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INSTRUCTIONS:

(i) There are 12 problems. Solve three of 1,2,3,4; three of 5,6,7,8; and three of
9,10,11,12.

(ii) Pay careful attention to the exposition. Make an effort to ensure that your
arguments are complete. The results you use should be quoted in full.

This exam comprises this cover and 3 pages of questions.
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Linear Algebra

Solve any three out of the four questions 1, 2, 3, 4.

1. Let A be an n × n matrix with entries in C. Suppose that charA(λ) (the characteristic
polynomial of A) factors as Πn

j=1(λ − λj) (λj ∈ C). Let f(λ) be any polynomial with
coefficients in C. Prove that

charf(A)(λ) = Πn
j=1(λ− f(λj)).

2. Let α, β be real numbers and Aα,β be the matrix Aα,β =




0 d 0 −t
c 0 −s 0
0 t 0 d
s 0 c 0


 , where

c = cos α, d = cos β, s = sin α and t = sin β. Prove that Aα,β is similar to Aγ,δ if and
only if either α + β + γ + δ or α + β − γ − δ is an integer multiple of 2π.

3. Let V be a real inner product space and T be a linear operator on V . Show that the
adjoint T ∗ exists and equals −T if and only if 〈~v, T~v〉 = 0 for all ~v ∈ V .

4. Let A be an n×m matrix with real entries, with transpose At. Prove the following:

(a) AtA~x = At~v has a solution ~x for any ~v ∈ V .

(b) For any solution ~x as in part (a), A~x is uniquely determined. That is, if AtA~x =
AtA~y = At~v, then A~x = A~y.

(c) The solution ~x in part (a) is unique if and only if A has rank m.

(d) For a solution ~x as in part (a), A~x = ~v if and only if ~v is in the column space of A.
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Single variable real analysis

Solve any three out of the four questions 5,6,7,8.

5. Suppose that f : (0, 1) −→ R is bounded but that limx→0 f(x) does not exist. Show
that there are two sequences (xn) and (yn) from (0, 1) with limn→∞ xn = limn→∞ yn = 0,
limn→∞ f(xn) and limn→∞ f(yn) both exist, but these last two limits are not equal.

6. Suppose an > 0 for all n, and that
∑∞

n=0 an converges, with sum s. Show that

lim
n→∞

1

n

[
a0 +

1∑

k=0

ak +
2∑

k=0

ak + · · ·+
n−1∑

k=0

ak

]

exists, and equals s.

7. Prove that, if p(x) is a polynomial of odd degree with real coefficients, then the number
of real roots of p(x), counted with multiplicity, is odd. [Recall that the multiplicity of a
root r is the largest integer m such that (x− r)m|p(x).]

8. Suppose that f and g are continuous functions defined on the closed bounded interval
[a, b] (with a < b) such that

∫ b

a
f(x)dx =

∫ b

a
g(x)dx. Prove that there is at least one

c ∈ [a, b] with f(c) = g(c).
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Solve any three out of the four questions 9,10,11,12.

9. The paraboloid with equation z = x2+y2 and the ellipsoid with equation 4x2+y2+z2 = 9
meet at the point (−1, 1, 2). Find the derivative of

F (x, y, z) = x2 + y2 + z2

along the curve of intersection at the point (−1, 1, 2).

10. Verify Stokes’ Theorem for the vector field

F (x, y, z) = (x2 + z)~i + (y2 + x)~j + (z2 + y)~k

where S is the part of the paraboloid z = 1 − x2 − y2 that lies above the xy-plane and
has upward orientation.

11. Suppose that f is a one-to-one analytic function from the unit disc D = {z : |z| < 1}
onto D and that f has at least two fixed points. Prove that f is the identity function.

12. Consider the ordinary differential equation y′′′+ay′′+ by′+ cy = 0, where we assume that
a, b, c > 0.

(a) Show that there is a nonzero solution y1(t) to this equation such that limt→∞ y1(t) =
0. (By ∞ we mean +∞.)

(b) Is it possible to choose a, b, c > 0 so that there is a second solution y2 independent
from y1 such that |y2(t)| is bounded on [0,∞), and another solution y3 such that
|y3(t)| is unbounded on [0,∞)? Justify your answer.

(c) Is it possible to choose a, b, c > 0 such that every solution y of the ODE independent
from y1 is such that |y(t)| is unbounded on [0,∞)? Justify your answer.
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