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SUMMARY

Estimation of average treatment effects in observational studies often requires adjustment for
differences in pre-treatment variables. If the number of pre-treatment variables is large, standard
covariance adjustment methods are often inadequate. Rosenbaum & Rubin (1983) propose an
alternative method for adjusting for pre-treatment variables for the binary treatment case based
on the so-called propensity score. Here an extension of the propensity score methodology is
proposed that allows for estimation of average casual effects with multi-valued treatments.
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1. INTRODUCTION

Estimation of average treatment effects in observational studies often requires adjustment for
differences in pre-treatment variables. If the number of pre-treatment variables is large and their
distribution varies substantially with treatment status, standard adjustment methods such as covari-
ance adjustment are often inadequate. Rosenbaum & Rubin (1983, 1984) propose an alternative
method for adjusting for pre-treatment variables based on the propensity score, the conditional
probability of receiving the treatment given pre-treatment variables. They demonstrate that
adjusting solely for the propensity score removes all bias associated with differences in the pre-
treatment variables. The Rosenbaum—Rubin proposals deal exclusively with binary-valued treat-
ments. In many cases of interest, however, treatments take on more than two values. Here an
extension of the propensity score methodology is proposed that allows for estimation of average
causal effects with multi-valued treatments. The key insight is that for estimation of average causal
effects it is not necessary to divide the population into subpopulations where causal comparisons
are valid, as the propensity score does; it is sufficient to divide the population into subpopulations
where average potential outcomes can be estimated.

2. THE MODEL

We are interested in the average causal effect of some treatment on some outcome. The treatment,
denoted by T, takes on values in a set 7. Associated with each unit i and each value of the
treatment ¢t there is a potential outcome, denoted by Y;(¢). We are interested in average outcomes,
E{Y(?)}, for all values of ¢, and in particular in differences of the form E{Y(t) — Y(s)}, the average
causal effect of exposing all units to treatment ¢ rather than treatment s. The average here is taken
over the population of interest, which may be the population the sample is drawn from, or some
subpopulation thereof. More generally we can look at average differences of functions of Y(t) for
different values of t, such as the distribution function of Y(¢) at a point. We observe, for each unit i
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in a random sample of size N drawn from a large population, the treatment T;, the outcome
associated with that treatment level Y; = Y(T;), and a vector of pre-treatment variables X;.

The key assumption, maintained throughout the paper, is that adjusting for pre-treatment differ-
ences solves the problem of drawing causal inferences. This is formalised by using the concept of
unconfoundedness. Let D;(t) be the indicator of receiving treatment ¢:

1 if T;=t,
Di(t) = .
0 otherwise.

DEFINITION 1 (Weak unconfoundedness). Assignment to treatment T is weakly unconfounded, given
pre-treatment variables X, if

D(t) L Y(t)| X,
forall te 7.
Rosenbaum & Rubin (1983) make the stronger assumption that
TL{Y(1)}er|X,

which requires the treatment T to be independent of the entire set of potential outcomes. Instead,
weak unconfoundedness requires only pairwise independence of the treatment with each of the
potential outcomes, like the assumption used in Robins (1995). In addition weak unconfoundedness
only requires the independence of the potential outcome Y(¢) and the treatment to be ‘local’” at the
treatment level of interest, that is independence of the indicator D(t), rather than of the treatment
level T. The definition of weak unconfoundedness is similar to that of ‘missing at random’ (Rubin,
1976; Little & Rubin, 1987, p. 14) in the missing data literature.

Although in substantive terms the weak unconfoundedness assumption is not very different from
the assumption used by Rosenbaum & Rubin (1983), it is important that one does not need the
stronger assumption to validate estimation of the expected value of Y(¢) by adjusting for X:

E{Y(0)| X} =E{Y(1)|D(1) =1, X} = E{Y|D(t) =1, X} = E{Y | T =1, X}. (1)
Average outcomes can then be estimated by averaging these conditional means:
E{Y(1)} = E[E{Y(1)| X}].

