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Normed and Metric Spaces

We start by introducing the concept of a norm . This generalization of the absolute
value on R (or C) to the framework of vector spaces is central to modern analysis.

The zero element of a vector space V' (over R or C) will be denoted 0y. For an
element v of the vector space V' the norm of v (denoted ||v||) is to be thought of
as the distance from 0y to v, or as the “size” of v. In the case of the absolute value
on the field of scalars, there is really only one possible candidate, but in vector
spaces of more than one dimension a wealth of possibilities arises.

DEFINITION A norm on a vector space V over R or C is a mapping
v — [|v]]
from V' to R™ with the following properties.
o llov] =0.
e veV |v|=0=v=0y.
o |[tv]| = [t|||v]| Vt a scalar,v € V.

o [lvi+os < loall +[laf| Vo, v € V.

The last of these conditions is called the subadditivity inequality . There are
really two definitions here, that of a real norm applicable to real vector spaces
and that of a complex norm applicable to complex vector spaces. However, every
complex vector space can also be considered as a real vector space — one simply
“forgets” how to multiply vectors by complex scalars that are not real scalars. This



process is called realification . In such a situation, the two definitions are different.
For instance,
|z + dyl| = max(|z[,2[y])  (z,y €R)

defines a perfectly good real norm on C considered as a real vector space. On the
other hand, the only complex norms on C have the form

1
|l +ayll = t(=* +y°)2

for some ¢ > 0.
The inequality

[Eror + tava + -+ + tpva|| < [tal[loa]l + [E2][[va]] + - - 4 [En[[onl]

holds for scalars t4, ..., t, and elements vy, ..., v, of V. It is an immediate con-
sequence of the definition.
If|| ||isanormonV and ¢t > 0 then
ol = ¢vl]
defines anewnorm || || on V. We note that in the case of a norm there is often no

natural way to normalize it. On the other hand, an absolute value is normalized
so that |1| = 1, possible since the field of scalars contains a distinguished element
1.

1.1 Some Norms on Euclidean Space

Because of the central role of R™ as a vector space it is worth looking at some of
the norms that are commonly defined on this space.

EXxAMPLE  On R"™ we may define a norm by

(1, - s zn) o ZI?E%I%I- (1.1

EXAMPLE  Another norm on R" is given by

n
@y szl =) Jal.
j=1



EXAMPLE  The Euclidean norm on R™ is given by

(@1, )2 = (Z W) .

j=1
This is the standard norm, representing the standard Euclidean distance to 0. The
symbol 0 will be used to denote the zero vector of R™ or C™. O

Later we will generalize these examples by defining in case 1 < p < oo

1
n P
v 2l = (zw) |
j=1

In case that p = oo we use (1.1) to define || ||o. It will be shown (on page 49)
that || ||, is a norm.

1.2 Inner Product Spaces

Inner product spaces play a very central role in analysis. They have many applica-
tions. For example the physics of Quantum Mechanics is based on inner product
spaces. In this section we only scratch the surface of the subject.

DEFINITION A real inner product space is a real vector space V' together with
an inner product. An inner product is a mapping from'V x V to R denoted by

(vb UQ) — <U17 U2>
and satisfying the following properties
° (w, tiv1 + tQ’U2> = t1<’w, ’U1> + tz(’w, ’U2> Vw, U1,V € V, t1,10 € R.

o (v1,v9) = (vg,vq) Yo, v € V.
e (v,v) >0 YoeV.
o Ifv e Vand(v,v) =0, thenv = 0y.

The symmetry and the linearity in the second variable implies that the inner
product is also linear in the first variable.

<t1’U1 —+ tz’l)g,’w> = t1<’l)1,’w> + tz(’l)g,’w> V’w,’Ul,’Ug € V, t1,to € R.



EXAMPLE  The standard inner product on R is given by
(z,y) = Z LY
=1

The most general inner product on R™ is given by

(z,y) = Z ij,kiﬂjyk

j=1 k=1

where the n x n real matrix P = (p; ;) is a positive definite matrix. This means
that

e P isasymmetric matrix.

e We have
n n
PjkTijTy > 0
j=1 k=1
for every vector (z1,...,x,) of R™
e The circumstance
n n
PjkTijry =0
j=1 k=1
only occurs when z; =0, ..., z, = 0.

In the complex case, the definition is slightly more complicated.

DEFINITION A complex inner product space is a complex vector space V' to-
gether with a complex inner product , that is a mapping fromV x V' to C denoted

(v1,v2) — (v1, v2)
and satistying the following properties
o (w,t1vy + tove) = t1(w, v1) + to(w, ve) Yw, vi, vy € V, t1,t5 € C.
o (v1,v9) = m Yo, v € V.

e (v,v) >0 YoeV.



o Ifv e Vand(v,v) =0, thenv = 0y.

It will be noted that a complex inner product is linear in its second variable
and conjugate linear in its first variable.

(t1v1 + tavg, w) = t1(v1, W) + t2{ve, w) YVw, vy, v9 € V, t1,t9 € C.

EXAMPLE  The standard inner product on C" is given by
<ZE7 y> = Z .I'_]y]
j=1

The most general inner product on C" is given by
(,y) = Z ij,kiﬂ_jyk
j=1 k=1

where the n x n complex matrix P = (p;x) is a positive definite matrix. This
means that

e P isa hermitian matrix, in other words p;r = Dg;.

e We have
n n
2D pisTe 2 0
j=1 k=1
for every vector (z1,...,x,) of C™.

e The circumstance
n n
E E pj7k$_jxk = 0
j=1 k=1

only occurs when z; =0, ..., z, = 0.



DEFINITION  Let V' be an inner product space. Then we define

1
o]l = ({v,v))2 (1.2)
the associated norm .

It is not immediately clear from the definition that the associated norm satis-
fies the subadditivity condition. Towards this, we establish the abstract Cauchy-
Schwarz inequality.

PROPOSITION 1 (CAUCHY-SCHWARZ INEQUALITY)  Let V' be an inner product
space and w,v € V. Then

| (u, v} < luf|[|v]] (1.3)
holds.

Proof of the Cauchy-Schwarz Inequality. ~ We give the proof in the complex
case. The proof in the real case is slightly easier. If v = 0Oy then the inequality
is evident. We therefore assume that ||v|| > 0. Similarly, we may assume that
[l > 0.

Let t € C. Then we have

0 < ||u+tv]|* = (u+tv,u+tv)
= (u, u) + t{v, u) + t{u,v) + tt{v, v)

= ||lu|® + 2Rt (u, v) + [t*||v]*. (1.4)
Now choose ¢ such that
t{u,v) isrealand <0 (1.5)
and
t| = M (1.6)
o]

Here, (1.6) designates the absolute value of ¢ and (1.5) specifies its argument.
Substituting back into (1.4) we obtain

Ll oy (Il
200, 0)] <l + (n ”) o

which simplifies to the desired inequality (1.3). |



PROPOSITION 2 In an inner product space (1.2) defines a norm.

Proof. 'We verify the subadditivity of v — ||v||. The other requirements of a
norm are straightforward to establish. We have

Ju+v]* = (u+v,u+v)
= [lull® + (v, u) + (u,v) + ||v]*
= |ull® + 2R (u, v) + [|v]|®
< JJull® + 2[R (u, v)] + [|v]*
< Jlull® + 2/ {w, v)| + [lo|*
< Jlull® + 2lulllv] + [Jv]*
= (lull + floll)” (1.7)
using the Cauchy-Schwarz Inequality (1.3). Taking square roots yields
[+ ol < Jfull + o]l

as required. |

1.3  Geometry of Norms

It is possible to understand the concept of norm from the geometrical point of
view. Towards this we associate with each norm a geometrical object — its unit

ball.

DEFINITION  Let V' be a normed vector space. Then the unit ball B of V' is
defined by
B={v;ve Vo] <1}

DEFINITION  Let V' be a vector space and let B C V. We say that B is convex
iff

tivy +tovg € B V’Ul,’Ug € B, th,tg > 0 such thatt; +t9 = 1.

In other words, a set B is convex iff whenever we take two points of B, the line

segment joining them lies entirely in B.



DEFINITION  Let V' be a vector space and let B C V. We say that B satisfies the
line condition iff for every v € V' \ {0y}, there exists a constant a € |0, co[ such
that

tveB < |t|<a.

The line condition says that the intersection of B with every one-dimensional
subspace R of V' is the unit ball for some norm on R. The line condition involves
a multitude of considerations. It implies that the set B is symmetric about the
zero element. The fact that a > 0 is sometimes expressed by saying that B is
absorbing . This expresses the fact that every point v of V lies in some (large)
multiple of B. Finally the fact that @ < oo is a boundedness condition .

THEOREM 3 Let V be a vector space and let B C V. Then the following two
statements are equivalent.

e Thereis anorm onV for which B is the unit ball.

e DB is convex and satisfies the line condition.

Proof. 'We assume first that the first statement holds and establish the second.
Let v1,vy € B and let t1,t > 0 be such that ¢t; + ¢t = 1. Then

[t1v1 + tova|| < [t1vn|| + ||[t2ve]]
< [ta|[[vr]] + [t2][lv2|
<t +t=1.

It follows that B is convex. Now let v € V and suppose that v # 0y . Then it is
straightforward to show that the line condition holds with a = |[v|| 7.

The real meat of the Theorem is contained in the converse to which we now
turn. Let B be a convex subset of V' satisfying the line condition. We define for

veV\{0y}

1

lo]] = a~
where a is the constant of the line condition. We also define ||0y| = 0. We aim
to show that || || is a norm and that B is its unit ball. Let v # 0y and s # 0.



Then, applying the line condition to V and sv we have constants a and b with
|v|| = a=! and ||sv]| = b~ such that

tveB & |t|<a
and
r(sv) e B < |r|<b.
Substituting ¢t = rs we find that
rs| <a < |r|<b
so that a = bls|. It now follows that
Isvl =67 =sla™" = |s||lv]|. (1.8)

On the other hand if s = 0 or if v = 0y, then (1.8) also holds.

We turn next to the subadditivity of the norm. Let v; and vs be non-zero
vectorsin V. Let t; = ||v1]| and to = |lva. Then ¢t;'v; € B and t,'vy € B,
Hence, we find that

V1 + vy = tltl_l’Ul + tztz_l’vg

=(t1+1 —t; v —t
(i +1) (t1+t2 Lt Uz)

= (tl + tz)’l)
where v € B by the convexity of B. If v; + v2 # Oy we have the desired
conclusion

[v1 4 va| < t1 4 t2 = [Joa | + o2 (1.9)

by the definition of the || ||. If v; + vy = Oy, then (1.9) follows trivially. We also
observe that (1.9) follows if either v or v, vanishes. The remaining properties of
the norm follow directly from the definition.

It is routine to check that forv € V' \ {0y }

v <1 <& wveB.

and both sides are true if v = 0y . It follows that B is precisely the unit ball of
111 m



EXAMPLE  Let us define the a subset B of R? by

22 +y? <1 in case z > 0 and y > 0,

. — <1 incasexz <0Oandy >0

B i max(—z,y) < < > 0,
(z.y) € B i 22 4+y2 <1 incase z < 0and y < 0,

max(z,—y) <1 incasez > 0andy < 0.

Figure 1.1: The unit ball for a norm on R2.

It is geometrically obvious that B is a convex subset of R? and satisfies the
line condition — see Figure 1.1. Therefore it defines a norm. Clearly this norm is
given by

1
(z2+y*2  ifz>0andy >0,
max(|z|, ifr<Oandy >0,
I(ay) | = § e it = Dandy =
(z2+y*2  ifz<0andy <0,
max(|zl],|y|) ifx>0andy <O0.

1.4 Metric Spaces

In the previous section we discussed the concept of the norm of a vector. In a
normed vector space, the expression ||u — v|| represents the size of the difference
u—wv of two vectors u and v. It can be thought of as the distance between u and v.
Just as a vector space may have many possible norms, there can be many possible
concepts of distance.

10



In this section we introduce the concept of a metric space . A metric space
is simply a set together with a distance function which measures the distance be-
tween any two points of the space. While normed spaces give interesting examples
of metric spaces, there are many interesting examples of metric spaces that do not
come from norms.

DEFINITION A metric space (X,d) is a set X together with a distance function
or metric d : X x X — R satislying the following properties.

o d(z,x)=0 Vo e X.
e r,yc X, d(z,y) =0 = z=uy.
e dz,y)=d(y,z) VryeX.

o d(z,z) < d(z,y)+d(y,z2) Ve, y,z € X.

The fourth axiom for a distance function is called the triangle inequality . It is
easy to derive the extended triangle inequality

d(z1,z,) < d(z1,22) + d(22,23,) + - - - + d(Tp—1,T) V1,...,2, €X10)

directly from the axioms.

Sometimes we will abuse notation and say that X is a metric space when the
intended distance function is understood.

Let X be a metric space and let Y C X. Then the restriction of the distance
function of X to the subset Y xY of X x X isa distance function on Y. Sometimes
this is called the restriction metric or the relative metric . If the four axioms listed
above hold for all points of X then a fortiori they hold for all points of Y. Thus
every subset of a metric space is again a metric space in its own right. This idea
will be used very frequently in the sequel.

EXAMPLE  Let V be a normed vector space with norm || ||. Then V is a metric
space with the distance function

d(u,v) = [lu =],

The reader should check that the triangle inequality is a consequence of the sub-
additivity of the norm. O

11



EXAMPLE  As an example of an infinite dimensional normed vector space we
consider the space £*°. Its elements are the bounded real sequences (x,,) and the
norm is defined by

[(@n)|lec = sup |zy].
neN

a

EXAMPLE  Another example of an infinite dimensional normed vector space is
the space ¢*. Its elements are the absolutely summable real sequences (z,,) and

the norm is defined by
(@)l = |zal.
n=1

a

ExampLE Tt follows that every subset X of a normed vector space is a metric
space in the distance function induced from the norm. O

EXAMPLE Let ( , )and || || denote the standard inner product and Euclidean
norm on R”. Let S"~! denote the unit sphere

§" = (a2 € R™, Jz] = 1}
then we can define the geodesic distance between two points x and y of S"~! by
d(z,y) = arccos({(z,y)). (1.11)

We will show that d is a metric on S®*. This metric is of course different
from the Euclidean distance ||z — y||.

To verify that (1.11) is in fact a metric, at least the symmetry of the metric is
evident. Suppose that z,y € S"! and that d(z,y) = 0. Then (z,y) = 1 and

lz = yl* = llz]* = 2(z, ) + [lylI* =1-2+1=0.

It follows that x = y.
To establish the triangle inequality, let z,y, 2z € S, § = arccos((x,y)) and
¢ = arccos((y, z)). Then we can write = cosfy + sinfu and z = cospy +
sin ¢ v where « and v are unit vectors orthogonal to y. An easy calculation now
gives
(x,z) =cosB cosy + (u,v)sinf sin p.

12



Now, since 0 < 60, < m, we have sinf sinp > 0. By the Cauchy-Schwarz
Inequality (1.3), we find that (u,v) > —1. Hence

(x,z) > cosf cosp —sinf sinp = cos(d + ¢).
Since arccos is decreasing on [—1, 1] this immediately yields

d(z,z) <0+ ¢ =d(z,y) + d(y, 2).

13



2

Topology of Metric Spaces

2.1 Neighbourhoods and Open Sets

It is customary to refer to the elements of a metric space as points . In this chapter
we will develop the point-set topology of metric spaces. This is done through con-
cepts such as neighbourhoods , open sets , closed sets and sequences . Any of these
concepts can be used to define more advanced concepts such as the continuity of
mappings from one metric space to another. They are, as it were, languages for
the further development of the subject. We study them all and most particularly
the relationships between them.

DEFINITION  Let (X, d) be a metric space. Fort > 0 and x € X, we define

Uz, t) ={y;y € X,d(z,y) < t}
and
B(z,t) ={y;y € X, d(z,y) < t}.
the open ball U(z,t) centred at x of radius t and the corresponding closed ball

B(z,t).

DEFINITION  Let V' be a subset of a metric space X and let x € V. Then we say

that V' is a neighbourhood of x or x is an interior point of V' iff there existst > 0
such thatU(z,t) C V.

Thus V' is a neighbourhood of z iff all points sufficiently close to x lie in V.

PROPOSITION 4

14



o [fV is a neighbourbood of x and V. C W C X. Then W is a neighbour-
hood of x.

o [[V1,Vs,...,V, are finitely many neighbourhoods of z, then N7_, V; is also
a neighbourhood of x.

Proof. The first statement is left as an exercise for the reader. For the second,
applying the definition, we may find ¢4, ¢o,...,t, > 0 such that U(z,t;) C V. It
follows that

Uz t;) < (V5 Q.1
j=1 j=1

But the left-hand side of (2.1) is just U(x, t) where ¢ = mint; > 0. It now follows
that N?_,; V; is a neighbourhood of z. |

Neighbourhoods are a local concept. We now introduce the corresponding
global concept.

DEFINITION  Let (X, d) be a metric space and let V- C X. Then V is an open
subset of X iff V' is a neighbourhood of every point x that liesin V.

EXAMPLE  For all t > 0, the open ball U(z,t) is an open set. To see this, let
y € U(x,t), thatis d(z,y) < t. We must show that U(z, t) is a neighbourhood
ofy. Let s =t —d(z,y) > 0. We claim that U(y,s) C U(z,t). To prove the
claim, let z € U(y, s). Then d(y, z) < s. We now find that

d(z,z) <d(z,y) +dly,z) <d(z,y) +s=t,
so that z € U(z,t) as required. O

EXAMPLE  In R every interval of the form |a, b| is an open set. Here, a and b are
real and satisfy a < b. We also allow the possibilitiesa = —occand b = c0. O

THEOREM 5  In a metric space (X, d) we have
e X isan open subset of X.

e () is an open subset of X .

15



o IV, is open for every « in some index set I, then U,V is again open.

e IfV;isopen for j = 1,...,n, then the finite intersection N}_,Vj is again
open.

Proof. Forevery z € X and any ¢ > 0, we have U(x,t) C X, so X is open. On
the other hand, ) is open because it does not have any points. Thus the condition
to be checked is vacuous.

To check the third statement, let x € U,ecrV,. Then there exists o € I such
that x € V. Since V,, is open, V,, is a neighbourhood of . The result now follows
from the first part of Proposition 4.

Finally let z € N7_, V;. Then since V; is open, it is a neighbourhood of x for
j=1,...,n. Now apply the second part of Proposition 4. ]

DEFINITION  Let X be a set. Let V be a “family of open sets” satistying the four
conditions of Theorem 5. Then V is a topology on X and (X, V) is a topological
space .

Not every topology arises from a metric. In these notes we are not concerned
with topological spaces in their own right. For some applications topological
spaces are needed to capture key ideas (like the weak* topology). On the other
hand, some theorems true for general metric spaces are false for topological spaces
(separation theorems for example). Finally some metric space concepts (such as
uniform continuity) cannot be defined on topological spaces.

It is worth recording here that there is a complete description of the open
subsets of R. A subset V' of R is open iff it is a disjoint union of open intervals
(possibly of infinite length). Furthermore, such a union is necessarily countable.

2.2 Convergent Sequences

A sequence 1, %2, x3, ... of points of a set X is really a mapping from N to X.
Normally, we denote such a sequence by (z,,). For x € X the sequence given by
x, = x is called the constant sequence with value z.

