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INSTRUCTIONS: 

(i) This paper consists of the three modules (1) Algebra, (2) Analysis, and (3) 
Geometry & Topology, each of which comprises 4 questions. You should answer 7 
questions with at least 2 from each module. 

(ii) Pay careful attention to the exposition. Make an effort to ensure that your 
arguments are complete. The results you use should be quoted in full. 

This exam comprises this cover and 3 pages of questions. 
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Algebra Module. 

[ALG. 1] Let G be a group of order 21. Prove that G can be generated by two elements 
x, y with the relations x 7 1, y3 = 1, yxy-l = XT, 1 S; r < 7. What are possible values of r? 
Prove that there are two isomorphism classes of groups of order 21. 

[ALG. 2] (a) Determine the class equation for the group T of rotations of a tetrahedron. 
What is the center of T? Prove that T has exactly one subgroup of order 4. Prove that T does 
not have a subgroup of order 6. 

(b) Prove that T is isomorphic to the alternating group A4. 

[ALG. 3] Find a primitive element 1 for the biquadratic extension K = Q(i, v'5). Deter
mine the irreducible polynomial for 1. 

[ALG. 4] Determine the Galois group of the polynomial x4 x 2 + 8 over Q. 

2 




Analysis Module. 

[AN. 1] For each y E [0, l]let j(x, y) be Lebesgue measurable in x for 0 :s:; x :s:; 1, and sup

pose that 11 If(x, y)ldx < 00 for such y. Suppose in addition that for 0 :s:; x :s:; 1 and 0 < y < 1, 

fjf~Y) exists and is in absolute value:S:; M < 00. Show that then d~ 11 f(x,y) dx exists for 

0< y < 1 and is equal to 11 fjf~: y) dx. (Hint: Use the mean value theorem.) 

1 1 
[AN. 2] (a) Let p > 1, - + - 1, and u, v E C. Show that lu - viP :s:; 2P/Q (lulP + IvI P).

P q 

(Hint: lui + Ivl 1 . lui + 1 . Ivl ) 

(b) Let f, fn E Lp(X, f.L) for n = 1,2, .... Suppose that fn(x) -+ f(x) a.e. (f.L) as n -+ 00, 

and that Ilfnllp -+ Ilfllp as n -+ 00. Show that Ilf - fnllp -+ 0 as n -+ 00. 

(Hint: Look at 2P/ 
Q (lfnl P+ IfIP) - If - fnl Pand refer to (a).) 

qo 

[AN. 3] Let the an E C be given, and be such that L anrlnlein8 converges, to f(r, B), say, 
-00 

when 0 :s:; r < 1. Suppose that 1: If(r, B)1 2dB :s:; C < 00 for O:S:; r < 1. 

1 11r .(a) Show that there is an f(B) E Lz(-7r, 'l!}with an = 27r -1r e-zn8 f(B)dB, n E Z. 

(b) Show that 1: If(B) f(r, B)1 2dB -+ 0 for r -+ 

[AN. 4] Let f(x) and f'(x) be continuous for 0 :s:; x :s:; 7r, with f(O) f(7r) = O. Use 

Fourier series to show that 11r If(x)1 2dx:s:; 11r 1f'(x:12dx. 

1 111' .(Hint: First extend f to [-7r, 0) by making it odd. What is the relation of the an e-znx f(x)dx 
27r -11' 

and the bn 
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Geometry and Topology Module. 

[GT. 1] Let L1 span{(l, 0, O)} and L2 = span{(O, 1, O)} be lines in IR3. 
Let P = {(O, 0, I)}. Let X = IR3 - L1 L2 - P. 

(a) Compute the deRham cohomology Hdr(X) for each n. 

(b) Describe a basis for each n. 

(GT. 2J Let 8 2 be a sphere, and let T2 be a torus. 

(a) Prove that every map 8 2 -+ T2 is nullhomotopic. 

(b) Describe four maps fn : T2 -+ 8 2 such that fi) fj are not homotopic for i j. 

[GT. 3] Let 8 denote the unit sphere in IR3. Let A denote the line segment joining (1,0,0) 
and (0,1,0). Let B denote the line segment joining (-1,0,0) and (0, -1,0). Let X 8uAUB. 

(a) Compute a presentation for 1flX. 

(b) Sketch a picture of the universal cover X of X. 

(c) Let Y = ±1\X denote the quotient of X obtained by identifying pairs of points under 
the action of the scalars {±1}. Compute a presentation for 1flY . 

[GT. 4] For which closed connected surfaces does there exist a smooth map f : 8 -+ C to 
a circle C such that df : Tx(8) -+ Tf(x) (C) is surj~ctive for each x E 8 ? 
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