In practice it can be difficult to estimate E{Y(t)} in this manner when the dimension of X is large,
because the first step requires estimation of the expectation of Y(¢) given the treatment level and
all pre-treatment variables, and this motivated Rosenbaum & Rubin (1983) to develop the propen-
sity score methodology.

3. THE PROPENSITY SCORE WITH BINARY TREATMENTS
In the binary treatment context with 7 = {0, 1}, Rosenbaum & Rubin (1983) define the propen-
sity score as the conditional probability of receiving the treatment given the pre-treatment variables:
e(x)=pr(T=1|X =x).

If assignment to treatment is weakly unconfounded given the pre-treatment variables, then assign-
ment to treatment is weakly unconfounded given the propensity score:

D(1) L Y(1)]e(X),

for all r € 7. This result implies that, instead of having to adjust for all pre-treatment variables, it
is sufficient to adjust for the propensity score e(X).

An alternative method for exploiting the propensity score is through weighting by the inverse
of the probability of receiving the treatment actually received (Rosenbaum, 1987), similar to the
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Horvitz—Thompson estimator (Horvitz & Thompson, 1952). By weak unconfoundedness, we have

EE—EYI EL_T)—EYO
o0 =Y By =5 = EYO),

which can be used to estimate the average causal effect E{Y(1)— Y(0)}.

4. THE PROPENSITY SCORE WITH MULTI-VALUED TREATMENTS

Here we allow the treatment of interest to take on integer values between 0 and K, so that
7 ={0,1,..., K}. First, we modify the Rosenbaum—Rubin definition of the propensity score.

DEFINITION 2 (Generalised propensity score). The generalised propensity score is the conditional
probability of receiving a particular level of the treatment given the pre-treatment variables:

r(t, x)=pr(T=t|X = x) = E{D(1)| X = x}.

Suppose assignment to treatment T is weakly unconfounded given pre-treatment variables X.
Then, by the same argument as in the binary treatment case, assignment is weakly unconfounded
given the generalised propensity score: D(t) L Y(¢)|r(t, X), for all t € 7. This is the point where
using the weak form of the unconfoundedness assumption is important. There is in general no
scalar function of the covariates such that the level of the treatment T is independent of the set of
potential outcomes {Y(t)},. . Such a scalar function may exist if additional structure is imposed
on the assignment mechanism; see for example Joffe & Rosenbaum (1999).

Since weak unconfoundedness given all pretreatment variables implies weak unconfoundedness
given the generalised propensity score, one can estimate average outcomes by conditioning solely
on the generalised propensity score.

THEOREM 1. Suppose assignment to treatment is weakly unconfounded given pre-treatment
variables X. Then, for all t € 7,

(1) p(t,r)=E{Y(t)|r(t, X)=r} =E{Y|T=t,r(T, X)=r},

(i) E{Y(1)} = E{B(t, r(t, X))}.

As with the implementation of the binary treatment propensity score methodology, the implemen-
tation of the generalised propensity score method consists of three steps. In the first step the score
r(t, x) is estimated. With a binary treatment the standard approach (Rosenbaum & Rubin, 1984;
Rosenbaum, 1995, p. 79) is to estimate the propensity score using a logistic regression. With a
multi-valued treatment one may distinguish two cases of interest. First, if the values of the treatment
are qualitatively distinct and without a logical ordering, such as surgery, drug treatment and no
treatment, one may wish to use discrete response models such as the multinomial or nested logit.
Secondly, if the treatments correspond to ordered levels of a treatment, such as the dose of a drug
or the time over which a treatment is applied, one may wish to impose smoothness of the score in ¢.

In the second step the conditional expectation (¢, r) = E{Y| T =t, r(T, X) =r} is estimated. Again
the implementation may be different in the case where the levels of the treatment are qualitatively
distinct from the case where smoothness of the conditional expectation function in t is appropriate.

In the third step the average response at treatment level ¢ is estimated as the average of the
estimated conditional expectation, [3( t, r(t, X)), averaged over the distribution of the pre-treatment
variables. Note that to get the average E{Y(¢)} the second argument in the conditional expectation
p(t, r) is evaluated at r(¢, X;), not at r(T;, X;).