DEFINITION  Let X be a metric space. Let (z,,) be a sequence in X. Then (z,,)
converges to x© € X iff for every e > 0 there exists N € N such that d(z,,z) < €

16



foralln > N. In this case, we write x,, — X Or

n—oo
Tn — X

Sometimes, we say that x is the limit of (z,). Proposition 6 below justifies the
use of the indefinite article. To say that (z,) is a convergent sequence is to say
that there exists some x € X such that (x,,) converges to x.

EXAMPLE  Perhaps the most familiar example of a convergent sequence is the
sequence
1
Ty = —
n
in R. This sequence converges to 0. To see this, let € > 0 be given. Then choose
a natural number N so large that N > €', It is easy to see that

n>N = < €

n

Hence z,, — 0. O

PROPOSITION 6 Let (x,) be a convergent sequence in X. Then the limit is
unique.

Proof.  Suppose that z and y are both limits of the sequence (z,,). We will show
that £ = y. If not, then d(z,y) > 0. Let us choose € = 3d(z,y). Then there exist
natural numbers N, and N, such that

n > N, = d(zp, x) <€,

n > N, = d(zn,y) < €.
Choose now n = max (N, V) + 1 so that bothn > N, and n > N,,. It now

follows that
2¢ = d(z,y) < d(z,z,) + d(xn,y) < e+ €

a contradiction. ]
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PROPOSITION 7 Let X be a metric space and let (x,,) be a sequence in X . Let
x € X. The following conditions are equivalent to the convergence of (z,) to .

e For every neighbourhood V' of z in X, there exists N € N such that

n>N = T, €V. 2.2)

e The sequence (d(x,,x)) converges to 0 in R.

We leave the details of the proof to the reader. The first item here is significant
because it leads to the concept of the tail of a sequence. The sequence (t)
defined by t; = zn is called the Nth tail sequence of (x,). The set of points
Tn = {zp;n > N} is the Nth tail set. The condition (2.2) can be rewritten as
Ty CV.

Sequences provide one of the key tools for understanding metric spaces. They
lead naturally to the concept of closed subsets of a metric space.

DEFINITION  Let X be a metric space. Then a subset A C X is said to be closed
iff whenever (z,,) is a sequence in A (that is z,, € A Vn € N) converging to a
limitx in X, then x € A.

The link between closed subsets and open subsets is contained in the following
result.

THEOREM 8  In a metric space X, a subset A is closed if and only if X \ A is
open.

It follows from this Theorem that U is open in X iff X \ U is closed.

Proof.  First suppose that A is closed. We must show that X \ A is open. Towards
this, let z € X \ A. We claim that there exists € > 0 such that U(z,¢) C X \ A.
Suppose not. Then taking for each n € N, ¢, = % we find that there exists
zn, € ANU(z, L). But now (z,) is a sequence of elements of A converging to z.
Since A is closed = € A. But this is a contradiction.

For the converse assertion, suppose that X \ A is open. We will show that A
is closed. Let (z,,) be a sequence in A converging to some z € X. Ifz € X \ A
then since X \ A is open, there exists € > 0 such that

U(z,e) C X\ A (2.3)
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But since (x,) converges to z, there exists N € N such that z,, € U(z,¢) for
n > N. Choose n = N + 1. Then we find that z,, € AN U(z,e¢) which
contradicts (2.3). |

Combining now Theorems 5 and 8 we have the following corollary.
COROLLARY 9 In a metric space (X, d) we have

e X isan closed subset of X.

e () is an closed subset of X.

o If A, is closed for every a in some index set I, then Nyer A, Is again closed.

o [[Ajisclosed forj =1,...,n, then the finite union U}_, A; is again closed.

EXAMPLE  In ametric space every singleton is closed. To see this we remark that
a sequence in a singleton is necessarily a constant sequence and hence convergent
to its constant value. O

EXAMPLE ~ Combining the previous example with the last assertion of Corol-
lary 9, we see that in a metric space, every finite subset is closed. O

EXAMPLE  Let (z,) be a sequence converging to z. Then the set

{zp;n € N} U{z}
is a closed subset. O
ExAMPLE  In R, the intervals [a, b], [a, 0o] and | — 0o, b] are closed subsets. O

EXAMPLE A more complicated example of a closed subset of R is the Cantor set
. There are several ways of describing the Cantor set. Let Ey = [0, 1]. To obtain
E\ from Ej we remove the middle third of Ey. Thus Ey = [0, 3]U[2, 1]. To obtain
E, from E; we remove the middle thirds from both the constituent intervals of
FE;. Thus
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Figure 2.1: The sets Ey, E; and Es.

Continuing in this way, we find that E}, is a union of 2* closed intervals of length
37%. The Cantor set F is now defined as

E = ﬁ Ey.
k=0

By Corollary 9 it is clear that E is a closed subset of R.

The sculptor Rodin once said that to make a sculpture one starts with a block
of marble and removes everything that is unimportant. This is the approach that
we have just taken in building the Cantor set. The second way of constructing the
Cantor set works by building the set from the inside out.

Let us define

K={> w3 w,e{0,2},k=12. 1}
k=1

A moment’s thought shows us that the points Y y_; wx37F given by the 2" choices
ofwg fork =1,2,... nare precisely the left hand endpoints of the 2™ constituent
subintervals of E,,. Also a straightforward estimate on the tail sum

0< ) wd™™< ) 2.3F<3
k=n+1 k=n+1
shows that each sum Zzozl wi37* lies in E,, for each n € N. Tt follows that

K CFE.
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For the reverse inclusion, suppose that z € E. Then for every n € N, let x,,
be the left hand endpoint of the subinterval of E,, to which x belongs. Then

|z —z,| <377, 2.4
We write
T, = Z wp37F (2.5
k=1

where wy, takes one or other of the values 0 and 2. It is not difficult to see that the
values of wy, do not depend on the value n under consideration. Indeed, suppose
that (2.5) holds for a specific value of n. Then z € [z,,z, + 37"]. At the next
step, we look to see whether z lies in the left hand third or the right hand third of
this interval. This determines x,,.1 by

Tptl = Tn + wn+13_(n+1)

where wy,+1 = 0 if it is the left hand interval and w,,+1 = 2 if it is the right hand
interval. The values of wy, for k = 1,2,...,n are not affected by this choice. It
now follows from (2.5) and (2.4) that

o0
T = E wp3 7k
k=1

so that z € K as required. O

2.3 Continuity

The primary purpose of the preceding sections is to define the concept of conti-
nuity of mappings. This concept is the mainspring of mathematical analysis.

DEFINITION  Let X and Y be metric spaces. Let f : X — Y. Letx € X.
Then f is continuous at z iff for all e > 0, there exists § > 0 such that

z e U(z,d) = f(z) e U(f(x),e). (2.6)

The V...3... combination suggests the role of the “devils advocate” type of
argument. Let us illustrate this with an example.
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EXAMPLE ~ The mapping f : R — R given by f(z) = z? is continuous at
x = 1. To prove this, we suppose that the devils advocate provides us with a
number € > 0 chosen cunningly small. We have to “reply” with a number § > 0
(depending on €) such that (2.6) holds. In the present context, we choose

6 = min(}e, 1)
so that for |z — 1| < § we have
22 =1 < |z — 1|z +1] < (2e)(3) <€
since |zt — 1| <dand [z + 1| =[(z—-1)+2|< |z —1]+2< 3. 0

ExaMPLE  Continuity at a point — a single point that is, does not have much
strength. Consider the function f : R — R given by

_J0 ifxeR\Q,
f(a:)—{$ ifr e Q.

This function is continuous at 0 but at no other point of R. O

EXAMPLE  An interesting contrast is provided by the function g : R — R given
by
[0 ifzeR\Qorifz =0,
g(x) =141 ife = g where p € Z \ {0}, ¢ € N are coprime.

The function g is continuous at z iff x is zero or irrational. To see this, we first
observe thatif z € Q \ {0}, then g(z) # 0 but there are irrational numbers z as
close as we like to z which satisfy g(z) = 0. Thus g is not continuous at the points
of @\ {0}. On the other hand, if z € R\ Q or z = 0, we can establish continuity
of g at = by an epsilon delta argument. We agree that whatever ¢ > 0 we will
always choose § < 1. Then the number of points z in the interval |z — §,x + J|
where |g(z)| > e is finite because such a z is necessarily a rational number that
can be expressed in the form & where 1 < ¢ < e~ With only finitely many

points to avoid, it is now easy to find 6 > 0 such that

lz—z[<d = |g(z) —g(@)] = lg(2)] <e

There are various other ways of formulating continuity at a point.
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THEOREM 10  Let X and Y be metric spaces. Let f : X — Y. Letx € X.
Then the following statements are equivalent.

e f is continuous at x.

e For every neighbourhood V of f(x) in Y, f~(V) is a neighbourhood of x
in X.

e For every sequence (x,) in X converging to z, the sequence (f(x,)) con-
verges to f(z) inY.

Proof. 'We show that the first statement implies the second. Let f be continuous
at ¢ and suppose that V' is a neighbourhood of f(x) in Y. Then there exists € > 0
such that U(f(x),e) C V in Y. By definition of continuity at a point, there exists
0 > 0 such that

ceU@d) = f(2)eUf@),e)
= f(z) eV
= z e fH(V).
Hence f~!(V) is a neighbourhood of z in X
Next, we assume the second statement and establish the third. Let (z,) be a
sequence in X converging to z. Let € > 0. Then U(f(x), €) is a neighbourhood

of f(z) in Y. By hypothesis, f~}(U(f(z),€)) is a neighbourhood of z in X. By
the first part of Proposition 7 there exists N € N such that

n>N = e fTHU(f(2)6).
But this is equivalent to
n>N = flzn) € U(f(z),€).

Thus (f(x,)) converges to f(z)inY.

Finally we show that the third statement implies the first. We argue by contra-
diction. Suppose that f is not continuous at x. Then there exists € > 0 such that
forall 6 > 0, there exists z € X with d(z, z) < ¢, butd(f(z), f(z)) > €. We take
choice § = % forn =1,2,...in sequence. We find that there exist z,, in X with
d(z,z,) < -, but d(f(z), f(z,)) > €. But now, the sequence (z,) converges to
x in X while the sequence (f(x,)) does not converge to f(z)inY. n

We next build the global version of continuity from the concept of continuity
at a point.
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DEFINITION  Let X and Y be metric spaces and let f : X — Y. Then the
mapping f is continuous iff f is continuous at every point x of X.

There are also many possible reformulations of global continuity.

THEOREM 11 Let X and Y be metric spaces. Let f : X — Y. Then the
following statements are equivalent to the continuity of f.

e ForeveryopensetU inY, f~1(U) is open in X.
e Forevery closed set AinY, f~1(A) is closed in X.

e Forevery convergent sequence (z,) in X with limit z, the sequence (f(z,))
converges to f(z) inY.

Proof. Let f be continuous. We check that the first statement holds. Let z €
f71(U). Then f(x) € U. Since U is open in Y, U is a neighbourhood of f(x).
Hence, by Theorem 10 f~!(U) is a neighbourhood of z. We have just shown that
f7Y(U) is a neighbourhood of each of its points. Hence f~!(U) is open in X.
For the converse, we assume that the first statement holds. Let z be an arbitrary
point of X. We must show that f is continuous at x. Again we plan to use
Theorem 10. Let V' be a neighbourhood of f(z) in Y. Then, there exists t > 0
such that U(f(z),t) € V. It is shown on page 15 that U(f(z),t) is an open
subset of Y. Hence using the hypothesis, f~'(U(f(z),t)) is open in X. Since
z € fH(U(f(z),t)), this set is a neighbourhood of z, and it follows that so is the
larger subset f~1(V).

The second statement is clearly equivalent to the first. For instance if A is
closed in Y, then Y\ A is an open subset. Then

X\fHA) =Y\ 4)

is open in X and it follows that f~'(A) is closed in X. The converse entirely
similar.
The third statement is equivalent directly from the definition. |

One very useful condition that implies continuity is the Lipschitz condition.
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DEFINITION  Let X and Y be metric spaces. Let f : X — Y. Then f is a
Lipschitz map iff there is a constant C' with 0 < C' < oo such that

dy (f(w1), f(72)) < Cdx (w1, 20) Vi, 7o € X.

In the special case that C = 1 we say that f is a nonexpansive mapping . In the
even more restricted case that

dy (f(z1), f(z2)) = dx(z1,22) Vi, € X,

we say that f is an isometry .

PROPOSITION 12 Every Lipschitz map is continuous.

Proof. We work directly. Let € > 0. The set § = C~'e. Then dx(z,z) < ¢
implies that
dy (f(2), f(z)) < Cdx(z,2) < Cd =€

as required. |

2.4 Compositions of Functions

DEFINITION  Let X, Y and Z besets. Let f : X — Y andg:Y — Z be
mappings. Then we can make a new mapping h : X — Z by h(z) = g(f(x)).
In other words, to map by h we first map by f from X toY and then by g from
Y to Z. The mapping h is called the composition or composed mapping of f and
g. It is usually denoted by h = go f.

Composition occurs in very many situations in mathematics. It is the primary

tool for building new mappings out of old.

THEOREM 13 Let X, Y and Z be metric spaces. Let f : X — Y and g :
Y — Z be continuous mappings. Then the composition g o f is a continuous
mapping from X to Z.
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THEOREM 14 Let X, Y and Z be metric spaces. Let f : X — Y and g :
Y — Z be mappings. Suppose that x € X, that f is continuous at x and that g
is continuous at f(x). Then the composition g o f is a continuous at x.

Proof of Theorems 13 and 14.  There are many possible ways of proving these
results using the tools from Theorem 11 and 10. It is even relatively easy to work
directly from the definition.

Let us use sequences. In the local case, we take x as a fixed point of X whereas
in the global case we take x to be a generic point of X.

Let (z,,) be a sequence in X convergent to z. Then since f is continuous at z,
(f(xy)) converges to f(x). But, then using the fact that g is continuous at f(z),
we find that (g(f(x,))) converges to g(f(x)). This says that (go f(z,)) converges
to g o f(z). Since this holds for every sequence (x,) convergent to z, it follows
that g o f is continuous (respectively continuous at ). ]

2.5 Product Spaces and Mappings
In order to discuss combinations of functions we need some additional machinery.

DEFINITION  Let (X, dx) and (Y, dy) be metric spaces. Then we define a prod-
uct metric d on the product set X x Y which allows us to consider X x Y as a
product metric space . We do this as follows

d((z1,91), (22, y2)) = max(dx (z1, z2), dy (Y1, y2)) .7)

PROPOSITION 15 Equation (2.7) defines a bona fide metricon X x Y.

Proof. The first three conditions in the definition of a metric (on page 11) are
obvious. It remains to check the triangle inequality. Let (z1,91), (22, y2) and
(x3,ys) be three generic points of X x Y. Then d((z1,v1), (z3,y3)) is the maxi-
mum of dx (z1, z3) and dy (y1, y3). Let us suppose without loss of generality that
dx(x1,x3) is the larger of the two quantities. Then, by the triangle inequality on
X, we have

dx(z1,73) < dx (71, 72) + dx (72, 73). (2.8)
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But the right hand side of (2.8) is in turn less than

d((ajb yl)? ('1727 yQ)) + d((m% y2)7 ('1737 y3))

providing the required result. |
With the definition out of the way, the next step is to see how it relates to other

topological constructs.

LEMMA 16 Let X and Y be metric spaces. Let z € X and let (z,) be a se-
quence in X. Lety € Y and let (y,) be a sequence in Y. Then the sequence
((@n, yn)) converges to (z,y) in X x Y if and only if the sequence (z,) converges
tox in X and the sequence (y,) convergestoy inY.

Proof.  First, suppose that ((z,,y,)) converges to (z,y) in X x Y. We must
show that (z,,) converges to z in X. (It will follow similarly that (y,,) converges
to y in Y.) This amounts then to showing that the projection7 : X x Y — X
onto the first coordinate, given by

7T((£17, y)) =T

is continuous. But the definition of the product metric ensures that 7 is nonex-
pansive (see page 25) and hence is continuous. The key inequality is

dx (71, 72) < dxxy((z1,91), (T2, Y2)).

For the converse, we have to get our hands dirtier. Let € > 0. Then there
exists N such that dx(x,,x) < € forn > N. Also, there exists M such that
dy (Yn,y) < € forn > M. It follows that for n > max(N, M) both of the above
inequalities hold, so that

max(dx (L, ), dy (yn, y)) < €.
But this is exactly equivalent to
dXxY((a7m yn)7 (377 y)) <€

as required for the convergence of ((zn,yn)) to (z,y). n

There is a simple way to understand neighbourhoods and hence open sets in
product spaces.
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PROPOSITION 17  Let X and Y be metric spaces. Letx € X andy € Y. Let
U C X x Y. Then the following two statements are equivalent

e U is a neighbourhood of (z,y).

e Thereexist V a neighbourhood of x and W a neighbourhood of y such that
VxWCU.

Proof. Suppose that the first statement holds. Then there exists ¢ > 0 such that
Uxxy((z,y),t) CU. Butitis easy to check that

UXXy((JZ,y),t) = Ux(JZ,t) X Uy(y,t).

Of course, Ux (z, t) is a neighbourhood of z in X and Uy (y, t) is a neighbourhood
ofyinY.

Conversely, let V' and W be neighbourhoods of z and y in X and Y respec-
tively. Then there exist ¢, s > 0 such that Ux(z,t) C V and Uy (y,s) C W. Itis
then easy to verify that

Uxxy((z,y),min(t,s)) C Ux(z,t) x Uy(y,s) CV x W CU,

so that U is a neighbourhood of (z, y) as required. n

Next, we introduce product mappings .

DEFINITION  Let X, Y, Pand @ be sets. Let f : X — Pandg:Y — Q.
Then we define the product mapping f x g: X xY — P x @Q by

(f x 9)(z,y) = (f(z),9(v))

PROPOSITION 18  Let X, Y, P and () be metric spaces. Let f : X — P and
g Y — @ be continuous mappings. Then the product mapping f x g is also
continuous.

Proof. We argue using sequences. We could equally well use neighbourhoods or
epsilons and deltas. Let ((x,,y,)) be an arbitrary sequence in X x Y converging
to (z,y). Then (x,) converges to x in X by Lemma 16. By Theorem 11 we find
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that (f(z,)) converges to f(z). Similar reasoning shows that (g(y,)) converges
to g(y). Now we use Lemma 16 again to show that ((f(zn), g(yn))) converges to
(f(x),g(y)). Finally since ((z, y»n)) is an arbitrary sequence in X x Y converging
to (z,y), it follows again by Theorem 16 that f x g is continuous. [ ]

There is also a local version of Proposition 18. We leave both the statement
and the proof to the reader.

2.6 The Diagonal Mapping and Pointwise Combinations

DEFINITION  Let X be a metric space. Then the diagonal mapping on X is the
mapping Ax : X — X x X given by

Ax(z) = (z,z) Vo e X.

If X is a metric space it is easy to check that Ay is an isometry (for the
definition, see page 25). In particular, Ax is a continuous mapping. This gives us
the missing link to discuss the continuity of pointwise combinations.

