
1. A factory operates with two machines of type A and one machine of type B. All machines
operate independently. The weekly repair costs Y for type A machines are normally
distributed with mean µ1 and variance σ2. The weekly repair costs X for machines of
type B are also normally distributed but with mean µ2 and variance 3σ2. If you are given
a random sample Y1, Y2, · · · , Yn on costs of type A machines and an independent random
sample X1, X2, · · · , Xm on costs for type B machines, show how you would construct a
95% confidence interval for the total expected weekly repair costs for the factory,

(a) if σ2 is known,

(b) if σ2 is not known.

2. After the ice storm of 1998, Hydro Quebec re-designed a power line so that it only breaks
if the ice accumulation exceeds 50mm. Suppose the number of ice storms in a given winter
follows a Poisson distribution with a mean of 5 storms, and that the amount of ice dropped
by each storm is an exponential random variable with a mean of 10mm. Assuming that
storms are independent, and that all ice melts between storms (so it does not accumulate
from the previous storm), find the exact probability that the power line will break during
the winter.

3. Let X1, X2, · · · , Xn be i.i.d U(0, θ) random variables (r.v.s).

(a) Find a sufficient statistic for θ by (a) using the definition of sufficiency and (b) by
using the Neyman Factorization Theorem.

(b) Let Yn = max(X1, X2, · · · , Xn). Show that the family {fYn(y; θ), θ > 0} is complete.

(c) Find a minimum variance unbiased estimator for θ, stating clearly any theorems that
you use.

(d) Show that your estimator from part (c) is weakly consistent for θ, i.e. that θ̂
p→θ as

n →∞.

4. Let (X1, X2, · · · , Xn) = X have joint probability density f(x; θ). Suppose you wish to
test

H0 : θ = θ0

vs Ha : θ = θ1.
(1)

Define the critical region,

R = {x : kf(x; θ1)− f(x; θ0) > 0}
where k is chosen such that

Pθ0(kf(X; θ1)− f(X; θ0) > 0) = α.

Prove the “necessity” half of the Neyman-Pearson lemma: Every most powerful test of
size α for testing (1) above must have critical region R.
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5. Let X1, X2, · · · , Xn be i.i.d N(µ, σ2) r.v.s with σ2 known. Show that there is no uniformly
most powerful (UMP) test of H0 : µ = µ0 vs Ha : µ 6= µ0. State, without proof, a further
condition that ensures the existence of a UMP test of these hypotheses. State the critical
region of this test.

6. Let X and Y be independent standard normal variables. Consider the transformation U =
X

Y
and V = |Y |. Find the joint distribution of (U, V ) and hence obtain the distribution

of U .

7. (a) Prove that for any two random variables X and Y

Var(X) = E(Var(X|Y )) + Var(E(X|Y )).

(b) Let X be a random variable with mean zero and variance σ2. Suppose that a > 0.

i. Show that
a ≤

∫ ∞

−∞
(a− x)Ia(x)dx

where

Ia(x) =

{
1 if x ≤ a
0 if x > a .

ii. Hence prove that P (X > a) ≤ σ2

a2 + σ2
.

[Hint: Use the Cauchy-Schwartz inequality on the result of part (i).]

8. Suppose Xi is Poisson distributed with parameter θ (i = 1, 2, · · · , n). Consider a gamma
prior for θ, i.e.,

π(θ) =
1

βkΓ(k)
θk−1 exp

(
− θ

β

)

where θ > 0 and β and k are arbitrary positive constants.

(a) Find the Bayes estimator of θ.

(b) Using the posterior distribution of (θ|x1, · · · , xn) determine a 100(1−α)% credibility
interval for θ.

(Hint: Use a chi-square distribution.)
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