As an alternative to the above implementation one can use the inverse of the generalised propen-
sity score to weight the observations, using the following equality:

{ YD(¢)
E
(T, X)

}:mnm.

It appears difficult to exploit smoothness of the outcome in the level of the treatment in this
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weighting approach. Similarly, matching approaches where units are grouped in a way to allow
causal comparisons within matches appear less well suited to the multi-valued treatment case.

5. COMPARISON WITH BINARY TREATMENTS

The Rosenbaum—Rubin propensity score partitions the population into subpopulations where
valid causal comparisons can be made. Within the subpopulation with propensity score equal to
e(X)=e, the average value of Y(1) for treated units is unbiased for the subpopulation average
value of Y(1), and similarly for the average value of Y(0) for control units. Hence in this subpopul-
ation the difference in sample averages by treatment status is unbiased for the average causal effect.
In other words, the regression of the observed outcome on treatment level and propensity score
has a causal interpretation.

The generalised propensity score also partitions the population into subpopulations. Within the
subpopulation with (T, X)=r, the average value of Y(t) for units with treatment level ¢ is an
unbiased estimator of the average of Y(¢) for the subpopulation with r(t, X) =r. However, in the
same subpopulation the average of Y(s) for units with T = s is unbiased for the average of Y(s) in
a different subpopulation, namely that with r(s, X) = r. Hence no causal comparison can be drawn
within the subpopulation defined by (7T, X)=r, and the regression of observed outcome Y on
treatment level T and the score (T, X) does not have a causal interpretation. Formally,

pt,r)—p(s,r)=E{Y(t)| T=t,r(T,X)=r} — E{Y(s)| T=s,1(T, X)=r}.
By weak unconfoundedness this is equal to
E{Y(0)[r(t, X) =r} — E{Y(s)|r(s, X) =1},

which has no causal interpretation because the conditioning sets differ. To obtain a causal interpret-
ation one needs to condition on the intersection of the two conditioning sets:

E{Y()|T=t,r(t, X), r(s, X)} — E{Y(s)| T =s, r(t, X), r(s, X)} = E{Y(t) — Y(s)|r(t, X), r(s, X)},

a point also made in Lechner (2000). However, in general such causal interpretations require
conditioning on an additional variable. This is exactly what the propensity score approach attempts
to avoid.

In the binary treatment case the additional conditioning can be avoided by virtue of the fact
that the two assignment probabilities add up to unity. Rosenbaum & Rubin (1983) demonstrate
that, conditional on the propensity score, outcome differences by treatment status are unbiased for
average treatment effects:

E{Y(1)|T=1, e(X)=e} — E{Y(0)| T=0, e(X) = e} = E{Y(1) — Y(0)]e(X) = e}.

To see the difference with the generalised propensity score, let us rewrite this in the new notation,
with r(1, x) =e(x) and r(0, x) =1 — e(x):

B(1,e)— B(0, 1 —¢) = E{Y(1)]r(1, X) = &} — E{Y(0)]r(0, X) = 1 — ¢}
= E{Y(1)— Y(0)|r(1, X) = e}.

The reason that this causal comparison requires no additional conditioning is because the con-
ditioning sets are identical: {x|r(1, x)=1—e} = {x|r(0, x) = e}. Thus

E{Y(1) — Y(0)|r(0, X), r(1, X)} = E{Y(1) — Y(0)| 1 — r(1, X), r(1, X)}
= E{Y(1) = Y(0)|r(1, X)}.

In contrast, there is no causal interpretation conditional on the value of the generalised propensity
score:

p(1, 1) — B0, r) = EXY(1)|r(1, X) = r} — EXY(0)[r(1, X) =1 —r},

because again the conditioning sets differ.
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However, the lack of a causal interpretation within the subpopulations does not invalidate the
causal interpretation after averaging over the distribution of the score. The key insight is that, by
averaging these expectations over different arguments, f(t, r) over r(t, X) to get E{Y(¢)}, and f5(s, r)
over r(s, X) to get E{Y(s)}, we achieve the causal interpretation.
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