THEOREM 19  Let P, @ and R be metric spaces. Let i : P x () — R be a
continuous mapping. Let f : X — P and g : X — @ also be continuous
mappings. Then the combination h : X — R given by

hz) = p(f(z),9(z)) VzeX

is also continuous.

Proof. 1t suffices to write h = po (f x g) o Ax and to apply Theorem 13 and
Proposition 18 together with the continuity of Ax. ]

There are numerous examples of Theorem 19. In effect, the examples that
follow are examples of continuous binary operations.

EXAMPLE Let P =@ = R = R. Let p(z,y) = = + y, addition on R. Then if
f,g9: X — R are continuous so is the sum function f + g defined by

(f+9)(z) = f(x) +g(x) VeeX
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It remains to check the continuity of . We have

(@, y1) = p(@s, 92)| = |(@1 = 22) + (11 — wo)|
< |zy — 2| + |y1 — o
< drxr((21,1), (2,30)) + dixr (21, 91), (22, 32))
= 2dpxr ((z1,91), (72, 2)),

so that p is Lipschitz with constant C' = 2 and hence continuous. O

EXAMPLE Let P = @Q = R = R. Let u(x,y) = xy, multiplication on R. Then
if f,9: X — R are continuous so is the pointwise product function fg defined
by

(fo)(x) = f(z)g(z)  VzelX.

We check that p is continuous at (z1,y1). Observe that
zy —xyr = 21(y —y1) + (@ — )y + (2 — 21)(y — 1)
so that
2y — 21| < |aally — ol + [z — zllya] + [ — 21y — w1
Now let € > 0 be given. We choose § = min(1, (|z1] + |y1| + 1) t€). Then
drxr((z,y), (£1,91)) <6
implies that

lzy — 211| < |21]0 + O|y| + 62
< (|za] + [y2] +1)6
<e.

This estimate establishes that y is continuous at (x1, y1). O

We leave the reader to check that addition and multiplication are continuous
operations in C. Two other operations on R that are continuous are max and min.
We leave the reader to show that these are distance decreasing.
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EXAMPLE  One very important binary operation on a metric space is the distance
function itself. Let X be a metric space, P = @Q = X and R = R*. Let p(z,y) =
d(z,y). We check that p is continuous. By the extended triangle inequality (page
11) we have

(z2,21) + d(z1,91) + d(y1, y2)
(3717 yl) + 2dXXX((a717 yl)? (3727 y2))7

d(l’z, y2) S d
<d
and similarly

d(x1,y1) < d(x2,y2) + 2dxxx (21, 91), (T2, 2)).

We may combine these two inequalities into one as

|d(z1,y1) — d(z2,y2)| < 2dxxx((z1,y1), (%2,Y2)).

This shows that the distance function is Lipschitz with constant C' = 2, and hence
is continuous. O

Other examples of continuous binary operations are found in the context of
normed spaces. Let us recall that in a normed space (V|| ||), the metric dy is
given by

dv(’Ul,’Ug) = ||’U1 — ’U2|| V’Ul,’Ug ev.
We will treat only the case of real normed spaces. The complex case is similar.

EXAMPLE  In a normed space (V||
ous. Let pu(v, w) = v+ w. We have

), the vector addition operator is continu-

(01, wr) = p(v2, wa) || = [[(v1 — v2) + (w1 — wy)]|
< Jlvr = vl + [lwr — we]
< dyxv((v1, w1), (v2, w2)) + dy v ((v1, w1), (v, w2))
= ZdVXV(('Uh wl), (Uz, wz)),
so that p is Lipschitz with constant C' = 2. a

While the previous example parallelled addition in R, the next is similar to
multiplication in R.

EXAMPLE  Inanormed space (V, || ), the scalar multiplication operator is con-
tinuous. Thus P =R, Q = R=V,and u : RxV — Visthemap u(t,v) = tv.
We leave the details to the reader. O
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EXAMPLE  Now let V' be a real inner product space. Then the inner product is
continuous. Thus P =Q =V, R = Rand p(v,w) = (v, w).
We check that p is continuous at (v1, wy ). Observe that

(v,w) — (v, wy) = (v, w —wy) + (v — vy, wy) + (V— vV, W — W)
so that by the Cauchy-Schwarz inequality (page 6) we have
(v, w) = (o1, w)| < floaf[llw —will + lo = vafl[lws]] + [0 = vi[[]w — wi].
Now let € > 0 be given. We choose § = min(1, (||v1]| + ||w1]| + 1)~ t€). Then
dyxv ((v,w), (v1,w1)) <4
implies that

(v, w) — (vi,w1)| < [lvi]|d + 8w + 62
< ([loall + flwa][ + 1)6
<e.

This estimate establishes that y is continuous at (vy, wy). O

2.7 Interior and Closure

We return to discuss subsets and sequences in metric spaces in greater detail. Let
X be a metric space and let A be an arbitrary subset of X. Then () is an open
subset of X contained in A, so we can define the interior int(A) of A by

int(A)= |J U (2.9)

U open CA

By Theorem 5 (page 16), we see that int(A) is itself an open subset of X contained
in A. Thus int(A) is the unique open subset of X contained in A which in turn
contains all open subsets of X contained in A. There is a simple characterization
of int(A) in terms of interior points (page 14).

PROPOSITION 20  Let X be a metric space and let A C X . Then

int(A) = {x; z is an interior point of A}.
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Proof. Let z € int(A). Then since int(A) is open, it is a neighbourhood of z.
But then the (possibly) larger set A is also a neighbourhood of x. This just says
that z is an interior point of A.

For the converse, let x be an interior point of A. Then by definition, there
exists t > 0 such that U(x,t) C A. But it is shown on page 15, that U(z, 1) is
open. Thus U = U(z,t) figures in the union in (2.9), and since z € U(z, 1) it
follows that z € int(A). u

EXAMPLE  The interior of the closed interval |a, b] of R is just ]a, b[. 0

ExAMPLE  The Cantor set £ has empty interior in R. Suppose not. Let z be an
interior point of E. Then there exist € > 0 such that U(z,€) C E. Choose now
n so large that 3™ < e. Then we also have U(z,€) C E,,. For the notation see
page 20. This says that E,, contains an open interval of length 2(37") which is
clearly not the case. U

By passing to the complement and using Theorem 8 (page 18) we see that
there is a unique closed subset of X containing A which is contained in every
closed subset of X which contains A. The formal definition is

dd)= ) E (2.10)

E closed DA

The set cl(A) is called the closure of A. We would like to have a simple charac-
terization of the closure.

PROPOSITION 21 Let X be a metric space and let A C X. Let x € X. Then
x € cl(A) is equivalent to the existence of a sequence of points (x,) in A con-
verging to x.

Proof. Letx € cl(A). Then z is not in int(X \ A). Then by Proposition 20, x
is not an interior point of X \ A. Then, for each n € N, there must be a point
z, € ANU(z,1). Butnow, z,, € A and (z,) converges to .

For the converse, let (x,,) be a sequence of points of A converging to z. Then

xp, € cl(A) and since cl(A) is closed, it follows from the definition of a closed set
that z € cl(A). u

While Proposition 21 is perfectly satisfactory for many purposes, there is a
subtle variant that is sometimes necessary.
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DEFINITION  Let X be a metric space and let A C X. Letx € X. Then x is an
accumulation point or a limit point of A iffx € cl(A\ {z}).

PROPOSITION 22 Let X be a metric space and let A C X. Let x € X. Then
the following statements are equivalent.

o zccl(A).

e 1 € A orx is an accumulation point of A.

Proof. That the second statement implies the first follows easily from Proposi-
tion 21. We establish the converse. Let x € cl(A). We may suppose that x ¢ A,
for else we are done. Now apply the argument of Proposition 21 again. For each
n € N, there is a point z,, € ANU(xz,1). Since x ¢ A, we have A = A\ {z}.
Thus we have found z,, € A\ {z} with (z,,) converging to . n

DEFINITION  Let X be a metric space and let A C X. Letx € A. Then x is an
isolated point of A iff there exists t > 0 such that AN U(x,t) = {z}.

We leave the reader to check that a point of A is an isolated point of A if and
only if it is not an accumulation point of A.
A very important concept related to closure is the concept of density.

DEFINITION  Let X be a metric space and let A C X. Then A is said to be
dense in X ifcl(A) = X.

If Ais dense in X, then by definition, for every z € X there exists a sequence
() in A converging to .

PROPOSITION 23 Let f and g be continuous mappings from X toY . Suppose
that A is a dense subset of X and that f(z) = g(x) forallx € A. Then f(x) =
g(x) forallz € X.

Proof. Letx € X and let (z,,) be asequence in A converging to z. Then f(z,) =
g(x,) forall n € N. So the sequences (f(z,)) and (g(z,)) which converge to
f(z) and g(z) respectively, are in fact identical. By the uniqueness of the limit,
Proposition 6 (page 17), it follows that f(z) = g(z). This holds for all z € X so
that f = g. [ ]

We leave the proof of the following Proposition to the reader.

34



PROPOSITION 24 Let A be a dense subset of a metric space X and let B be a
dense subset of a metric space Y. Then A x B is densein X X Y.

2.8 Limits in Metric Spaces

DEFINITION  Let X be a metric space and lett > 0. Then for x € X the deleted
open ball U'(x,t) is defined by

Ulx,t)={z;2€ X,0 <d(z,2) <t} =U(z,t)\ {z}.

Let A be a subset of X then it is routine to check that z is an accumulation
point of A if and only if for all t > 0, U'(z,t) N A # (). Deleted open balls are
also used to define the concept of a limit .

DEFINITION  Let X and Y be metric spaces. Let x be an accumulation point
of X. Let f : X \ {x} — Y. Then f(z) has limit y as z tendsto z in X, in
symbols

lim f(z) =y 2.1D)

Z—T

if and only if for all e > 0 there exists § > 0 such that
zeU'(x,0) = f(z) € U(y,e).

In the same way one also defines f(z) has a limit as z tends to x in X, which
simply means that (2.11) holds for somey € Y.

Note that in the above definition, the quantity f(x) is undefined. The purpose
of taking the limit is to “attach a value” to f(x). The following Lemma connects
this idea with the concept of continuity at a point. We leave the proof to the
reader.

LEMMA 25  Let X and Y be metric spaces. Let x be an accumulation point of
X. Let f : X \ {z} — Y. Suppose that (2.11) holds for some y € Y. Now
define f : X — Y by

f(z) _ {f(z) ifz € X\ {z},

Y ifz=zx.
Then f is continuous at .

One of the most standard uses of limits is in the definition of the derivative.
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DEFINITION  Let g : |a,b] — V where V may as well be a general normed
vector space. Lett € |a,b[. Then the quotient

fls)=(s=1t)""(g(s) —g(t)) €V
is defined for s in|a, b[ \ {t}. It is not defined at s = t. If

lim £ (s)

exists, then we say that g is differentiable att and the value of the limit is denoted
¢'(t) and called the derivative of g att. It is an element of V.

2.9 Distance to a Subset

DEFINITION  Let X be a metric space and let A be a non-empty subset of X.
Then we may define for every element = € X, the real number dist 4(z) > 0 by

dist4(z) = inf d(z, a).

a€A

This is the distance from z to the subset A. We view dist4 as a mapping dist 4 :
X —RT.

PROPOSITION 26 Let X be a metric space and let A C X . Then
e disty : X — R is continuous.
o dista(z) =0« z € cl(A).

o distu(z) = distea () Vre X.

Proof. letzy,x2 € X and a € A. Then by the triangle inequality
d(z1,a) < d(z1,x2) + d(x2,a).
Take infimums of both sides as a runs over the elements of A to obtain

dista(x1) < d(z1, x2) + dista(z2). (2.12)
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An exactly similar argument yields
dista(x2) < d(z1,x2) + dista(zq). (2.13)
Now we combine (2.12) and (2.13) to find that
| dist4(z1) — dista(x2)| < d(z1,z2), (2.14)

which asserts that dist 4 is nonexpansive. The first assertion follows.

The second assertion follows directly from the definition of cl(A).

For the third assertion, it is clear that distea)(2z) < dista(z) since cl(A) is
a (possibly) larger set than A. It therefore remains to show that distea)(z) >
dist4(z). By the definition of distea) (), it suffices to take a an arbitrary point
of cl(A) and show that

dista(x) < d(a, z). (2.15)

Using the fact that a € cl(A), we see that there is a sequence (a,,) of points of A
converging to a. By definition of dist 4(z) we have

dist4(x) < d(an, x) (2.16)

But since d is a continuous function on X x X, it now follows that d(a,, ) —
d(a,z) as n — oco. Combining this with (2.16) yields (2.15) as required. n

2.10 Separability

In this text, we use the term countable to mean finite or countably infinite. Thus a

set A is countable iff it can be put in one to one correspondence with some subset
of N.

DEFINITION A metric space X is said to be separable iff it has a countable
dense subset.

EXAMPLE  The real line R is a separable metric space with the standard metric
because the set QQ of rational numbers is dense in R. O

The nomenclature is somewhat misleading. Separability has nothing to do
with separation. In fact separability is a measure of the smallness of a metric
space. Unfortunately this fact is not obvious. The following Theorem clarifies the
situation.
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THEOREM 27  Let X be a separable metric space. Let Y be a subset of X. Then
Y is separable when considered as a metric space with the restriction metric.

Proof. Let A be a countable dense subset of X. Then it is certainly possible that
ANY = (. We need therefore to build a subset of Y in a more complicated way.
Let (a,) be an enumeration of A. By the definition of disty (a,) we can deduce
the existence of an element by, , of Y such that

d(an, bn k) < disty (an) + % 2.17)

We will show that the set {b,, x; n, k € N} is dense in Y. Towards this, let y € Y.
We will show that for every € > 0 there exist n and k such that b, , € U(y, €). We
choose n such that d(a,,y) < %e, possible because A is dense in X. We choose
k so large that ¢ < ze. It follows that

d(bn g, y) < d(bng,an) + d(an,y)
< disty (an) + 1 + d(an, y)
S d(an7y) + % + d(an7y)
< %64-%64—%6:6.
as required. .

Much easier is the following Theorem the proof of which we leave as an exer-
cise.

THEOREM 28  Let X and Y be separable metric spaces. Then X XY is again a
separable metric space (with the product metric).

The following result is needed in applications to measure theory.
THEOREM 29  In a separable metric space X, every open subset U can be writ-

ten as a countable union of open balls.

Proof. We leave the reader to prove the Theorem in case that U = X and assume
henceforth that U # X. By Theorem 27, the set U itself possesses a countable
dense subset. Let us enumerate this subset as (z,). We claim that

U =JU(zn, 3 distx\u(@n)). (2.18)
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Obviously, the right hand side of (2.18) is contained in the left hand side. To
establish the claim, we let € U and show that z is in the right hand member of
(2.18). Let t = distx\y(z) > 0 because of Proposition 26 and since X \ U is a
closed set. Using the density of (z,,), we may find n € N such that

d(z, ,) < 3t. (2.19)
By (2.14), we have that
| distx\v(z) — distx\v(zn)| < d(z, z4), (2.20)
and it follows from (2.19), (2.20) and the definition of ¢ that
distx\v () > 3t.

Then we have

d(z, ,) < 5t = $(3t) < 3 distx\u(za).

It follows that 2 € U(zy, £ distx\y(n)) as required. n
EXAMPLE  Every subset of R¢ is separable. O

EXAMPLE  The normed vector space £*° (page 12) is not separable. To see this,
suppose that S is a dense subset of ¢*. Let w = (w,) be a sequence taking
the values 1. There are uncountably many such sequences w. For each such
sequence, there is a sequence s = (s,) in S such that ||s — w|| < 3. It is easy
to see that two distinct values of w necessarily lead to distinct elements of S. Tt

follows that S is also uncountable. O

EXAMPLE  On the other hand, the space ¢! (page 12) is separable. Let S be the
set of sequences with rational entries eventually zero. Then S is a countable set.
Given a sequence r = (z,) in ¢! and a strictly positive real number €, we first
choose N so large that
€
> lzal <5

n>N
Let y = (y,) be the truncated sequence given by
U = {:En ifn <N,
" 0 ifn>N.
Then ||z — y||1 < %e. It now remains to find a slightly perturbed sequence s =

(sn) € S such that [Jy — s||; < €. We leave this as an exercise. For more on this
example see Proposition 32 O
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2.11 Relative Topologies

We remarked on page 11 that if X is a metric space and Y is a subset of X then
Y can be considered as a metric space in its own right. From the point of view of
convergent sequences, this causes no problems. The sequences in Y that converge
in Y to an element of Y are simply the sequences in Y that converge in X to an
element of Y. Of course, it is possible to have a sequence of elements of Y which
converges in X to an element of X \ Y. Such a sequence will not converge in Y.

The situation with regard to open and closed sets is more complicated, and
certainly more difficult to understand. A subset A of Y can be said to be open in
Y or said to be open in X. These concepts are different in general. To distinguish
the difference, we sometimes say that A is relatively open when it is an open
subset of the subset Y. In general the adverb relatively is reserved for properties
considered with respect to the subset (in this case Y') rather than the whole space
(in this case X). Thus when we say that A is relatively closed , we mean that it is
closed in Y. If A is relatively dense , then it is dense in Y.

Let us consider an example to illustrate the difference.

EXAMPLE  Let X = R with the usual metric and Y = [0, 1] with the relative
metric. Then the subset A = [0, 5[ of Y is not open in X because 0 € A and
every neighbourhood of 0 in X contains small negative numbers that are not
in A. However 0 is an interior point of A with respect to Y. This is because
Uy (0,€) = [0,€[ € A provided 0 < € < 3. Those small negative numbers are not
in Y and do not cause a problem when we are considering openness in Y. The
reader should ponder this point until he understands it, because it is fundamental
to so much that follows. In fact the subset A is open relative to Y. O

EXAMPLE  Let X = R with the usual metric and Y = [0, 1] with the relative
metric. Then the subset A = [1,1[ is not closed in X, but it is closed in Y. The

skeptic will immediately consider the sequence (z, = ;;%5) which lies in A and
“converges to 17. This is certainly true in X, but it is not true that z,, — 1in Y
for the simple reason that 1 ¢ Y. o

What is required is a way of understanding the open subsets of Y in terms of
those of X. The following result fills that role.

THEOREM 30  Let X be a metric space and let Y C X.

o Asubset U of Y is open in'Y iff there exists an open subset V' of X such
that U =V NY.
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e Asubset F' of Y is closed inY iff there exists a closed subset E of X such
that F=FENY.

Proof. 'We work on the first statement. Let U be a subset of ¥ open in Y. By
definition, for every y € U there exists ¢, > 0 such that Uy (y,t,) C U. Now
define

V=) Ux(y 1.

yeU

Then V is an open subset of X by Theorem 5 (page 16). We have

vy = |JUx(yt,)nY)

yelU

= U Uy (y7 ty)

yelU

since, for every y € U, we have y € Ux(y, t,).
Conversely, if V' is open in X and y € V NY, then there exists t > 0 such
that Ux (y,t) C V. Then obviously

Uy(y,t) :Ux(y,t)ﬂYg Vvny.

