx + 2y) exp { (x + y)} x,y > 0 

and zero otherwise for some constant Cl. Find the probability Pr [Y > X] 
6 MARKS 

(b) 	The joint pdf for continuous random variables X and Y is given by 

fx,Y(x,y) =c2exp{-2x y} O<x<y<oo 

and zero otherwise for some constant C2. Find the marginal pdfs of X and Y, fx 
and fy. 8 MARKS 

(c) Let U I"V Uniform(O, I), and let random variable X be defined in terms of U by 

~ log 2U 0 < U ::;. ~ 
X = 1 1{ -X log (2 - 2U) 2 < U < 1 

for some parameter A > O. Find the characteristic function of X. 6 MARKS 

(a) Suppose that X ll ... , Xn are iid random variables with cdf Fx. Find the limiting 
distribution, Fz , if it exists, of the sequence {Zn} 

(i) if Zn = min {Xll ... , Xn}, and 

Fx(x) = exp {x
2 

} 1 0::;' x <00 
exp {X2} 

6 MARKS 

(ii) if Zn = n-I
/ 

2 max {Xl! ... , X n}, and 

'x2 1 
Fx(x) = -- 1 < x < 00 

x 2 

6 MARKS 

(b) Suppose that Xi I"V Exponential(A), for i 1,2"" 1 n are independent. Let 

Un = min {Xll .··, Xn} Vn = max {Xl! ... ,Xn} 

Find sequences of constants {an} and {bn} such that if 

and 

then, as n -t 00, {Yn} and {Zn} converge in distribution to continuous distribu
tions. Hence find an approximation to the distribution of Vn for large n. 

8 MARKS 
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, 
(a) Suppose that random variable Z has a standard Normal distribution. 

(i) Compute the first four moments for Z, Efz [zrJ for r = 1,2,3,4. 
4 MARKS 

(ii) Suppose that X N (/-l, 1). . Find the expectation and variance of random r-.J 

variable V given by V = X2. 
6 MARKS 

(b) Suppose that the joint pdf of two variables U and V, iu,v, is specified as 
follows: 

iu,v (u, v) = iulV (ulv) iv(v) 

where 
Uw = V rv Gamma (v + a/2, 1/2) V", Poisson (,x) 

(i) Find the marginal expectation of U, 

(ii)Findthe mgf of U. 

Efu [UJ 
5 MARKS 

5 MARKS 

Consider the one-parameter Exponential Family distribution with probability den
sity function (pdf) written in the form 

exp {,p(O)/x + a(x) + ,B(O)}. 

(a) Show that, for a random sample Xl>'" , Xn from the distribution, the har
monic mean, 

1 n _1)-1

T(X) (_ ~ 

n L X
i=1 2 

is a sufficient statistic for O. Show also that if T(X) is also the maximum likelihood 
estimate (MLE) of 0 then 

,p' (0) -O,B'(O) 

where ,p' (0) denotes the derivative of ,p(0) with respect to 0, and so on. 
6 MARKS 

(b) Suppose that (*) holds. Find a function 'Ij;(0) that has an unbiased estimator 
;p whose variance attains the Cramer-Rao lower bound. 

4 MARKS 

(c) Consider the pdf 

iXle(xIO) = ~ exp (- ~) O<x<oo 
x2 X 

and zero otherwise, for 0 > O. 
(i) Show that this pdf is a special case of the model in. ( a), and that (*) holds. 

2 MARKS· 
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(ii) For this model, write down 'IjJ(0) from part (b), its unbiased estimator 1/;, 
and the varil1nce of this estimator. . 

4 MARKS 
(iii) Find the asymptotic variance of the MLE of O. 

4 MARKS 

(a) 	Define the monotone likelihood ratio property. 
4 MARKS 

(b) A test is to be made of the null hypothesis H0 that a random sample X I, . • • ,Xn 

have a distribution that is Uniform(O,l). The alternative hypothesis HI is that 
the distribution has the probability density function 

O<x< 1 

and zero otherwise, for 0 > O. 
(i) Show that the likelihood ratio for data Xl,'" , Xn has the monotone like

lihood ratio property. 
4 MARKS 

(ii) Find the form of the appropriate rejection region for the test at 	level u. 
Leave your answer in terms of the cdf of a named distribution. 

6 MARKS 

(iii) Find the power function of the test, /3(0). 
6 MARKS 

(a) Consider Bayesian inference for parameter 0 in a probability model with 
pmf/pdf iXlo(xIO). 

(i) What is meant by saying that a parameter 0 is assigned an improper prior 
distribution ? 

2 MARKS 

(ii) Show how to specify a conjugate prior distribution if iXlo(xIO) is an Expo
nential Family distribution. 

5 MARKS 

(b) Suppose that Xl,'" ,Xn are a random sample from the model with pdf 

o 
iXlo(xIO) - x>l 

and zero otherwise, where 0 > O. 
(i) Show that the geometric mean, 

is a sufficient statistic for O. 

4 




2 MARKS 

(ii) Find the maximum likelihood estimator {j for e. 
2 MARKS 

(iii) Suppose that eis assigned the improper prior probability density function 
(pdf) 

1f'e(e) ex: e-1 0< e< 00. 

Find the posterior density for (). 
5 MARKS 

(iv) Find the expectation and variance of the posterior distribution of e. 
4 MARKS 
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