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Problem 1

Suppose that U is a uniform random variable on the interval (0, 1).

(a) Find the probability density function of the random variable

X = p— flnf{- ()},
where ;€ R and 8 > 0 are fixed parameters. (5 marks)

(b) Prove that the moment generating function of X is of the form
Mx(t) = e T(1 — jt).
For which values of ¢ does it exist? (4 marks)
(c) Let Y be an arbitrary random variable with moment generating function My . Show that
B(Y) = Syp(), Var(Y) = Si(¢),
where Sy (t) = In{My (¢)}. (4 marks)

(d) Compute the expectation and variance of X from part (a). Use the fact that (1) = —v
and I'(1) = 72/6 + +2, where v ~ 0.57722 is the Euler-Mascheroni constant. (4 marks)

Problem 2

Let (X,Y) be a random pair of independent, standard normal random variables. Further, let R
and © denote the polar coordinates of (X,Y).

(a) Show that R has the so-called Rayleigh distribution with density
fr(r) = re /2, 0<r< oo
(5 marks)
(b) Show that R and © are independent. (5 marks)

(¢) Derive the distribution of X/Y. What can you say about its moment generating function?

(6 marks)
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Problem 3

The inverse Gaussian distribution with parameters y > 0 and @ > 0 has probability density

expvx

2ma3

function

o) = SEAL Fewp {-g0w v} 230

(a) Show that the family f(z|x,%) is an exponential family.  Determine the natural

parametrization and the natural parameter space. (4 marks)
(b) Derive expressions for the expectation and variance of random variables ¢;(X),...,tx(X)
for a k-parameter exponential family with canonical parameters 7i,...,n and functions
ti(x),...,tg(z) in the usual representation. (4 marks)

(c¢) Suppose that X is an inverse Gaussian random variable with parameters y > 0 and ¢ > 0.
Compute E(1/X) and Var(1/X). (4 marks)

(d) Prove that if X is an inverse Gaussian random variable with parameters x > 0 and ¢ > 0,

cov(X,1/X) = 7

(4 marks)

(e) List three pitfalls of the linear correlation coefficient. (3 marks)

Problem 4

(a) Let X be a random variable such that X|M = m is N(m,0?) where M ~ N(u,7?).
Determine the distribution of X. (4 marks)

(b) Prove that for any three variables X, Y and Z with finite variances,
Cov(X,Y) =E(Cov(X,Y|2)) + Cov(E(X|Z),E(Y|Z2))
(4 marks)

(c) Let X7 and X3 be random variables such that X;|M = m is N(m,0?) for i = 1,2 where
M ~ N(u,7?). Suppose further that X; and Xs are independent given M = m. Compute
the correlation between X; and Xo. (4 marks)

(d) Are X; and X3 from part (c¢) (marginally) independent? Justify your answer. (4 marks)
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Problem 5

Let X4,..., X, be a random sample from the Poisson distribution with parameter A > 0. Consider

1 n
Y, = n;xi(xi —1)
1=

and recall, without proof, the MGF and the mean and variance of the Poisson distribution.

(a) Determine the exact distribution of X, = (X1 +--- + X,,)/n. (4 marks)
(b) Show that Var{Xj(X; — 1)} = 4\3 + 2)\2. (4 marks)
(c¢) Prove that E(Y,,) < A. You can use any inequality proved in class. (4 marks)
(d) Prove that Y;, — A in probability. (4 marks)
(e) Show how the distribution of Y;, can be approximated in terms of the normal distribution
when n is large. (4 marks)
Problem 6
Consider i.i.d. random variables X1, Xo,... with density f and distribution function F'.

(a) Prove that the distribution function of Y;, = min(Xj,..., X,,) equals 1 — {1 — F'(x)}" for all
zeR. (3 marks)

(b) Suppose that there exists a € R such that the density f satisfies f(z) = 0 for z € (0,a)
and f(x) > 0 for z € [a,00) (in particular, f(a) > 0). Prove that n(Y,, — a) converges in
distribution to an exponential random variable with parameter f(a). (5 marks)

(c) Under the conditions of part (b), prove that Y;, — a in probability. (4 marks)
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