Thus V NY is a neighbourhood of each of its points in Y. In other words V NY
is open in Y. This completes the proof of the first assertion. The second assertion
follows immediately from the first and Theorem 8 (page 18). |

EXAMPLE ~ Consider Y = R embedded as the real axis in X = R? The interval
] —1,1] is a relatively open subset of the real axis Y. It is clearly not an open
subset of R?. However, the disc

{(z,y);2* +y* < 1}

is open in the plane X and meets the real axis Y in precisely | — 1, 1]. O

COROLLARY 31 We maintain the notations of the Theorem. Thus X is a metric
space, Y is a subset of X which we are considering as a metric space in its own
right. Further U and F are subsets ol Y’
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IfU is openin X, then it isopeninY .

IfY isopenin X and U isopen inY, then U is open in X.

If F is closed in X, then it is closed in Y .

If'Y is closed in X and F is closed in Y, then F is closed in X .

We can use relative topologies to elucidate the proof of the fact that the se-
quence space ¢! is separable on page 39. Here there are three spaces X = ¢!,V
the set of all real sequences that are eventually zero, and S the set of all rational
sequences that are eventually zero. We have S C Y C X. We show that Y is
dense in X and that S is relatively dense in Y. The density of S in X then fol-
lows from the following general principle which might be called the transitivity
of density .

PROPOSITION 32 Let X be a metric space and let S C'Y C X. Suppose that
Y is dense in X and that S is relatively dense in Y. Then S is dense in X.

Proof. Let € > 0 and suppose that x € X. Then, since Y is dense in X there
exists y € Y such that d(z,y) < %e. Now, since S is dense in Y, there exists
s € S such that d(y, s) < e. The triangle inequality now yields d(z, s) < € as
required. |

THEOREM 33 (GLUEING THEOREM) Let X and Y be metric spaces. Let X3
and X be subsets of X such that X = X1UXy. Let f; : X; — Y be continuous
maps for j = 1,2. Suppose that f1 and f, agree on their overlap — explicitly

filz) = fa(z)  Vre X;NXy,
so that the glued mapping f : X — Y given by

| filz) ifxe Xy,
f(x)_{f;(a:) ifa:EX;,

is well defined. Suppose that one or other of the two following conditions holds.

e Both X; and X, are open in X.
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e Both X, and X, are closed in X.

Then f is continuous.

Proof. Suppose that both X; and X3 are open in X. We work with sequences.
Let z € X and suppose that (z,) is a sequence in X converging to x. Without
loss of generality we may suppose that z € X;. Then since X; is open in X,
the sequence (x,,) is eventually in X;. Explicitly, there exists N € N such that
x, € X; forn > N. Since this tail of the sequence converges to x in X; and
since f is continuous as a mapping from X; to Y, the image sequence of the tail
converges to fi(x). But this just says that (f(z,)) converges to f(x).

Let us go back and fill in the details in glorious technicolour. We define a new
sequence (the tail) by 2z = xn4k. We claim that zj; converges to x. Towards
this, let € > 0. Then since (z,) converges to z, there exists M € N such that
d(z,x,) < eforn > M. Then, certainly d(z, zx) < € for k > M. This proves the
claim. Since for all k, z;, € X7 and since f; is continuous on X; we now find that
(f(zr)) converges to f(x) in X. Now we claim that (f(z,)) converges to f(z).
Let € > 0. Then there exists K € N, such that k > K implies d(f(zx), f(x)) < €.
Then, for n > N + K we have d(f(z,), f(z)) = d(f(zx), f(x)) < € where
k=n— N > K as needed.

In case that X; and X, are both closed in X we use a completely different
strategy, namely the characterization of continuity by closed subsets in Theo-
rem 11 (page 24). Let A be a closed subset of Y. We must show that f~!(A)
is closed in X. We write f1(A) = (f1(A) N X1) U (f~1(A) N X3) possible
since X = X; U X,. It is enough to show that the two sets f~!(A4) N X; and
f71(A) N X, are closed in X . Without loss of generality we need only handle the
first of these. Now f~1(A) N X; = f{'(A), so that, by the continuity of f; this
set is closed in X;. Therefore, according to the last assertion of Corollary 31, it is
also closed in X since X; isitself closed in X. [ ]

EXAMPLE  The Glueing Theorem is used in homotopy theory. Let f and g be
continuous maps from a metric space X to a metric space Y. Then we say that f
and g are homotopic iff there exist a continuous map

F:0]]xX —Y

such that



and
F(1l,z) = g(x) Vo e X.
It turns out that being homotopic is an equivalence relation. We leave the reflex-
ivity and symmetry conditions to be verified by the reader. We now sketch the
transitivity.
Let g and h also be homotopic. Then there is (with slight change in notation)

a continuous mapping
G:[LL2]xX —Y

such that
G(1,z) = g(z) Ve e X
and

G(2,x) = h(zx) Vo e X.

Since the subsets [0, 1] x X and [1,2] x X are closed in [0, 2] x X, the mappings
F and G can be glued together to make a continuous mapping

H:[0,2] x X —Y

such that
H(0,z) = f(x) Ve e X
and
H(2,z) = h(x) Vo € X.
It follows that f and h are homotopic. O

2.12  Uniform Continuity

For many purposes, continuity of mappings is not enough. The following strong
form of continuity is often needed.

DEFINITION  Let X and 'Y be metric spaces and let f : X — Y. Then we say
that f is uniformly continuous iff for all € > 0 there exists § > 0 such that

x1,22 € X, dx(x1,22) <9 = dy (f(z1), f(z2)) <e. (2.21)
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In the definition of continuity, the number ¢ is allowed to depend on the point
z1 as well as e.

EXAMPLE  The function f(x) = x? is continuous, but not uniformly continuous
as amapping f : R — R. Certainly the identity mapping z — z is continuous
because it is an isometry. So f, which is the pointwise product of the identity
mapping with itself is also continuous. We now show that f is not uniformly
continuous. Let us take € = 1. Then, we must show that for all § > 0 there exist
points z1 and z with |1 — 25| < 4, but |23 — 23| > 1. Let us take &, = 2 — 16
andx; =z + id Then

2} — 3 = (v1 — 22) (71 + T2) = 0.

It remains to choose z = §~* to complete the argument. O

EXAMPLE  Any function satisfying a Lipschitz condition (page 25) is uniformly
continuous. Let X and Y be metric spaces. Let f : X — Y with constant C'.
Then

dy(f(il?l),f(iEg)) < Cdx(aﬁ,l'g) v.171,.1}2 e X.

Given € > 0 it suffices to choose § = C e > 0 in order for dx(z1,72) < § to
imply dy (f(z1), f(22)) <e. =

It should be noted that one cannot determine (in general) if a mapping is
uniformly continuous from a knowledge only of the open subsets of X and Y.
Thus, uniform continuity is not a topological property. It depends upon other
aspects of the metrics involved.

In order to clarify the concept of uniform continuity and for other purposes,
one introduces the modulus of continuity w; of a function f. Suppose that f :
X — Y. Then wy(t) is defined for ¢t > 0 by

wf(t) = Sup{dy(f(il?l), f(an))’ T1,T2 € X7 dX(ajlvl'?) < t} (2.22)
It is easy to see that the uniform continuity of f is equivalent to
Ve >0, 30 >0suchthat 0 <t <d§ = ws(t)<e

We observe that wg(0) = 0 and regard wy : Rt — R*. Then the uniform
continuity of f is also equivalent to the continuity of wy at 0.
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2.13 Subsequences

Subsequences are used extensively in analysis. Some advanced metric space con-
cepts such as compactness can be handled quite nicely using subsequences. We
start by defining a subsequence of the sequence of natural numbers.

DEFINITION A sequence (ny) of natural numbers is called a natural subse-
quence ifny < ngyq forallk € N.

Since ny > 1, a straightforward induction argument yields that nj, > k for all
ke N.

DEFINITION  Let (z,,) be a sequence of elements of a set X. A subsequence of
(xn,) is a sequence (yi) of elements of X given by

where (ny,) is a natural subsequence.

The key result about subsequences is very easy and is left as an exercise for
the reader.

LEMMA 34 Let (z,,) be a sequence in a metric space X converging to an ele-
ment x € X. Then any subsequence (z, ) also converges to x.

One way of showing that a sequence fails to converge is to find two convergent
subsequences with different limits. Indeed, this idea can also be turned around.
One way of showing that two sequences converge to the same limit is to build a
new sequence that possesses both of the given sequences as subsequences. It is
then enough to establish the convergence of the new sequence. This idea will be
used in our discussion of completeness.
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3

A Metric Space Miscellany

In this chapter we introduce some topics from metric spaces that are slightly out
of the mainstream and which can be tackled with the rather meagre knowledge
of the subject that we have amassed up to this point. This chapter is primarily
intended to enrich the material presented thus far.

3.1 The p-norms on R"

Let 1 < p < oo. We define

1

n p

(En s z)l = (Zlfvﬂ”) |
j=1

Our aim is to show that || ||, is a norm. It is easy to verify all the conditions
defining a norm except the last one — the subadditivity condition.
In case that p = oo we use (1.1) to define | ||«. This fits into the scheme in
that
n .
max |zg| = lim ||(x1,...,2 .
T (AR

Let 1 < p < oco. Then we define p' = p%l the conjugate index of p. In case
p = 1 we take p’ = 00, and in case p = oo we take p’ = 1. We have
1 1
— 4+ - — 1
p D

Y

so that the relationship between index and conjugate index is symmetric.
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PROPOSITION 35 (HOLDER’S INEQUALITY) Forz,y € C™ we have
1D iyl < llllp llyll G.1)
j=1

If p=1orp= oo, Holders Inequality is easy to verify. In the general case we
use the following lemma.

LEMMA 36  Letx > 0andy > 0. Let 1 < p < oo and let p’ be the conjugate
index of p, so that 1 < p' < co. Then

1 1
vy < —af + —yP. (3.2)
p p

Proof. First of all, if x = 0 or y = 0 the inequality is obvious. We therefore
assume that x > 0 and y > 0.

1 1
Next, observe thatif ¢ > 0 and we replace x by trx and y by t#"y in (3.2) then

since % + 1% =1, (3.2) is multiplied by ¢ and its content is unchanged. Choosing

t appropriately (in fact with ¢ = y~#), we can assume without loss of generality
that y = 1. The problem is now reduced to one-variable calculus.
Let us define a function f on |0, oco[ by

1 1
flz) = -2 —2x+ —.
(@) =2 p,

Taking the derivative of f we obtain
flz) =21 -1
Since p > 1 this leads to

fl@)>0 ifz>1, (3.3)
fle)<0  ifz<l. (3.4)

It follows from (3.3), (3.4) and the Mean-Value Theorem that
f(z) > f(1) ifx>1, (3.5)
f(z) > f(1) ifz <1. (3.6)
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Since f(1) =0, (3.5) and (3.6) lead to
f(z) >0 Vo > 0. (3.7)

But (3.7) is equivalent to (3.2) in case y = 1, completing the proof of Lemma 36.
u

Proof of Holder’s Inequality. ~ We first suppose that ||z|, = 1 and ||y||,, = 1.
Then, by multiple applications of Lemma 36 we have

Z%ygl < lejllyjl

7=1

1 1 /
< Z 1—)|~Tj|p + 17|yj|p
j=1

1 1 /
=?MM+;M%
1 1

For the general case, we first observe that if ||z||, = 0, then = 0 and the result
is straightforward. We may assume that ||z||, > 0 and similarly that ||y||,, > 0.
Then, applying (3.8) with z replaced by ||z[|; 2 and y replaced by ||y||;,1y, we
obtain

HMMMM

| Z

Finally, multiplying by ||z||,||y||,» yields Holder’s inequality. |

THEOREM 37 (MINKOWSKI'S INEQUALITY) Letl] < p < ooandz,y € R
Then

1z +ylly < 1]l + lyll (3.9)

holds.
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Proof. The result is easy if p = 1 orif p = oco. We therefore suppose that
1 < p < 0o. We have

n

lz+ylls = laj +ysl”
j=1

= o+ yjlls + gl
j=1

<O (gl + gDl + g P

j=1
= lwillzs + oy P+ sl + g (3.10)
J=1 j=1

The key is to apply Holder’s inequality to each of the two sums in (3.10). We have

1
n n p n
E |||z + y; [Pt < (E |~Tj|p> (E lzj + ;[P (p_1)>
=1 =1 =1

= [lzllpllz +yll5". (3.11)
since p'(p — 1) = p and 1% = (p— 1)%. Similarly

p/

n

> sl + w7 < lyllolle +ylE (3.12)
j=1

Combining now (3.10), (3.11) and (3.12), we obtain

lz +yllp < Uzl + lyllp)llz + ylp " (3.13)
Now if ||z + y||, = 0 we have the conclusion (3.9). If not, then it is legitimate to
divide (3.13) by ||z 4 y||>~! and again the conclusion follows. u

The p-norms are used most frequently in the cases p = 1, p = 2 and p = 0.
The case p = 2 is special in that the 2-norm is the Euclidean norm which arises
from an inner product. In particular the standard Cauchy-Schwarz inequality

1

n n 2 n
> mye| < (Z |$j|2> (Z|yk|2>
1 j=1 k=1

is just the case p = 2 of Holder’s Inequality (3.1).

1
2
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3.2 Minkowski’s Inequality and convexity

The proof of Theorem 3.9 is really very slick. However, it is not easy to understand
the motivating forces behind the proof. We have seen in Theorem 3 (which relates
to the line condition) that the subadditivity of a norm is related to convexity. If
there is justice, it should be possible to understand Minkowski’s Inequality as a
convexity inequality. This is the purpose of this section.

DEFINITION  Leta < b and suppose that f : |a,b| — R. Then we say that f is
convex , or more precisely a convex function iff it satisfies the inequality

S =)z 4 tx2) < (1 — 1) f(21) 4 1f (22)
for all 1,z € |a,b| and for all t satistying0 <t < 1.

The rationale for this definition and one way in which it relates to convex sets
is that f is a convex function iff the region

{(z,y);a <z <by> f(z)}

lying above the graph of f is a convex subset of the plane R?.
The connection with norms is also clear. If || || is a norm on a real vector
space V' then the function
ft) =l + tos

is convex on R for every fixed v; and vy in V. This result has a converse.

LEMMA 38  Let || || be a quantity defined on a real vector space V and such
that the first three conditions of the definition of a norm hold. Suppose that

f@t) = [v1 + tos (3.14)
is convex on R for every fixed vi and vy in V. Then || || satisfies the fourth
condition and in consequence is a norm on V.

Proof. Let uy and ug be elements of V. We must show that
lur + || < flua] + [Juz]-

Towards this we write v; = %(ul + uz) and vy = %(ul — ug). Then using the fact
that the function f in (3.14) is convex, we have

I15(ur +u2) | = £(0) < 3(£(=1) + £(1)) = g(llurll + [Juzl).
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The desired result now follows from the homogeneity of || ||. n

The next step is to understand convex functions using differential calculus.
The precise statement of the result depends on the degree of smoothness of the
function. In fact, convex functions necessarily have a certain degree of regularity,
but this issue is beyond the scope of this discussion.

THEOREM 39  Leta < b and suppose that f : Ja,b] — R. Then we have

e If f is differentiable, then f is convex on la,b| iff f' is increasing (in the
wide sense) on |a, b|.

o If f is twice differentiable, then f is convex on |a, b| iff f” is nonnegative
onla,bl.

Proof. 1t is enough to prove the first statement. First, we assume that f’ is in-
creasing in the wide sense on |a,b]. Then, using the Mean Value Theorem we
have

(L —=8)f(z1) + tf (22) — f((L = t)z1 + tx2)
= A =t)(f(z1) = f((A =)y + ta2)) + 1(f(22) — f((1 = t)z1 + t22))
= (1 = t)t(z1 — @2) f'(&) — t(1 — ) (21 — 22) f (&) (3.15)
= (1 = t)t(z1 — 22)(f'(&) — [(&))
>0 (3.16)

where in (3.15) &; is between (1 — t)x1 + tzg and x1, and &; is between x5 and
(1 — t)z1 + tzo. The crucial point is that the two quantities 1 — 2 and & — &
have the same sign. Together with the fact that f’ is increasing in the wide sense,
this justifies (3.16). This result is often called Jensen’s Inequality.

Conversely, suppose that f is convex on |a, b|. Let

a<x1<To<b (3.17)

and suppose that 0 < t < (zg — z1). Now let

l’g—ﬂ?l—t
S=——
To — T1
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a number that satisfies 0 < s < 1 and is defined so that
x1+t=(1—s)r1+ sy (3.18)
To —t =51+ (1 — s)z9 (3.19)
Applying the convexity of f to (3.18) and (3.19) yields
flr+1) < (1= s)f(x1) + 5f(22)
flzg —t) <sf(21) + (1= 5)f(22)
which combine to give
flar 1) + f(z2 — 1) < f21) + f(22). (3.20)
But (3.20) can be rewritten in the form

flar+t) = flzn) _ flzz) = flea =)
t - t

Passing to the limit as ¢ — 0 we find that f'(z1) < f'(x2). Since x; and x5 are
arbitrary points satisfying (3.17) we see that f’ is increasing in the wide sense. m

In theory, our plan should now be to use Lemma 38 and Theorem 39 to
establish the Minkowski Inequality. However, in order to succeed, we will need
to get at the second derivative and unfortunately for 1 < p < 2 the function

» 1
t— ) |z + ty[P}
=1

is not twice differentiable. To avoid this problem, we realise that it is enough to

establish
1 1 1
n n P
R
=1 j=1

in the case that ;,y; > 0. Indeed, by continuity, it will be enough to prove (3.21)
in the case x;,y; > 0. For this, it suffices to establish that f”(0) > 0 where

f(t) = {Z(%’ +tyj)p}p

j=1
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supposing that z; > 0 and y; € R. The proof of this fact follows that of
Lemma 38. We leave the details to the reader.

This is much better because f is twice differentiable in a neighbourhood of 0.
To aid calculations, let us set

n

) = {0}, oty =S (a; + by

j=1

Then

ﬂwzl(——g{m» (g @f+%w@ﬁ*¢@'

D \D

When the derivatives of g are calculated, the condition f”(0) > 0 finally boils

down to )
(S} )
=1 j=1

which is true in light of

n n

Z Z(a:]yk — a:kyj)zx?_zxi_z > 0.

j=1 k=1

Again, we leave the details to the reader.

3.3 The sequence spaces ¢?

DEFINITION  Let 1 < p < oo. The the space ¢? is the vector space of all real
sequences (xy) for which the expression

1
| (ze)llp = (Z |:rk|”> (3.22)
keN

is finite. The vector space operations on P are defined coordinatewise. Thus

(tx + sy) = tok + sy ke N
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where © = (xy) and y = (yi) are given elements of f? and t and s are reals.

Unfortunately, it is not immediately obvious that #? is a vector space, nor is it
clear that (3.22) defines a genuine norm.

To see that 7 is a vector space, we first invoke Minkowski’s Inequality (3.9) in
the form

1 1 1
n p n p n p
(St aur) < (e ) s (L) a2
k=1 k=1 k=1

Assuming that z, y in #7 and bounding the right hand side of (3.23) we obtain

n P
(Z Itfﬂk+8yk|”> < [tlllzll, + Islllyllo (3.24)
k=1

for all n € N. Letting now n tend to oo on the left in (3.24) we find

[tz + syllp < [tlllz]lp + [s[[[y]lp-

since the left hand side of (3.24) increases with n. This shows simultaneously that
P is a vector space and that (3.22) defines a norm on ¢?.

