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INSTRUCTIONS

Twelve problems are given but you need only answer 9 of them: ANSWER

three (3) of the four problems [1] [2] [3] [4] (in Linear Algebra);

three (3) of the four problems [5] [6] [7] [8] (in single variable Real Analysis);

three (3) of the four problems [9] [10] [11] [12].

If you attempt to answer all the problems in any of the three groups the three with

the highest marks will be used for the final grade.

Do not do things not asked for.

Formulate statements and arguments carefully.

The quality of the mathematical writing is an important element of the examination.

Show all calculations.

There are 3 pages (numbered 2,3,4) of problems.
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LINEAR ALGEGRA

Answer any three of the four problems [1], [2], [3], [4].

[1] Express the quadratic form

2x2
1 + x2

2 + 3x2
3 + 6x1x2 − 2x1x3 − 4x2x3

in the form
3∑

i=1

ai

 3∑
j=1

bijxj

2

with all coefficients ai, bij rational.

[2] (i) State, but do not prove, the Primary Decomposition Theorem.

(ii) Let A be a square matrix over a field K. State the criterion for A to be diago-

nalizable over K in terms of the minimal polynomial of A.

(iii) Using the Primary Decomposition Theorem you stated in (i), prove the criterion

you stated in (ii).

[3] (i) Let A =

 1 4 5
0 2 6
0 0 3

. Is it true that if D is a 3× 3 matrix such that

chD(λ) = chA(λ) then D is similar to A? (Of course chP (λ) denotes the

characteristic polynomial of matrix P .) Justify your answer.

(ii) Let B =

 1 4 5
0 2 6
0 0 2

. Is it true that if D is a 3× 3 matrix such that

chD(λ) = chB(λ) then D is similar to B? Justify your answer.
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[4] Let A be the matrix

A =


a b 0 0
0 a b a
b 0 a b
−a 0 b 0

 .

Give the complete solution of the equation A−→x =


1
0
0
0

 for the unknown vector

−→x =


x1

x2

x3

x4

 ∈ R4. Determine how the solution set behaves with varying values of

the parameters a and b. Give sufficient reasons for your answers.

Single Variable Real Analysis

Answer any three of the four problems [5], [6], [7], [8].

[5] Let f : [a, b]→ R be differentiable at all points of the interval [a, b] except possibly at

c in the open interval (a, b).

a) If lim
x→c

f ′(x) exists and is finite, does f ′(c) necessarily exist?

b) If lim
x→c

f ′(x) exists and is finite, and f is continuous at c, does f ′(c) necessarily

exist?

[6] Let

fn(x) =
x2

3 + 2nx2
, n = 1, 2, 3, . . . .

a) Does the sequence (fn(x))n=1,2,... converge uniformly on the interval [0, 1]? Jus-

tify your answer.

b) Does the sequence (f ′n(x))n=1,2,... converge uniformly on the interval [0, 1]? Jus-

tify your answer.
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[7] Determine lim
n→∞

∫ 1

0

nx3

1 + nx2
dx. Justify your answer.

[8] Let 0 < x0 < 2 and define the sequence (xn)n=1,2,... inductively by

xn+1 =
xn

3− xn
, n = 0, 1, 2, . . . .

Find lim
n→∞

xn and prove your result. What happens to the limit when x0 =
5
2

?

Answer any three of the four problems [9], [10], [11], [12].

[9] Consider the system of equations

xey + uz − cos v = 2

u cos y + x2v − yz2 = 1

(i) Show that there is a neighborhood X ⊂ R3 of the point (x, y, z) = (1, 0, 1) such

that the system is uniquely solvable for functions u = u(x, y, z) and v = v(x, y, z)

defined in X.

(ii) For the function u = u(x, y, z), determine
∂u

∂x
, expressed in terms of x, y, z, u, v.

[10] Compute the integral ∫ 2π

0

dθ

(2 + cos θ)2
.

[11] (i) State Rouché’s theorem.

(ii) Derive the Fundamental Theorem of Algebra as a corollary of Rouché’s theorem.

[12] Using an integrating factor depending on x alone, find the general solution y = y(x)

of the differential equation

(x2 + 2y)dx− xdy = 0

in explicit form.
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