MATH 556 - MID-TERM SOLUTIONS 2008

(a) From first principles (univariate transformation theorem also acceptable): for z € (0,1/4)
Fz(2)=Pz[Z<z]=Px[X(1-X)<z2]=Px[X <z1(2) N X > 25(2)]

where 71 (z) and z2(z) are the roots of the quadratic 22 — z + z = 0, that is

1—+v1-—4z 14+ +v1—4z
x1(z) = — x2(z) = —

Hence

Fz(2)=1—+v1—4z 0<z<1/4.

and therefore

2
= 0<z<1/4
and zero otherwise. For the expectation, using the Beta integral
! 11 1
Erl2) = En[X(1- X)) = | a(l—w)do=5 -2 =
0
6 MARKS
(b)
1 1 1 1 1 1
PXl,XQ |:X1X2 > :l = / / dafg dl‘l :/ (1 — 1/(21‘1)) dl‘l = |:J) — 10g$1:|
2 172 J1/(2a1) 1/2 2 1/2
Hence

2 2 °2) 7 2

As the distributions of X; and 1 — X are identical, we also have

1] 1 1 1 1 1 1
P[X1X2>2 :(1—2log1>—<—1og>— —ilogQ

[ 1 1 1
Pl1-X)1-X2)>=|==—=log2
G- X)X > 3| = 5 - o
9 MARKS
(a) By properties of the multivariate normal, X ~ N(0, X), where
1 1 1 1 2 -1
22[1—2}[1—2]:[—1 5}
6 MARKS

(b) The covariance between random variables Y; and Y53 is
C'vayl,y2 Dfla Yé] - [Efyl,y2 [YlYQ} - [Efyl [Yl][EfY2 [Y2] = [Ele [Zir)] - [Ele [Z12}[Ele [Zf] =0

as the odd moments of the standard normal are zero.
6 MARKS

(c) Find the mgf of V' is

MV(t) = [Efv [et\/] = [Ele,22 [exp{t(aZ1 + ﬁZQ)}] = MZI (at)Mzz (ﬁt) = exp{(a2 + 52)t2/2}

3 MARKS
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3.

(@)

(b)

(a)

(b)

()

By inspection

. 1 [
Cx(t) = Ey, [eX] = %/ et e~ 17/l dg

— 00

But fx is symmetric about zero, so

1 oo oo
Cx(t) = 7/ cos(tx)e /7 dx = / cos(sy)e Y dy
0 0

g

where s = ot, after changing from z to y = z /0. Integrating by parts yields

1
)= ——
Cxt) = 1 op
as
Cx(s) = / cos(sy)e ¥ dy = [~ cos(sy)e*y}go f/ ssin(sy)e Y dy
0 0
= 1-3s [sin(sy)e_y]go — s/ scos(sy)e ™ dy =1 — s°Cx (s)
0
6 MARKS
(i) X1,...,X, are continuous random variables, as |Cx (t)| — 0ast — o0

4 MARKS

(ii) We have by elementary cf results that
Cr, (t) = ™" {Cx (bat)}" = ™" {exp{—n|2bnt|*}} = e*** {exp{—nb,|*|2t[*}}
Thus we must have a,, = 0 (as Cx(?) is entirely real) and
by =n"te

5 MARKS

A general Exponential Family in canonical parameterization takes the form

k
fx(zln) = h(z)c*(n) exp {Z njtj(fﬂ)}

where 1) = (1,,...,n,,)" is the natural parameter vector. 4 MARKS
A natural Exponential Family has £ = 1 and takes the form

fx(z[n) = h(z)c*(n) exp {nz}
where 7 is the natural parameter. Let S(X; ) be defined by

S(Xs) = d%log Fx(Xim) = d%{log () + X

This is the score function, and we know that E¢, [S(X;7)] = 0, so therefore

0= logc () +ERIX] o ErlX] = 4 {oge'(n)

6 MARKS
By the univariate transformation theorem

=gty () (3] oo

Thus, if n = —(a 4+ 1), we have for x € R
1 1
fy (yIn) = L(0,00)(y) exp {_y} m exp{nlogy}

so this is an Exponential Family distribution with natural parameter n = —(a + 1).
5 MARKS
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