We would next like to establish the sequence space version of Holders In-
equality. First, use (3.1) in the form

1 1
n n ; n / 17
> lzillygl < (Dol | (Do lwl” )
j=1 j=1 k=1

Again, let n tend to oo on the right to obtain

n

> laysl < llzlpllylly

j=1

Letting n tend to infinity on the left, we again obtain an increasing limit

o
> lzjyil < llpllylly-
j=1
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Finally this gives
> @iyl < lalpllylly- (3.25)
j=1

the sequence space version of Holder’s Inequality.

We leave the reader to check two points. Firstly, £2 is an inner product space
under

((z5), (y;)) = Z%’yj-

The norm associated to this inner product is just the £2 norm. Secondly, the space
P is separable for 1 < p < oo.

3.4 Premetrics
Some examples of Metric Spaces stem naturally from the concept of a premetric .
DEFINITION A premetric function on a set X is a functionp : X x X —
[0, o] such that

o p(z,x)=0 Vo € X.

o p(z,y) >0 Va,y € X such thatx # y.

e p(z,y) = ply,z) Vr,ycX.

We think of p(z,y) as the cost of moving from z to y in a single step. If it is
impossible to move from x to y in a single step, this cost is infinite. A path from z
to y is a finite chain x = x1, z9, ..., T,_1, T, = y such that each link in the chain
can be achieved in a single step, that is

p(xj,zj41) < 00 Vi=1,2,...,n— 1.
The metric is then defined by

n—1

d(a:,y) = infzp(ajbl'j—i-l) (3.26)

j=1

where the infimum is taken over all paths from x to y. The metric function d then

automatically satisfies the triangle inequality. However two remaining conditions
have to be checked.
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e For all z and y in X there must be some path from z to y in which each
link has finite cost.

e [t remains to be checked that d(x,y) = 0 implies that x = y. This may not
be easy. It may be possible for a path from z to y with many links of very
small cost to have arbitrarily small total cost.

EXAMPLE  Let X be the set of finite character strings on a finite alphabet, say the
lower case letters “a” through “z”. We say that two strings ¢ and s are adjacent iff
one can be transformed into the other by one of the following operations (which

simulate typing errors).

e Deletion of a single character anywhere in the string.
e Insertion of a single character anywhere in the string.
e Replacement of one character in the string by some other character.

e Transposition of two adjacent characters in the string.

We define p(s,t) = 0if s = ¢, p(s,t) = 1 if s and ¢ are adjacent and p(s,t) = oo
in all other cases. Then (3.26) defines an integer valued metric on X. O

EXAMPLE A more general example relates to an undirected graph with (possibly
infinite) vertex set V and edge set . We assume that each edge e € FE has a
“weight” w, > 0 attached to it. The we can define a premetric function

pv (1, v) = {w{w} if {u,v} € E,
00 otherwise.
Let us assume that the graph is connected in the sense that any two vertices can
be linked by a finite path (chain of edges). Then it is clear that the function dy
defined by (3.26) is everywhere finite.

The function dy may fail to be a metric on V' however. Consider a graph
with vertices x, y and zz; for j = 1,...,k — 1 and k¥ € N. The edges are
{z,y} corresponding to k = 1, {z, 221} and {za1,y} corresponding to k = 2,
{z, 231}, {#31, 232} and {z32,y} corresponding to £k = 3 and so forth. Let the
edges corresponding to a given value of k have weight k=2, The it is clear that
dy(z,y) = 0 in spite of the fact that  # y since for each k € N there is a path
from z to y having k links each with weight £~ for a total cost of k™.

Nevertheless, there will also be many cases in which dy is a genuine metric.
O
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EXAMPLE A more interesting example relates to this last example in case that dy
does define a metric. We construct a set X by “joining with a line segment” any
two vertices that are linked by an edge. Thus each edge of the graph is “replaced”
by a line segment and these line segments are “glued together” at the vertices. The
descriptive notation

t{u) + (1 —t){v) ({u,v} € E;t €10,1]) (3.27)

specifies a typical point of X. The “scalar multiplications” and + in this expres-
sion are purely symbolic and in no way represent algebraic operations. It is also
understood that the expression (1 —t)(v)+t(u) represents exactly the same point
as in (3.27). The point 1(v) + 0(u) represents the vertex v and is independent of
u.

A premetric function will now be defined using the same weights w, > 0
of the previous example. Two points can be joined in a single step if they lie
on a common segment. Supposing that this segment corresponds to the edge
e = {u,v}, we set

p(t(u) + (1= 1) {v), s(u) + (1 = 5)(v)) = we|t — 5|

for such points. In all other cases we set p(x,y) = co. We assume as before that
the graph is connected in the sense that any two vertices can be linked by a finite
path. Then it is clear that the metric dx defined by (3.26) is everywhere finite. It
remains to show that

dx(z,y) =0 — T =y.
Consider a path from z to y
T=121,T2,...,Tpn_1,Tn =1y (3.28)

such that each link in the chain can be achieved in a single step. We claim that we
can find a chain x = &, &, ..., & = y at least as efficient as (3.28) and such that
&, ..., &1 are vertex points and all the points in the path are distinct. Typically
the path (3.28) will pass through several vertex points. Let us suppose that z, and
X, are vertex points and that none of the intervening points zs41, ..., Tpy_1 are
vertex points. Then these intervening points necessarily lie on the same segment
and it follows from the extended triangle inequality for [0, 1] that it is at least as
efficient to remove them. In this way we obtain a path z = &;1,&,...,§ = vy
in which &, ..., &1 are vertex points. If a vertex appears twice in this path,
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for instance if §, = £, with p < ¢, then we can obtain a more efficient path by
omitting the points &,11,...,&;. We repeat this procedure until all the vertex
points in the path are distinct.

It is now clear that if  and y are vertex points then we have dx(z,y) =
dy (z,y). Furthermore we can calculate dx completely from dy. Let x = t(u) +
(1 —t)(v) and y = s(z) + (1 — s)(w) corresponding to distinct edges e and f
respectively. Then dx(x,y) is the minimum of the four quantities

(1—-twe+ (1 —s)wy + dv(u, 2),
twe + (1 — s)wy + dy (v, 2),
(1 —t)we + swy + dy(u, w),
twe + swy + dy (v, w).
Ifz =t{u) + (1 —t)(v) and y = s{u) + (1 — s)(v) lie on the same segment
corresponding to the edge e and we assume without loss of generality that ¢ < s,
then dx(x,y) is the minimum of the two quantities
(1+t— s)we + dv(u,v)
(s — t)we

In particular one can verify that dx (x,y) = 0 implies z = y. O

EXAMPLE  One particular example based on the previous one will be needed for
a counterexample later in these notes. Let S be any set. Form a graph with vertex
set V.= S U {c} where c is a special vertex called the centre. The edges of the
graph all have the form {¢, s} where s € S and they all have unit weight. The
corresponding space X is the star space based on S. In this case dx is a metric.
The metric dx can be described colloquially as follows. If two points lie on
the same segment, the distance between them is the standard linear distance along
the segment. If two points lie on different segments, then the distance between
them is the linear distance of the first to the centre plus the linear distance of the
second to the centre. O

3.5 Operator Norms

In this section we study continuous linear mappings between two normed vector
spaces.

59



Figure 3.1: A typical star space.

THEOREM 40  LetU andV be normed vector spaces. LetI" be a linear mapping
from U to V. Then the following are equivalent.

e T is continuous fromU to V.
e T’ is continuous at O .
e T is uniformly continuous from U to V.

e There exists a constant C such that | T (u)|ly < C||lu||y forallu € U.

Proof. We show that the fourth condition implies the third. In the fourth condi-
tion we replace u by u; — uy where uy and wuy are arbitrary elements of U. Then,
using the linearity of 7" in the form T'(uq — ug) = T'(u1) — T'(ug) we see that the
Lipschitz condition (page 25)

1T (u1) — T'(uz)|lv < Cllur — uzl|v

holds. Thus T is uniformly continuous.

It is easy to see that the third condition implies the first, and the first condition
implies the second.

It remains only to show that the second condition implies the fourth. For this
we take € = 1 in the definition of the continuity of T" at 0. There exists § > 0
such that

|w||y <6 = ||T(w)|ly < 1. (3.29)
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We take C' = 267!, Then for u € U let w = tu where t = 26|u/~*. Then
Jw|| = 20 < 6 and it follows from (3.29) that ||T(w)||y < 1 or equivalently
IT(w)llv < 367 ull < Cllull. u

Sometimes a continuous linear mapping is described as bounded linear . This
is a different use of the word “bounded” from the one we have already met —
bounded linear maps are not bounded in the metric space sense. Care is needed
to make the correct interpretation of the word. We shall make use of the term
continuous linear instead.

The space of all continuous linear maps from U to V is denoted CL(U, V).
ForT € CL(U,V) we define

|T|lecw,vy = sup [|T(u). (3.30)

flul<1

It is an exercise to show that (3.30) defines a norm on CL(U, V') called the op-
erator norm . A most particular case arises when U is finite dimensional. It then
turns out that all linear mappings from U to V are continuous linear and we can
view (3.30) as defining a norm on the space L(U, V) of all such linear maps. This
fact is by no means obvious and can be obtained as a consequence of Corollary 84
on page 106.

If U,V and W are all normed spaces, T' € CL(U, V) and S € CL(V, W) then
it is easy to see that

1S o] < ISIIT)

where all the norms are the appropriate operator norms. A particular case that is
often used arises when all the space are equal. If " € CL(U, U) then

1T < |T|" Vne z*. (3.31)

In particular the operator norm of the identity map I is unity. This is the case
n=01in (3.31).

Operator norms are in general difficult to compute explicitly. When the un-
derlying norms are Euclidean, the following result from linear algebra helps.

THEOREM 41 (SINGULAR VALUE DECOMPOSITION THEOREM)  Let A be a real
m x n matrix. Then there exist orthogonal matrices U and V' of shapes m x m and
n x n respectively such that A = UBV and B satisfies bj, = 0 if j # k. Further
the diagonal values bj; for j = 1,2,...,min(m,n) may be taken nonnegative.
They are called the singular values of A. Any two such decompositions yield the
same singular values up to rearrangement.
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If7T:R"™ — R™ is given by

(Ta)i = ayz;
j=1

and the norms taken on R™ and R™ are the Euclidean norms, then the operator
norm of 7" is seen to be the largest singular value of the m x n matrix A. We leave
the proof to the reader.

3.6 Continuous Linear Forms

If V is a normed real vector space, then it has a dual space , V*, the linear space
of all linear mappings from V' to R. If V is finite dimensional, then all linear
forms on V' are continuous (this fact is not obvious and can be obtained from
Corollary 84). If V is infinite dimensional, then one may have linear forms that
are not continuous.

EXAMPLE  Let F be the linear subspace of ¢! of finitely supported sequences
(). A sequence is finitely supported if it satisfies the criterion

N € N such that (z, =0 VYn > N).

Then F is a normed vector space with the norm restricted from ¢!. The form ¢
given by

(zn) — Zna:n (3.32)

is a perfectly good linear form on F'. Note that the sum in (3.32) is in fact a finite
sum, even though it is written as an infinite one. This ensures that ¢ is everywhere
defined in F. Clearly p(e,,) = n while ||e, || = 1 so that ¢ is not continuous on
F. O

EXAMPLE  Finding a discontinuous linear form on ¢! itself is considerably more
difficult. Let e, denote the sequence in ¢! that has a 1 in the n-th place and 0
everywhere else. Consider the set {ey, e, ...}. This set is linearly independent in
¢*. Tt is not however a spanning set. In fact its linear span is just the set F' of the
previous example. According to the basis extension theorem for linear spaces, we
may extend it to a basis of £! with { f,; @ € I'}, where I is some index set. It needs
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to be said that linear bases in infinite dimensional spaces are strange things — one
needs to be able to write every vector in the space as a finite linear combination
of basis vectors. So strange in fact that the Axiom of Choice is normally used in
order to show the existence of {f,;a € I}. Indeed, nobody has ever written
down an explicit example of such a set! Let f be one of these f,s. Then we define
the form 6 as the mapping that takes an element of ¢! to the coefficient of f in its
corresponding basis representation. We will show that 6 fails to be continuous.
Indeed, # vanishes on F', because the basis representation of an element (z,,) of

F is just the finite sum
o0
() = anen.
n=1

The term in f is not required and the corresponding coefficient is zero. Since F
is a dense subset of £!, it follows from Proposition 23, that if  were continuous
then 6 would be identically zero. But 6(f) = 1 so this is not possible. O

The space V' of continuous linear forms on a normed vector space V has a
natural norm, namely the operator norm (using | | as a norm on R).

lellv: = sup |o(v)]. (3.33)

llvllv <1

A most interesting situation develops in the case that V' is finite dimensional
and V' = V*. Here, since V* is itself again finite dimensional, the second dual
V" = V** and it is well known that V** and V' are naturally isomorphic. This
allows us to construct a second dual norm on V. The following result asserts that
this second dual norm is identical to the original norm on V.

PROPOSITION 42 Let V' be a finite dimensional real normed vector space. Let
v € V. Then

(3.39)

[olf = sup [e(v)].
lipllyr<1

This Proposition will be obtained as a consequence of the following Theorem,
the proof of which will be given later (on page 142).

THEOREM 43 (SEPARATION THEOREM FOR CONVEX SETS) Let C be an open
convex subset of V' a finite dimensional real normed vector space. Letv € V '\ C.
Then there exists a linear form ¢ on V' such that ¢(c) < ¢(v) forallc € C.
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Geometrically, the conclusion of Theorem 43 asserts that the convex set C' lies
entirely in the open halfspace

{u;u e V,p(u) < p(v)}

whose boundary is the affine hyperplane

M = {u;u € V,p(u) = p(v)}.

Proof of Proposition 42.  Clearly we have

sup ()] < [|vf]. (3.35)

llellyr <t

If equality does not hold in (3.35), then after renormalizing we can suppose that
there exists v € V such that ||v|| = 1 while |¢(v)| < ||¢||v for all ¢ € V'. Now
let C'={c;c € V,|c|]| <1} the open unit ball of V. Clearly C'is an open convex
subset of V. Also v ¢ C'. Hence, by the Separation Theorem, there exists § € V'
such that §(c) < 6(v) for all ¢ € C. But since ¢ € C implies that —c € C we can
also write

16(c)| < 6(v) Vee C.
It now follows that ||#]]y» < 6(v). Finally this yields

18]l < 8(v) < [6(v)] < [[0]]v,

the required contradiction. |

3.7 Equivalent Metrics

There are various notions of equivalence for metrics on a set X. The standard
definition follows.

DEFINITION  Let X be a set and suppose that dy and dy are two metrics on X.
Then dy and dy are said to be metrically equivalent if there exist constants Cy and
Cy with 0 < C < oo for j = 1,2 such that

Cidy(z1, 22) < da(z1,22) < Cody (21, 22)

forall z1,x4 € X.
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We leave the reader to show that metric equivalence is an equivalence relation.
This is the strongest form of equivalence. Some authors call this uniform equiva-
lence , but in these notes we reserve this terminology for a concept to be defined
shortly. Metric equivalence is not very useful, except in the case of normed spaces
where there is really only one form of equivalence and we drop the adverb metri-
cally.

DEFINITION  Let V' be a vector space over R or C. Then two norms || ||; and
| ||2 are equivalent iff there exist strictly positive constants Cy and Cy such that

Cillv]lr < o]l < Callv]lx

forallv e V.

In the metric space context there are much more interesting forms of equiva-
lence that preserve underlying properties.

DEFINITION  Let X be a set and suppose that dy and dy are two metrics on X.
Then d; and dy are said to be topologically equivalent iff the metric spaces (X, d)
and (X, dy) have the same open sets.

It is clear from the definition that topological equivalence is an equivalence
relation. There is a more subtle way of rephrasing the definition. Two metrics d;
and dy are topologically equivalent iff the identity mapping I'x on X is continuous
as a mapping from (X, d;) to (X, dz2) and also from (X,ds) to (X,d;). This
makes it clear that one could also say that two metrics are topologically equivalent
iff they have the same convergent sequences. There are many other equivalent
formulations.

This idea also suggests the final form of equivalence.

DEFINITION  Let X be a set and suppose that dy and dy are two metrics on X.
Then dy and dy are said to be uniformly equivalent iff the identity mapping Ix
on X is uniformly continuous as a mapping from (X, dy) to (X, dy) and also as a
map from (X, ds) to (X, dy).

Metric equivalence implies uniform equivalence and uniform equivalence im-
plies topological equivalence.

For normed spaces, all three forms of equivalence are the same. This follows
immediately from Theorem 40.

EXAMPLE  On R consider
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o di(z,y)=|x—1y|

(

o dy(z,y) = 2|z —yl|.
o d3(z,y) = arctan(|z — y|).

e dy(z,y) = |arctan(z) — arctan(y)|.

It is not immediately obvious that dsz is a metric. To see this, one needs to
establish

arctan(z + y) < arctan z + arctan y (3.36)

for z,y > 0. Let t = arctanz and s = arctany. Then in case thatt +s > 7,

(3.36) is obvious. Thus, we may assume that t,s > 0 and that t + s < 7. We
need to show that

tant + tan s < tan(t + s). (3.37)

But (3.37) follows from the trig identity

tant 4+ tan s
tan(t + 5) = 1 —tanttans’
and the observation that 1 > 1 —tant¢tans > Osince t + s < 5
It is immediately obvious that d;, d2 and dy are metrics on R. It is straightfor-
ward to show that d; and dy are metrically equivalent, that d; and d3 are uniformly
equivalent, but not metrically equivalent and finally that d; and d4 are topologi-
cally equivalent but not uniformly equivalent. O

3.8 The Abstract Cantor Set

Consider X to be a copy of the two point space {0,1} for j = 1,2,3,.... To
define the abstract Cantor set X we simply consider

X = ﬁXz’,
j=1

the infinite product of the X. In effect, a point z of X is a sequence z = (z;)
withz; € {0,1} forj =1,2,3,....
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Next, we define a metric on X. We want entries far up the sequence to have
less weight than entries near the beginning of the sequence, so we define

d((z;), (y5)) = Z 27|y — ;).

Observe that since |z; — y;| < 2, the series always converges. The use of the
weights 277 is somewhat arbitrary here. It is routine to verify that d defines a
metric on X. It will be observed that convergence in (X, d) is coordinatewise or
pointwise convergence . The case is somewhat special here because two coordi-
nates either agree or differ by 1.

We see that if (z;) and (y;) agree in the first k£ coordinates, then d((z;), (y;)) <
2% Conversely, if d((z;), (y;)) < 27% then (z;) and (y;) agree in the first k — 1
coordinates.

The mapping o : X — R given by

a((z;) =2 37
j=1
maps X onto the standard Cantor set in R. The metric
di((5), (7)) = la(@) — a(y)| =2 37 (x5 — ;).
j=1

on X reflects the standard metric on R through the mapping «. For k an integer
with say k£ > 3 it is easy to show that

d(z,y) < 27*) — ¢ (z,y) <37*
and

di(z,y) < 3= — d(z,y) <27

It follows that d and d; are uniformly equivalent metrics on X.

3.9 The Quotient Norm

Let V' be a normed vector space and let NV be a closed linear subspace. Then we
can consider the quotient space = V/N. This is a new linear space with a
complicated definition highly unpopular with students.

67



One starts by defining a relation ~ on V' by
V1 ~ V2 <~ v, — vy € N.

Here vy, v2 denote elements of V. One verifies that ~ is an equivalence relation
on V. There is then a quotient space () and a canonical projection 7,

m:V —Q.

It is now possible to show that () can be given the structure of a linear space in
such a way that 7 is a linear mapping. In addition one has that ker(7) = N.
We now define a norm on ¢ known as the quotient norm by

lgllq = inf [[v]y, (3.38)
m(v)=q

for ¢ € Q. The infimum is taken over all elements v € V such that 7(v) = ¢. It
is more or less obvious that || || is homogenous.

To show the subadditivity of the norm, we argue by contradiction. Suppose
that there exists € > 0, q1, g2 € @ such that

lar + qoll = [larll + llg2ll + 3e. (3.39)
Then using the definition (3.38), we can find v, v, € V such that 7(v;) = ¢; and
[ollv < llgjll + €,
for 7 = 1,2. Obviously, m(v1 + v2) = g1 + g2 so that
lgr + g2l < floall + lvall < flgull + llgzll + 2e.

This contradiction with (3.39) establishes the subadditivity.

There is one final detail that requires a little proof. Suppose that ¢ € @ and
that ||g|lo = 0. Then, using (3.38) we can find a sequence (v;) of elements of
V with (v;) = g for j = 1,2,... and ||v,|| tending to zero. Clearly v; — Oy
and hence (v; — v;) — v;. Since (v; — v;) € N and since N is supposed to be
closed in V', we conclude that v; € N and consequently that ¢ = 0g.

Some nice points lie outside our present reach since they depend on compact-
ness. If V' is finite dimensional then any linear subspace N of V' is necessarily
closed. Furthermore, in this case, the infimum of (3.38) is necessarily attained. A
consequence is that the unit ball of @) is just the direct image by 7 of the unit ball
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of V. In the finite dimensional case, this gives a geometric way of understanding
the quotient norm.

It should be pointed out that one can try to define general quotient metrics in
much that same way, but the issues are much more problematic. If

m: X — Q.
is a quotienting of a metric space X we can define

do(q1,q2) = inf  dx(zq,x2)

m(z1)=q1

m(T2)=q2

but only under very stringent additional assumptions will this define a metric on

Q.
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4

Completeness

In this chapter we will assume that the reader is familiar with the completeness of
R. Usually R is defined as the unique order-complete totally ordered field. The
order completeness postulate is that every subset B of R which is bounded above
possesses a least upper bound (or supremum). From this the metric completeness
of R is deduced. Metric completeness is formulated in terms of the convergence
of Cauchy sequences. It is true that in making the link between the two for R,
one uses the Bolzano—Weierstrass Theorem which is a form of compactness. Nev-
ertheless, we believe that for metric spaces, completeness is a more fundamental
concept than compactness and should be treated first.

DEFINITION  Let X be a metric space. Let (z,) be a sequence in X. Then (z,,)
is a Cauchy sequence iff for every number € > 0, there exists N € N such that

p,g >N = d(zp, z,) <e.

LEMMA 44  Every convergent sequence is Cauchy.

Proof. Let X be a metric space. Let (x,) be a sequence in X converging to
z € X. Then given € > 0, there exists N € N such that d(z,,z) < jeforn > N.
Thus for p, g > N the triangle inequality gives

d(zp, T4) < d(zp, ) + d(3,3,) < 36+ 2 =

Hence (z,,) is Cauchy. n
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The Cauchy condition on a sequence says that the diameters of the successive
tails of the sequence converge to zero. One feels that this is almost equivalent
to convergence except that no limit is explicitly mentioned. Sometimes, Cauchy
sequences fail to converge because the “would be limit” is not in the space. It is
the existence of such “gaps” in the space that prevent it from being complete.

DEFINITION  Let X be a metric space. Then X is complete iff every Cauchy
sequence in X converges in X.

EXAMPLE  The real line R is complete. O

EXAMPLE  The set Q of rational numbers is not complete. Consider the sequence
defined inductively by

1 2
r1 =2 and a:n+1:§(:nn+—>, n=12.... (4.1)
Tn

Then one can show that (x,) converges to /2 in R. It follows that (z,) is a
Cauchy sequence in Q which does not converge in Q. Hence Q is not complete.

To fill in the details, observe first that (4.1) can also be written in both of the
alternative forms

2 (Tni1 — v/2) = (Tn — v/2)%,

z2 —2
Tpi1 — Tp = — :
+1 .

We now observe the following in succession.

o z, >0foralln e N,
o 1, > /2foralln € N,
® 1, is decreasing with n.

e 1, <2foralln € N.

|Znt1 — /2| < ————foralln € N.

2y/
2— /2
2,/2

The convergence of (z,,) to /2 follows easily. ]

|70 — 2/
2

o [T,11— 2] < |z, — /2| foralln € N.
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4.1 Boundedness and Uniform Convergence

DEFINITION  Let A be a subset of a metric space X. Then the diameter of A is
defined by

diam(X) = sup d(z1,x2). (4.2)
z1,22€A

We say that A is a bounded subset iff diam(A) < oco. We note that we regard the
subset A = () as being bounded, even though formally the supremum in (4.2) is
illegal. We say that the metric space X is bounded iff it is a bounded subset of
itself. We say that a sequence (z,,) is bounded iff its underlying set is bounded.
We say that a function f 1Y — X is bounded iff f(Y') is a bounded subset of
X.

These definitions are coloured by the fact that they relate to metric spaces. In
the case of a normed vector space V', there is another alternative, provided by the
distinguished element Oy .

DEFINITION A subset A of a normed vector space V' is bounded iff

sup ||v|| < oc.
veEA

A moment’s thought shows that the two concepts of boundedness are equivalent.

The following lemma follows directly from the definition of a Cauchy sequence
and Lemma 44.

LEMMA 45
e Every Cauchy sequence is bounded.
e Every convergent sequence is bounded.

Our main immediate motivation for introducing boundedness at this point is
the construction of additional examples of complete metric spaces. Let X be a
non-empty set and Y a metric space. Then we denote by B(X,Y") the set of all
bounded mappings from X to Y. We can turn this into a metric space by defining
the metric

d(f,g) = supdy (f(z), g(z)). (4.3)

zeX
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This is the supremum metric or uniform metric . In case that Y is a normed vector
space, it is easy to check that

£l Bxy) = sup [ f(2)]ly (4.4)
zeX

isanorm on B(X,Y) and that the metric that it induces is precisely the one given
by (4.3). The norm defined by (4.4) is called the supremum norm or uniform
norm .

The convergence of B(X,Y) is called uniform convergence. On the other
hand, we say that a sequence of functions (f,) converges pointwise iff (f,(x))
converges for every z in X. If a sequence converges uniformly, then it converges
pointwise. But the converse is not true.

10
09+
08+
07+
06+
05+
04+
03+
02+
01+

0.0+

\ , , , , , , ,
0.0 02 04 06 08 10 12 14

Figure 4.1: The function fs.

ExaMpPLE  Consider the case X = RT, Y = R and suppose that the sequence
(fn) is given by

nx if0<z<nt
falx) =< 2—nz ifnt<z<2nt, (4.5)
0 ifz>2n"1.

Now, if z = 0 then f,,(0) = 0 for all n so that f,,(0) — 0 as n — oco. On the
other hand, if x > 0, then for large values of n, it is the third line of (4.5) that

73



applies. Once again, we obtain f,,(z) — 0. Thus the sequence (f,) converges
pointwise to 0.

This convergence is not uniform. To see this, we simply put x = n~!. Then
fn(£) = 1 and it follows that dg g+ r)(f5,0) = 1 for all n. O

While uniform convergence is just convergence in the metric of B(X,Y),
there is no metric which gives rise to pointwise convergence. From the point of
view of Metric Spaces, pointwise convergence of sequences of functions is some
kind of rogue convergence that does not fit the theory. In these notes we just
have to live with this unfortunate circumstance. However there is a topology on
B(X,Y) (and on other spaces of functions) with the property that convergence in
this topology is exactly pointwise convergence. The need to have a unified theory
of convergence therefore forces one into the realm of topological spaces with all
of its associated pathology.

PROPOSITION 46 IfY is complete, so is B(X,Y).

Proof. The pattern of most completeness proofs is the same. Take a Cauchy se-
quence. Use some existing completeness information to deduce that the sequence
converges in some weak sense. Use the Cauchy condition again to establish that
the sequence converges in the metric sense.

Let (f,) be a Cauchy sequence in B(X,Y). Then, for each x € X, it is
straightforward to check that (f,(z)) is a Cauchy sequence in Y and hence con-
verges to some element of Y. This can be viewed as a rule for assigning an element
of Y to every element of X — in other words, a function f from X to Y. We
have just shown that (f,,) converges to f pointwise.

Now let € > 0. Then for each z € X there exists N, € N such that

q> N, = d(fo(z), f(z)) < 3e. (4.6)

Now we reuse the Cauchy condition — there exists N € N such that

pg>N = swd(f(e), fi(®) < ge. (4.7)
TE

Now, combining (4.6) and (4.7) with the triangle inequality and choosing ¢ ex-
plicitly as ¢ = max(N, N,,) + 1, we find that
p>N = d(fp(z), f(x)) < 2¢ VweX. (4.8)

3
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We emphasize the crucial point that N depends only on €. It does not depend on
x. Thus we may deduce

p>N = sup d(f,(x), f(z)) <e. (4.9)

zeX

from (4.8).

This would be the end of the proof, if it were not for the fact that we still do not
know that f € B(X,Y). For this, choose an explicit value of €, say € = 1. Then,
using the corresponding specialization of (4.9), we see that there exists r € N
such that

sup d(f.(z), f(x)) < 1. (4.10)

zeX

Now, substitute (4.10) into the extended triangle inequality

d(f(z1), f(22)) < d(f(z1), fr(z1)) + d(fr(21), [r(22)) + d(fr(22), f(22))

to obtain
d(f(z1), f(22)) < 1+d(fr(21), fr(z2)) + 1.

It now follows that since f, is bounded, so is f. Finally, with the knowledge that
f € B(X,Y) we see that (f,,) converges to f in B(X,Y) by (4.9). n

There is an alternative way of deducing (4.9) from (4.7) which worth mention-
ing. Conceptually it is simpler than the argument presented above, but perhaps
less rigorous. We write (4.7) in the form

p,g>N = d(fp(2), fo(x)) < e (4.1D)

where x is a general point of X. The vital key is that N depends only on e and
not on z. Now, letting ¢ — oo in (4.11) we find

p>N = d(fp(2), f(z)) < 3. (4.12)

because fy(z) converges pointwise to f(x). Here we are using the fact that [0, 3€]
is a closed subset of R. Since N depends only on € we can then deduce (4.9) from
(4.12).
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EXAMPLE  An immediate Corollary of the above is that the space £*° is complete.
The same is true of #7 for 1 < p < oco. We sketch the details. Let (z,,) be a Cauchy
sequence of elements of /7. Then each such element z,, is actually a sequence
of real numbers. It is easy to see that for each fixed k, (z,x)52, is a Cauchy
sequence in R. Using the completeness of R we infer the existence of &, € R such
that

Tnk — é-k

as n — 0o. We now use again the fact that (z,,) is a Cauchy sequence. Let € > 0.
Then there exist N € N such that

m,n >N = ||z, — x|, <€

Then, for all m,n > N and for all K € N we have

K

Dtk — kP < €.

k=1

Letting m — oo, this leads to

K
Z & — k[P < €,
k=1

because only finitely many values of k are involved. Finally letting K’ — oo we
get || —z,||, < eforallm > N. This gives the desired convergence to an element
€ of /7. As above, a little extra work is necessary to show that £ € 7. O

4.2 Subsets and Products of Complete Spaces

We seek other ways of building new complete spaces from old.

PROPOSITION 47

e Let X be a complete metric space. Let Y be a closed subset of X. Then'Y
is complete (as a metric space in its own right).

e Let X be a metric space. Let Y be a subset of X which is complete (as a
metric space in its own right). Then'Y is closed in X.
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Proof. 'We establish the first statement. Let (z,) be a Cauchy sequence in Y.
Then (z,) is a Cauchy sequence in X. Since X is complete, there exists z € X
such that (z,) converges to z. But since the sequence (z,) liesin Y and Y is
closed, z € Y.

For the second statement, let (z,) be a sequence in Y converging to some
element z of X. We aim to show that z € Y. By Lemma 44, (x,,) is a Cauchy
sequence in X. Hence (z,) is also a Cauchy sequence in Y. But Y is complete.
It follows that there exists an element y € Y such that (z,) converges to y. Then
by Proposition 6, x = y. Hence z € Y. ]

This Proposition gives the correct impression that completeness is a kind of
global closedness property. We have the following useful corollary.

COROLLARY 48  Let X and Y be metric spaces. Let f : X — Y be an
isometry. Suppose that X is complete and that f(X) is dense in Y. Then f is
onto.

Proof. Since X is complete and f is an isometry, f(X) is complete and hence
closed in Y. But since f(X) is also dense in Y, f(X) =Y. |

PROPOSITION 49  Let X and Y be complete spaces. Thensois X x Y.

Proof. Let (xn,y,) be a Cauchy sequence in X x Y. Then it is easy to see that the
component sequences (z,) and (y,) are Cauchy in X and Y respectively. Since
X and Y are both complete, it follows that there exist limits  and y respectively.
The result now follows directly from Lemma 16. ]

PROPOSITION 50  Let X and Y be metric spaces. Let (f,) be a sequence of
continuous functions f, : X — Y, converging uniformly to a function f. Then
f is also continuous.

Proof. The proof we give is by epsilons and deltas. Let 2y € X — we will show
that f is continuous at . Suppose that € > 0. Then by the uniform convergence,
there exists N € N such that

n> N = sup dy (f(2), fa(z)) < 3€. (4.13)
rzeX
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Let us ix n = N + 1. Now we use the fact that this one function f,, of the
sequence is continuous at zy. There exists § > 0 such that

dx(z,z0) <9 = dy (fa(2), fa(zo)) < 3e€. (4.14)
Combining (4.13) and (4.14) we now obtain for x € X satisfying dx (z, o) < ¢

dy (f(z), f(zo)) < dy(f(2), fa(x)) + dy (fu(2), fu(z0)) + dy (fu(0o), f(20))
< g€+ ze+ze=c.

This shows that f is continuous. [ ]

EXAMPLE ~ We give next an important example of Proposition 47. Let X and Y
be metric spaces. Then we denote by C'(X,Y’) the subset of B(X,Y') consisting
of bounded continuous functions from X to Y. We claim that C(X,Y) is a
closed subset of B(X,Y'). This is an immediate consequence of Proposition 50.
Applying the first assertion of Proposition 47 shows that C(X,Y) is a complete
space if Y is. O

EXAMPLE  The star space X based on a set S is always complete. The definition
is found on page 59. Let (z,) be any sequence in X. Then we can denote z,, =
(1 —t,)(c) + tn(sn) where ¢ denotes the centre of X, (¢,) is a sequence in [0, 1]
and (s,) is a sequence in S.

Suppose now that (z,,) is a Cauchy sequence in X. If t,, — 0 asn — oo
then z,, — cin X and we have convergence. Thus, to establish convergence we
may assume that there exists a strictly positive number € such that for all N € N
there exists p > N such that ¢, > €. Apply now the Cauchy condition with this
€. There exists N € N such that

p,q > N = dx(zp,x4) < €.

Choose p as described above. 1If s, # s, so that x,, and z, lie on different rays
then dx(zp,z,) = t, +t, > € a contradiction. Hence s, = s, forall ¢ > N.
Thus a tail of the sequence lies on a single ray where the metric is essentially just
that of [0,1]. In other words, (¢,) is a Cauchy sequence in [0, 1]. Since [0, 1] is
complete (it is a closed subset of R), it follows that there exists ¢t € [0, 1] such
that t,, — t. The sequence (s,) is eventually constant, so that (z,,) converges to
(1 —1t)(c) +t(sp). O

A major application of completeness in normed spaces is the existence of ab-
solutely convergent sums .
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PROPOSITION 51  Let V' be a complete normed space and let v; be elements of
V for j € N. Suppose that
> vl < oo

Jj=1

Then the sequence of partial sums (s,) given by
n
Sp = Z (%
j=1
converges to an element s € V. Furthermore we have the norm estimate
o0
Isllv <> llvjllv-. (4.15)
j=1

In this situation, it is natural to denote
o

S = Z ’Uj.
j=1

Proof. We show that (s;) is a Cauchy sequence. Let 1 < g < p. Then applying
the extended triangle inequality (1.10) to

p
Sp = Sq¢ = Z Ujs
J=q+1
we obtain
p 00
lsp = sallv < D Nuilly < Y losllv (4.16)
J=q+1 J=q+1

But since the right hand term of (4.16) tends to 0 as ¢ — o0, it follows that (s;)
is a Cauchy sequence. Since V' is complete we deduce that (s;) converges to some
element s of V. Putting ¢ = 0 in (4.16) shows that

Ispllv <> llvsllv- (4.17)
j=1

Since the norm is continuous on V', we see that (4.15) follows from (4.17) as
p — 0. []
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4.3 Contraction Mappings

DEFINITION  Let X be a metric space. Let f : X — X. Then f is a contraction
mapping iff there exists a constant o with 0 < « < 1 such that

dx (f(z1), f(z2)) < adx(x1,x2).

The following Theorem will be used extensively in the calculus section of this
book.

THEOREM 52 (CONTRACTION MAPPING THEOREM) Let f be a contraction

mapping on a complete non-empty metric space X. Then there is a unique point
x € X such that f(z) = x.

Proof. Let z; € X. Define z,, € X inductively by z,41 = f(z,) (n € N). An
easy induction argument establishes that

(T, Tny1) < @7 ld(21, 72) Vn € N.

We then apply the extended triangle inequality to obtain for p < ¢

q—1
d(zp, z4) < Zd($n7$n+1)7
=p

qg—1
< Z Q" d(zy, 22),
=p

< o’ (1 —a)d(z1, 72),

since 0 < a < 1. It follows that (z,) is a Cauchy sequence in X. Since X is
complete, (z,) converges to some element z € X. Now

d(z, f(x)) < d(z,20) + d(@n, f(2n)) + d(f(2n), f(2))
<d(z,r,) + " (21, 22) + ad(z,, T) (4.18)

Since 0 < a < 1 and since d(x,z,) — 0 asn — oo, it follows that we can
make the right hand side of (4.18) as small as we like, by taking n sufficiently
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large. It follows that d(z, f(z)) = 0 which can only occur if f(z) = x. This
completes the existence part of the proof.

There is another way of seeing this last step of the proof that is worth men-
tioning. We know that x,, — x as m — oo. Since f is a Lipschitz mapping it
is continuous, so f(z,) — f(z). But f(z,) = xp41 and x,11 —> z. It follows
from the uniqueness of the limit that f(z) = x.

It remains to check that the fixed point x is unique. Suppose that y also
satisfies f(y) = y. Then we have

d(z,y) = d(f(x), f(y)) < ad(z,y).

Since 0 < « < 1 the only way out is that d(z,y) = 0 which gives z = y. |

EXAMPLE  Here we present an example of a mapping f : X — X of acomplete
space X such that

dx (f(x1), f(x2)) < dx(z1,x2) for x1 # xo (4.19)
but which does not have a fixed point. Let X = R and let
f(z) =z + :(1 — tanh(z)).
Then, applying the Mean Value Theorem, we have
f(@1) = f(@2) = /(&)1 — 22)
for € between x; and 5. In any case,
L<f()=1—1tsech’z <1

so that (4.19) holds. Since tanh(z) < 1 we see that f has no fixed point. O

There is an extension of the Contraction Mapping Theorem which explains
how the fixed point behaves under a perturbation of the contraction.

THEOREM 53 Let X be a complete metric space and() < o < 1. Letc € X and
letr > 0. Let P be another metric space and suppose that f : P x B(c,r) — X
is a mapping such that

o d(f(p,z1), f(p,x2)) < ad(z1,x2) for z1,z9 € B(c,r) and each p € P.

e d(c, f(p,c)) < (1 —a)r forallp € P.
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e The mapping p — f(p,b) is continuous from P to X for each fixed b €
Ue,r).

Then there is a unique continuous mapping g : P — U(c, r) with the property
that f(p, g(p)) = g(p) forallp € P.

Proof. We first show that for each p € P, the map f(p, -) maps B(c, r) to itself.
To see this, let b € B(c, 7). Then

d(c, f(p, b)) < d(c, f(p,c)) +d(f(p,c), f(p, D))

(1—a)r+ ad(c,b)
(1-

IAN A

a)yr+ar=r

which just says that f(p,b) € U(c,r) C B(c,r). It now follows that f(p,-) is a
contraction mapping on B(c,r), and hence has a unique fixed point g(p). Here
we have used the fact that B(c,r) being a closed subspace of a complete space
is complete in its own right. Next, since g(p) = f(p,g9(p)) € Ule,7) we see
that g actually takes values in U(c,r). Finally, we show that the mapping g is
continuous. Let py € P, we will show that g is continuous at py. Applying the
third hypothesis with b = g(po) we see that for all given € > 0 there exists § > 0
such that

d(p, po) < 0 = d(f(po,9(po)), f(,9(po)) < (1 — a)e (4.20)

Then for d(p,po) <

d(g(po), 9(p))

d(f(po, 9(po)), f(p, 9(p))
d(f(po, 9(po)), f(p, 9(po)) + d(f(p, 9(po)), f(p, 9(p))
(1 —a)e+ad(g(po), 9(p))

IN

by (4.20) and the fact that f(p,-) is a contraction mapping. It follows that
d(g(po), g(p)) < € and the continuity is proved. [ ]

4.4  Extension by Uniform Continuity

In this section we tackle extension by continuity as it is usually called. Actually as
we shall see, this is a misnomer.
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LEMMA 54  Let X and Y be metric spaces. Let f : X — Y be a uniformly
continuous mapping. Let (x,) be a Cauchy sequence in X. Then (f(z,)) is a
Cauchy sequence in'Y .

Proof. Lete > 0. Then there exists § > 0 such that
a,be X,dx(a,b) <o = dy(f(a), f(b)) <e. (42D
Since (z,,) is a Cauchy sequence, there exists N € N such that
p,g>N = dx (zp, zq) < 6.
Combining this with (4.21) yields

p,g>N = dy (f(zp), f(z,)) < e.

It follows that (f(z,) is a Cauchy sequence in Y. |

THEOREM 55  Let X and Y be metric spaces and suppose that Y is complete.
Let A be a dense subset of X. Let f : A — Y be a uniformly continuous map.

Then there is a unique uniformly continuous mapping f : X — Y such that
f(a) = f(a) foralla € A.

Proof. Let x € X. Since A is dense in X there exists a sequence (a,) in A
converging to . Now, (a,) is a Cauchy sequence in A and so, by Lemma 4.4,
(f(ay)) is a Cauchy sequence in Y. Since Y is complete, this converges to some
element y of Y. We will define

f(z)=y.

We need to prove that f is well-defined. Suppose that (by,) is another sequence
in A converging to z. Then (f(b,)) must converge to some element z of Y. We
need to show that y = z. To see this we mix the two sequences (a,) and (b;,)
by xon—1 = an, T2, = b,. The sequence (z,) converges to x and so (f(zy))
is convergent in Y. But since (f(z,)) has one subsequence converging to y and
another converging to z it follows that y = z as required.

If x € A, then we can always take a,, = z for all n € N. It follows that

f(iﬂ) = f(z) forallz € A.
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Next we show that f is uniformly continuous. Let € > 0. The there exists
0 > 0 such that

a,be A d(a,b) <6 = d(f(a), f(b)) < se. (4.22)

1
2
Now, let 2 and 2’ be points of X such that d(z,2’) < 36. Let us find sequences
(ay) and (a!)) in A converging to x and z’ respectively. Then, there exists N € N
such that

n>N = d(an, ) < 10 and d(a,, z") < 70. (4.23)
An application of the extended triangle inequality, (4.22) and (4.23) now yields

n> N = d(f(an), f(al)) < Le.

n 2

Letting now n — oo and using the fact that dy is continuouson Y x Y we see
that

d(f(z), f(z') < 2e <,

since the sequences (f(a,)) and (f(a!,)) converge to f(z) and f(x') respectively.
This establishes the uniform continuity of f.

The final step of the proof is to show that f is unique. Let g be another
continuous extension of f. Since A is dense in X and f and g are both continuous
functions that agree on A, we can use Proposition 23 to deduce that g = f. [ ]

EXAMPLE ~ We show that in Theorem 55, one cannot replace uniform continuity
by continuity. Let X = [0,1], A=]0,1] and Y = [—1,1]. Let

f(a) = sin E

a

for all @ € A. Then all the hypotheses of Theorem 55 are met, except for the
uniform continuity of f. The function f is of course continuous on A. We leave
it as an exercise to show that f does not extend continuously to X. O

EXAMPLE  Let V be a normed vector space. Suppose that 7" is a continuous
linear map from ¢! to V. Define v,, = T'(e,) € V where e,, denotes the sequence
in ! that has a 1 in the n-th place and 0 everywhere else. We see that

[onll < W Tlopllenller = [T lop-
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Thus

sup [[vn || < [|T|op- (4.24)
neN

Conversely suppose that C' = sup,,cy ||va]| < oo. Let F' denote the set of all
finitely supported sequences in £*. Then we can define a map

Ty F —V

by To (> tnen) = Y t,v,. Here the sums involved are finite sums. It is easy to
check that || To(¢)]| < C||t|| for all ¢ € F and it follows that Tp is uniformly con-
tinuous on the dense subset F' of £}, Thus by Theorem 55 T} can be extended to
a uniformly continuous mapping 7' on the whole of ¢!. In this particular exam-
ple this is no big deal, because it is also straightforward to define 7" directly. For

t € /', we can take
T(t) = tovn
n=1

an absolutely convergent infinite sum in the complete space V. O

EXAMPLE  The previous example features two possible approaches to defining
an operator 1', one direct and one involving extension. There do exist analo-
gous situations where the direct approach is unavailable. For instance let (f;)32,
be an orthonormal set in ¢%. Then, for ¢t = (¢;) € F, we can define Tp(t) =
To(>  tnen) = > tnfn. Here we view Tp as a mapping from F to £%. A simple
calculation

1D tnfalls =D tmtalfms fa) = Y tallfalls = D t7 = |13

shows that T is an isometry. It follows that Ty extends to an isometry T' : £2 —
% Tt is important to realise that for general ¢ € £? the sum

> tafn
n=1

does not converge absolutely in £2. It does converge in £2 norm, but taking this
route is essentially repeating the argument of Theorem 55. O
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4.5 Completions

DEFINITION  Let X be a metric space. Then a completion (Y,j) of X is a

complete metric space Y, together with an isometric inclusion j : X — Y such
that j(X) is dense in Y.

The completion of a metric space is unique in the following sense.

THEOREM 56  Let (Y, j) and (Z, k) be completions of X. Then there is a sur-
jective isometry o 1 Y — Z such thatk = a o j.

Proof. Let us define §: j(X) — Z by B(j(x)) = k(z). Since j is an injective
mapping from X onto j(X), B is well defined. Also (3 is an isometry since j and k
are. Now apply Theorem 55 to define & : Y — Z a continuous map. Obviously
we have k = a0 j.

It remains to show that « is an isometry. We consider two mappings from
Y x Y to R,

(y1,92) —  dy(y1,v2)
(1,92)  —  dz(a(y), ay2))

These mappings are continuous by Theorem 13 (page 25) and since the metric is
itself continuous (page 31). Since j and k are isometries, they agree on the subset
J(X) x j(X) of Y x Y. By Proposition 24, j(X) x j(X) is dense in ¥ x Y.
Finally by Proposition 23 the two mappings agree everywhere on Y x Y. This
says that « is an isometry. [

With the issue of uniqueness of completions out of the way, we deal with the
more difficult question of existence.

THEOREM 57  Every metric space possesses a completion.

In the proof that we give below, we unashamedly use the completeness of R.
We take the point of view that an understanding of R is needed to define the
metric space concept in the first place. There is another proof in the literature
using equivalence classes of Cauchy sequences which avoids this issue.

Proof. We will assume that X is a bounded metric space and construct a comple-
tion. At the end of the proof we will discuss the modifications that are necessary
to dispense with the boundedness hypothesis.
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Let j : X — C(X,R) be given by
(7(21))(22) = d(@1, 22).

One needs to stand back a moment to ponder this notation. Since z; € X,
j(x1) € C(X,R), that is, j(x1) is itself a mapping from X to R. For z3 € X, the
notation (j(z1))(x2) € R then stands for the image of 25 by the mapping j(z1).

It follows from the continuity of the metric (page 31) that j(z1) is continuous.
Since X is a bounded metric space, j(z1) is bounded. Next we observe

17(z1) = j(@2)|| = sup |d(z1,z3) — d(z2, z3)|.
r3€X

Two applications of the triangle inequality show that
|d(£l?1,.1}3) — d(ﬂ?g,l’3)| < d(il?l,l'g) v.173 € X,
while taking 3 = x2 shows that

sup |d(z1,x3) — d(z2, x3)| > d(x1, 22).
r3€X
Thus j is an isometry. Since C'(X,R) is complete, the closed subset cl(j(X)) is
also complete by Proposition 47 (page 76). Let Y = cl(j(X)) and consider j just
as a mapping from X to Y. Then (Y, j) is a completion of X
In the case that X is unbounded, select any point x from X. Now set
(j(z1))(x2) = d(z1,x2) — d(z0, x2). The key observation is that since

|d(z1, x2) — d(wo, 22)| < d(z0o,21)

the function j(z1) is actually bounded. The rest of the proof follows the same
line. [ ]

4.6 Extension of Continuous Functions

LEMMA 58  Let X be a metric space. Let Ey and E; be disjoint closed sub-
sets of X. Then there exists a continuous function f : X — [0, 1] such that

f7({0}) = Eo and f7({1}) = E\.

Proof. We define

B dist g, ()
Jz) = dist g, () + distg, ()
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We observe that x — distg,(z) and z — distg, (x) are both continuous func-
tions on X. Furthermore distg,(z) + distg, () > 0 for all z € X by Proposi-
tion 26 (page 36) and since Ej and E; are disjoint. It follows that f : X — [0, 1]
is continuous. Clearly f(z) = 0 if and only if dist g, (z) = 0 which occurs if and
only if € Ej again by Proposition 26. Similarly f(z) = 1 if and only if z € Ej.
n

We do not need it right at the moment, but there is a simple looking Corollary
of Lemma 58 that is difficult to establish without using the distance to a subset
function.

COROLLARY 59  Let X be a metric space. Let Ey and E; be disjoint closed
subsets of X. Then there exist Uy and U; disjoint open subsets of X such that
Ej Q Uj fOTj :0,1

Proof. Let f be the function of Lemma 58 and simply set Uy = ([0, 5[) and
Uy = f7'(J3,1]). Of course, Uy is open in X since [0, 5[ is (relatively) open
in [0,1]. Similarly for U;. The sets Uy and U; obviously satisfy the remaining

properties. [

With this diversion out of the way, we can now continue to the main order of
business.

THEOREM 60 (TIETZE EXTENSION THEOREM) Let X be a metric space and
let E be a closed subset of X. Let g : E — [—1,1] be a continuous map-
ping. Then there exists a continuous mapping f : X — [—1, 1] extending g.
Explicitly, this means that

f(z) = g(x) Vo € E.

Proof. Let us denote go = g. We start by constructing a continuous map fo.

Let By = g5 '([—1,—%]) and let By = g5 '([3,1]). Since E is closed in X and
Ey and E; are closed in E, it follows that Ey and E; are also closed in X. By a
straightforward variant of Lemma 58, there is a mapping fo : X — [—%, ] such

33
that fo_l({_% ) = Ep and fo_l({%}) = F;. We claim that
\g0(z) — fo(z)] < % Vo € E.

There are three cases.



e z € Ey. Then fo(z) = —3 and go(z) € [-1, —3].

e z € Ey. Then fo(z) = 5 and go(z) € [3

3 1.

e z€ E\ (EyUE). Then fo(z),go(z) € ] — 3, 5.

W=

Now define
g1(z) = go(z) — folz) Vax€E.
Then g1 o0 < 2. We repeat the above argument at 2 scale to define fi. We then

proceed inductively in the obvious way. We thus obtain continuous functions
fo: X — [—27- 37D on . 3=(m41)] satisfying

1gn = fall <2377,
where g, = gn—1 — fn-1|E-

It is easy to see that ||g, || tends to 0 as n — oco. Hence we may write g as
the telescoping sum

g = Z(gn—l — gn) = an|E
n=1 n=0

But the function f given by the uniformly convergent sum

F=Yfu
n=0

also converges to a continuous function taking values in [—1, 1] and evidently

n=0

as required. |

4.7 Baire’s Theorem

The following result has a number of key applications that cannot be approached
in any other way.
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THEOREM 61 (BAIRE’S CATEGORY THEOREM) Let X be a complete metric
space. Let Ay, be a sequence of closed subsets of X with int(Ay) = (). Then

X\ U Ay, is dense in X. (4.25)

k=1

In particular if X is nonempty we have

A # X
k=1

Proof. 'We suppose that (4.25) fails. Then there exist zyp € X and ¢t > 0 such
that

Ulzo,t) € | 4. (4.26)
k=1

We construct a sequence (z,) in X. Let tg = %t. We choose z1 € X \
A such that d(z1,x0) < to. This is possible since otherwise we would have
U(xo,to) € A; contradicting the fact that int(4;) = (. Now define t; =
min(1to, 1 dista, (z1)) > 0. Next find 25 € X \ As such that d(z2, 1) < 1. 1
this is not possible then U (z1, t1) € Aj contradicting the hypothesis int(A2) = 0.
Now define ty = min(%tl, i dista, (z2)) > 0 and then find z3 € X \ Aj such
that d(z3, x2) < to. Continuing in this way, we obtain a sequence (z,,) in X and
a sequence (t,,) of strictly positive reals such that

t, = min(%tn_l, i dista, (z,)) >0 n=12...

$n¢An n:1,2,...
d(Tpi1,Tn) <ty n=0,1,2,...
Since d(Tp i1, Tn) < tn, < 27"t = 27" !¢, we see that (z,,) is a Cauchy sequence.
The detailed justification of this is similar to one found in the proof of Theorem 52.

It follows from the completeness of X that (x,) converges to some limit point
z e X.
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We next show that z ¢ Ay for all k& € N. Indeed, by passing to the limit in
the extended triangle inequality, we obtain foreach k = 1,2, ...

d(z,zr) < Zd(a:n+1,xn) < Ztn < 22_2_"+k dista, (zx) = %distAk (xk).
n==k n==k n==k

It follows that z ¢ Ay, as required.
Finally, following the same line, we find

do20) € dlren ) <3t <3 2=,
n=0 n=0 n=0

so that x € U(xo,t). This contradicts (4.26) and completes the proof of the
Theorem. u

4.8 Complete Normed Spaces

Complete normed spaces are also called Banach Spaces. The following result is
very basic and could have been left as an exercise for the reader.

THEOREM 62  Let V and W be normed vector spaces and suppose that W' is
complete. Then CL(V, W) is a complete normed vector space with the operator
norm.

Proof. Let (71),) be a cauchy sequence in CL(V, W). First consider a fixed point
v of V. Then we have

1T (v) = To(0) || < Ty = Tyllopllv]l-

It follows easily that (73,(v)) is a Cauchy sequence in W. Since W is complete,
there is an element w € W such that 7,,(v) — w as n — co. We now allow
v to vary and define a mapping 7" by T'(v) = w. We leave the reader to check
that the mapping 7' is a linear mapping from V' to W. Now let € > 0 then by the
Cauchy condition there exist N € N such that

pg>N = [Ty — Tallop < €
or equivalently that

p,g>NwveV = 1T (v) = To()[| < eflv]l. (4.27)
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Now let ¢ tend to infinity in (4.27). We find that
p>NowveV = [Tv) -TO)| <€,
or equivalently that (7},) converges to T"in CL(V, W). This also shows that T €
CLV,W). n
Rather more interesting is the following Proposition.

PROPOSITION 63  Let V' be a complete normed vector space and N a closed
linear subspace. Then the quotient space Q = V//N is a complete normed space
with the norm defined by (3.38).

Proof. This Proposition is included because it illustrates a method of proof not
seen elsewhere in these notes. The key idea is the use of rapidly convergent sub-
sequences . We denote by 7 the canonical projection mapping 7 : V. — Q.

Let (g,) be a Cauchy sequence in (). Applying the Cauchy condition with
e = 27% we find ny, such that

m>ng = |lge—aml| < 27k, (4.28)
In particular, taking [ = ny, m = ny41, we have
||an — Qngyq || < 2_k' (429>

We now proceed to find lifts of the ¢y, . Let v1 be any element of V' with 7(v;) =
dn,- Now by (4.29) and the definition of the quotient norm, there exists ux4+1 € V
such that |Jug1]] < 27% and 7(ug41) = gy, — Gn,. We now define vy = v3 +us,
v3 = Uy + U3, etc., so that we now have

|vg — vppa || < 27% (4.30)

and 7(vg) = ¢y, for k € N. It is easy see to that (4.30) forces (vy) to be a Cauchy
sequence in V' as in the proof of the Contraction Mapping Theorem. Since V is
complete, we can infer the existence of v € V' such that (vy) converges to v.

Since 7 is continuous, it follows that the subsequence (g,, ) converges to the
element 7(v) of Q. Furthermore, we can have the estimate

Ign,, — 7 (v)]| < 277, (4.31)
Combining this with (4.28) we find
(>n, = g —7)]<3-27F

from which it follows that the original sequence (g,,) converges to 7(v). n
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THEOREM 64 (OPEN MAPPING THEOREM) LetU and V' be complete normed
spaces and let T' : U — V' be a continuous surjective linear map. Then there is
a constant € > 0 such that for every v € V with ||v|| < 1, there exist u € U with
|lu|| < €such that T'(u) = v.

The reason for the terminology is that the statement that 7" is an open mapping
(see page 142 for the definition) is equivalent to the conclusion of the Theorem.

Proof. There are two separate ideas in the proof. The first is to use the Baire
Category Theorem and the second involves iteration.
Let B,, denote {u : u € U, ||u|| < n}, the closed n-ball in U. Then, since T is
onto, we have
V=] 7B
neN
We can't use this directly in the Baire Category Theorem because we don’t know
that the T'(B,,) are closed. We take the easiest way around this difficulty and write
simply
V= d(T(Bn).
neN
By the Baire Category Theorem (page 90), there exists n € N such that cl(T'(B,,))
has nonempty interior. This means that there exists v € V and ¢t > 0 such that
Uy (v,t) C cl(T'(By)). By symmetry, it follows that Uy (—v,t) C cl(T(B,)). We
claim that Uy (Oy,t) C cl(T'(B,)). Let w € Uy(0Oy,t). Then, we can find two
sequences (xx) and (yx) in By, such that (T'(zy)) converges to w + v and (T'(yx))
converges to w — v. It follows that the sequence (T'(3(zx + yx))) converges w.
This establishes the claim.

Now, let v be a generic element of V' with ||v|| < ¢. Then v € cl(T'(B,)).
Hence, there exists ug € By, such that |[v—T'(ug)|| < 3¢. We repeat the argument,
but rescaled by a factor of % and applied to v — T'(up). Thus, there is an element
uy € U with |luy|| < 3n and such that [Jv — T'(ug) — T'(u1)|| < 3t. Continuing
in this way leads to elements uy, € U with |lug|| < n27* such that

¢

lv = " T(uy)|| <t27

k=0

Using now the fact that U is complete (the completeness of V' is needed to apply
Baire's Theorem), we find that 7'(u) = v where

(o]
u:ZukEU
k=0
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is given by an absolutely convergent series and has norm bounded by 2n. Rescal-
ing gives the required result. |

COROLLARY 65  Let V' be a vector space with two norms || ||; and || |
of which make V' complete. Suppose that there is a constant C' such that

2, both

vll2 < Cllvl1 Yo e V.

Then || |1 and || ||2 are equivalent norms.

Proof. Apply the Open Mapping Theorem in case that 7" is the identity mapping
from (V. || ]l1) to (V| [l2)- u

It is possible to construct an infinite dimensional vector space with two incom-
parable norms both of which render it complete.

PROPOSITION 66  Let Vi and Va be vector spaces and suppose that || || is a
norm on 'V = Vi @& Vo which renders V' complete. Let P, and P» be the linear
projection operators corresponding to the direct sum. Then the following are
equivalent:

e P and P, are continuous.

e V) and V5 are closed in V.

Proof. Suppose that P; is continuous and that (v,,) is a sequence in Vi which
converges to some element v of V. Then (Pi(v,)) converges to Pi(v). But,
since P;(v,) = v, and by the uniqueness of limits (Proposition 6), v = P;(v)
or equivalently v € V;. This shows that V; is closed in V. Of course since
P, =1 — P, if P, is continuous, so is P, and similarly we find that V4 is closed.

The converse is much harder. We can identify V, with the quotient space
V/Vi. Since V; is closed, we have a natural quotient norm

— inf
foallo = inf fjoy + e

on V, as well as the restriction of the given norm. We see that V5 is complete in
both norms, by Proposition 63 and since V5 is closed in V. Clearly, ||vz|lg < ||va|
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for all vy € V4 so that the two norms are comparable. Hence, by Corollary 65, we
see that there exists a finite constant C' such that

|v2]| < C inf ||v1 +v2f Vg € Va. (4.32)
v1eVy

A moment’s thought shows that (4.32) is equivalent to
[Pa(0)| < Cllvll - VoeV,

so that P, is continuous as required. One shows that P is continuous by a similar
argument, or by applying the formula P, = I — P. ]

PROPOSITION 67  Let V4 and Vo be complete normed spaces and suppose that
| || isanormonV = Vi &V, which renders V' complete and agrees with the orig-
inal norms given on V; and V. Then || || is equivalent with any of the following
p-standard norms on V/

1
lr + vallp = ([loallY, + llallf,)? 1<p<oo

or
[o1 + v2lloo = max([[or]lvs, [[v2llv,) — p = oo

Proof. Clearly, all the given p-standard norms on V' are mutually equivalent, so
it suffices to work with the p = 1 norm. Then obviously

[v1 + ol < Jluallvi + [Jv2llve = [lor 4 vallr.
But both || || and || ||; are complete norms on V. Since they are comparable, an
application of Corollary 65 shows that they are equivalent. ]

We remark that Propositions 66 and 67 extend in an obvious way to finite
direct sums.
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5

Compactness

Compactness is one of the most important concepts in mathematical analysis. It
is a topological form of finiteness. The formal definition is quite involved.

DEFINITION A metric space X is said to be compact if, whenever V,, are open
sets for every a in some index set I such that U,ec;V, = X, then there exists a
finite subset F' C I such that UocrV, = X.

PROPOSITION 68  Every compact metric space is bounded.

Proof. Let X be a compact metric space. If X is empty, then it is bounded. If
not, select a point g € X. Now we have

X = U U(zg,n).

neN

By compactness, there is a finite subset /' C N such that

X = U U(zo,n).

neF

Let N be the largest integer in F'. Such an integer exists because F' is finite and
non-empty. Then X = U(zg, V) and it follows that X is bounded. |

PROPOSITION 69  Every finite metric space is compact.
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Proof. Let V,, be open subsets of X for every o in some index set I such that

UaerVa = X. Since X is finite, let us enumerate it as X = {x1,22,...,2,}.
For each j = 1,...,n there exists a; € I such that z; € V,,. Letusset F' =
{a1,a9,...,a,}. Then clearly UyerV, = X. [

5.1 Compact Subsets
We also use the term compact to describe subsets of a metric space.

DEFINITION A subset K of a metric space X is compact iff it is compact when
viewed as a metric space in the restriction metric.

It follows immediately from the definition and Proposition 68 that compact
subsets are necessarily bounded.
We need a direct way to describe which subsets are compact.

PROPOSITION 70  Let X be a metric space and let K C X. Then the following
two conditions are equivalent.

e K isacompact subset of X.

o Whenever V,, are open sets of X for every « in some index set I such that
UaerVa 2 K, then there exists a finite subset F' C I such that UyepV, 2
K.

Proof. Suppose that the first statement holds. Let us assume that I is an index set
which labels open subsets V,, of X such that U,c;V,, 2 K. Then, by Theorem 30
(page 41) the subsets K NV, are open subsets of K. We clearly have U7 (K N
Vo) = K. Since K is compact, by the definition, there exists a finite subset /' C I
such that Uyep(K N'V,) = K. Tt follows immediately that UsepV, 2 K.

For the converse, we suppose that the second condition holds. We need to
show that K is compact. Let U, be open subsets of K for every a € I such that
UaerUa = K. The, according to Theorem 30 there exist open subsets V,, of X
such that K NV, = U,. We clearly have U,c;V, 2 K so that we may apply the
second condition to infer the existence of F' finite F' C I such that UperV, O K.
But it is easy to verify that

Kﬂ(U va> = J &xnV) = Ua,

acF acF acF
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and it follows that U,epU, = K as required. We have just verified the compact-
ness of K as a metric space. [

PROPOSITION 71 Compact subsets are necessarily closed.

Proof. Let K be a compact subset of a metric space X. Let us suppose that
K is not closed. We will provide a contradiction. Let z € cl(K) \ K. Then
x ¢ int(X \ K). Thus for every € > 0,

Ulx,e)N K #1) (5.1

holds. On the other hand, since = ¢ K we have

Kc|J(X\B(1),

neN

since for every y € K, d(z,y) > 0. Since B(z,t) is closed, X \ B(z,t) is open.
We therefore apply the compactness criterion for subsets to find F’ a finite subset
of N, such that

Kc|J(X\B(x1).
neF
If K is empty then K is closed and we are done. If not, F' is a non-empty finite
subset of N which therefore possesses a maximal element N. It follows that K is
disjoint from B(z, +) contradicting (5.1). n

THEOREM 72 Every closed subset of a compact metric space is compact.

Proof. Let X be a compact metric space. Let K be a closed subset of X. Let V,
be open sets of X for every a in some index set I such that UyerVy, 2 K. We
will show the existence of a finite subset F of I such that U,crV, O K.

To do this, we extend the index set by one index. Let J = I U {#}. Define
Vs = X \ K an open subset of X since K is closed and by Theorem 8 (page 18).
We have

UVa= (Uva> U(X\ K)

aeJ acl

ODKU(X\K)=X.
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By the compactness of X there is a finite subset G of J such that UseqV, = X.
We can assume without loss of generality that # € G and define FF = G N I. Itis
then clear that F' is a finite subset of I and that

UmgK

acF

5.2 The Finite Intersection Property

DEFINITION  Let X be a set and let C,, be a subset of X for every « in some in-
dex set I. Then we say that the family (Cy)aer has the finite intersection property

iff
() Ca #0

acF

for every finite subset F of I.

The following Proposition is an immediate consequence of the definition of
compactness and Theorem 8 (page 18).

PROPOSITION 73 Let X be a metric space. Then the following two statements
are equivalent.

e X is compact.

o Whenever (Cy)acr is a family of closed subsets of X having the finite inter-
section property, then NoerCo # 0.

This reformulation of compactness is often very useful.

5.3 Other Formulations of Compactness

In this section we look at some conditions which are equivalent to or very nearly
equivalent to compactness. The first of these is countable compactness. Countable
compactness is a technical device and is never used in practice.
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DEFINITION A metric space X is said to be countably compact if, whenever V/,
are open sets for every n € N such that U,enV,, = X, then there exists a finite
subset F' C N such that U,,crV,, = X.

We say that a subset K of a metric space is countably compact if it is countably
compact when viewed as a metric space in its own right. There is a formulation
of the concept of countably compact subset entirely analogous to that given for
compact subset in Proposition 70 (page 97).

Clearly, a metric space that is compact is also countably compact. The con-
verse is true in the context of metric spaces, but false in the setting of topological
spaces. Towards the converse, we have the following Proposition.

PROPOSITION 74 Let X be a separable, countably compact metric space. Then
X is compact.

Proof. Let V,, be open sets of X for every « in some index set I satisfying
UaerVa = X. We aim to find a finite subset F' of I such that Uy,crV, = X.
Observe that if for some o« € I, we have V,, = X, then we are done. Thus we
may assume that for each a € I, the set X \ V, is non-empty.

Let S be a countable dense subset of X. We observe that S NV, is dense in
V. We now use the proof of Theorem 29 (page 38), which shows that

Vo= |J Uls, }distx,(s)). (5.2)

seSNVy

Now, let us define the subset @, of S x Q by
Qo ={(s,t);s €5, €Q,t>0,U(s,t) C Va} (5.3)

Then, by (5.2) we have

Vo= |J Ulst). (5.4)
(5,)€Qa

We also define Q = U,erQn. Since @ is a subset of S x Q it is necessarily
countable. Then we have by (5.4)

X= | Uls). (5.5)
(s,1)€Q
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The key idea of the proof is to replace the union U,e;V, with the countable
union U 1eqU(s,t). We now apply the countable compactness of X to (5.5).
We obtain a finite subset R C @ such that

X=J Us). (5.6)

(s,t)ER

For each (s,t) € R there exists a € I such that (s,t) € Q,. Let F be the
finite subset of I having these o as members. Then by (5.3) we have

U ves.t) < [ Ve (5.7

(s,t)ER acl

Finally, combining (5.6) and (5.7) gives the desired conclusion. |

While countable compactness is merely a means to an end, sequential com-
pactness is a very useful tool. It is equivalent to compactness in metric spaces (but
not in topological spaces) and can be used as a replacement for compactness in
nearly all situations.

DEFINITION  Let X be a metric space. Then X is sequentially compact iff every
sequence (x,) in X possesses a convergent subsequence. A subset of a metric
space is sequentially compact iff it is a sequentially compact metric space in the
restriction metric.

PROPOSITION 75  Every compact metric space is sequentially compact.

Proof. Let X be a compact metric space and let (z,,) be a sequence of points of
X. Let T), = {xn;n > m} for m € N. Then the closed sets cl(T,) clearly have
the finite intersection property. Hence Npen cl(T,) # 0. Let 2 be a member of
this set. We construct a subsequence of (z,) that converges to . Let (€,) be a
sequence of strictly positive real numbers decreasing to zero. Then we define the
natural subsequence (ny) inductively. Since x € cl(77), we choose n; € N such
that d(z,z,,) < €;. Now assuming that ny, is already defined, we use the fact
that x € cl(Ty,41) to find ngy1 > ng and such that d(z, z,,,,) < €pq1. Itis
easy to see that the subsequence (z, ) converges to x. Since (z,,) was an arbitrary
sequence of points of X it follows that X is sequentially compact. |
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LEMMA 76 Let (2,,) be a sequence in the cell [a,b]” in R%. Then (x,,) possesses
a subsequence which converges to some point of R¢.

Proof. We define the natural subsequence (ng) inductively. Let ny = 1. Let
Cy = [a,b]" the original cell. Let ¢ = s(a + b). The we divide up [a,b] as
[a, c]U[c, b]. Taking the n-th product, this divides the cell C; up into 24 cells with
half the linear size of C';. We select one of these cells Cy with the property that
the set

Ry={n;n e N,n>ny,z, € Cy}

is infinite. It cannot happen that all of the 2¢ cells fail to have this property, for
then the set {n;n € N,n > n;} would be finite. We choose ns € Rs.

To understand the general step of the inductive process, suppose that Cy, Ry,
and ni € R, have been chosen. Then as before we divide C}, into 2¢ cells of half
the linear size. We select one of these cells C.1 with the property that

Riy1 = {n;n € Rg,n > ng, x, € Cigr }

is infinite. We choose ng.1 € Ryy1.
Let € > 0. Then there exists K € N such that diam(Cg) < e. It follows that

p,qZK = np7nq€RK7
= d(Zn,, Tn,) < €.

In words, this just says that the subsequence (z,,) is a Cauchy sequence. But
since R? is complete, it will converge to some point of R ]

THEOREM 77 (BOLZANO—WEIERSTRASS THEOREM) Every closed bounded
subset of RY is sequentially compact.

Proof. Let K be a closed bounded subset of R? and suppose that () is a se-
quence of points of K. Since K is bounded it is contained in some cell [a, b]* of
R?. Then according to Lemma 76, (z,,) possesses a subsequence (., ) convergent
to some point z of R, But since K is closed, it follows that € K. This shows
that K is sequentially compact. ]
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THEOREM 78 (HEINE-BOREL THEOREM) A subset K of R? is compact iff it
is closed and bounded.

Proof. We have already seen that a compact subset of a metric space is necessarily
closed and bounded. It therefore remains only to show that if K is closed and
bounded then it is compact. Since R? is separable, it follows from Theorem 27
(page 38) that K is also. Hence by Proposition 74 it is enough to show that K is
countably compact. We will establish the condition for a subset to be countably
compact analogous to that given by Proposition 70 (page 97). Thus, let Vj, be
open subsets of R? for k € N. Suppose that UgenVi 2 K. We will show that
there exists a finite subset £ of N such that

U Vi O K. (5.8)

keF

Suppose not. Then, for every k, the set F' = {1, 2, ..., k} fails to satisfy (5.8).
So, there is a point 3, € K with

k
xy ¢ U Vi (5.9)
(=1

Now by the Bolzano—Weierstrass Theorem, the sequence (z) has a subsequence
which converges to some element = € K. By hypothesis, there exists m € N such
that x € V,,,. Since V,,, is open, some tail of the subsequence lies entirely inside
V. This follows from Proposition 7 (page 18). Therefore, there exists & € N with
k > m and zj, € V,,. This contradiction with (5.9) establishes the result. [

COROLLARY 79  Every closed bounded cell

[aj7 bj]

d
=1

J

in R? is compact.

103



EXAMPLE  The star space X based on an infinite set S provides an example of a
complete bounded metric space that is not compact. See page 59 for the definition
of the star space and page 78 for the proof of completeness. Let (s,,) be a sequence
of distinct elements of S. Then define a sequence (x,,) of X by z,, = 0(c) + 1(sy,)
where ¢ denotes the centre of X. Then it is immediate that

2 iftm#n
0 ifm=n

dx (Tm, xn) = {

It follows that (z,,) possesses no convergent subsequence. Thus X is not sequen-
tially compact. 0

EXAMPLE  Another example of a bounded complete space that is not compact
is the unit ball of £!. The sequence of coordinate vectors (e,) does not possess a
convergent subsequence. O

EXAMPLE  The orthogonal groups provide examples of interesting compact
spaces. An n X n matrix U is said to be orthogonal iff U'U = I. Here we have
denoted U’ the transpose of U. The set of all orthogonal n x n matrices is usually
denoted O(n). It is well known to be a group under matrix multiplication. We
view O(n) as a subset of the vector space M (n,n,R) of all n x n matrices which
is a n? dimensional real vector space. The equations U’'U = I can be rewritten as

& 1 ifj=k
E UgjUpk = { . (5.10)
y= 0 ifj#k

showing that O(n) is a closed subset of M(n,n,R). The first case in (5.10) can
again be rewritten as

dup=1  j=12...,n
/=1

showing that |ugj| < 1forallj =1,2,...,nandall{ =1,2,...,n. Thus O(n)
is a bounded subset of M(n,n,R). The Heine—Borel Theorem can now be used
to conclude that O(n) is compact. O

104



5.4 Preservation of Compactness by Continuous Mappings

One of the most important properties of compactness is that it is preserved by
continuous mappings.

THEOREM 80  Let X and Y be metric spaces. Suppose that X is compact. Let
f X — Y be a continuous surjection. ThenY is also compact.

Proof. We work directly from the definition. Let V,, be open sets of Y for every
a in some index set [ such that Uae;Vy = Y. Then, by Theorem 11 (page 24),
f71(V,,) are open subsets of X. We have

X =]V

acl

We now apply the compactness of X to deduce the existence of a finite subset F'

of I such that
X=J o).
a€EF
We wish to deduce that
Y= Ve (5.11)
a€EF

Let y € Y, then since f is surjective, there exists x € X such that f(z) = y.
There exists @« € F such that z € f~!(V,,). It follows thaty = f(x) € V,. This
verifies (5.11). |

There is a formulation of this result in terms of compact subsets which is
probably used more frequently.

COROLLARY 81  Let X and Y be metric spaces. Let f : X — Y be a contin-

uous mapping. Let K be a compact subset of X. Then f(K) is a compact subset
ofY.

Proof. By definition, K is a compact metric space in its own right. Since f|x can
be regarded as a continuous mapping from K onto f(K), it follows that f(K) is
compact, when viewed as a metric space with the metric obtained by restriction
from Y. Hence by Theorem 80, f(K) is a compact subset of Y. n

Theorem 80 has important consequences because of the application to real-
valued functions. We need the following result.
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PROPOSITION 82  The supremum of every non-empty compact subset K of R
belongs to K.

Of course, the same result applies to the infimum.

Proof. Let K be a compact non-empty subset of R. Since K is bounded and
non-empty, it possesses a supremum z. For every n € N, the number z — £ is not
an upper bound for K. Thus there exists z,, € K and z,, > x — % On the other
hand, x is an upper bound for K so that x,, < x. It follows that |z — z,| < % e
that (z,) converges to . Since x,, € K and K is closed, it follows that z € K. m

THEOREM 83  Let X be a non-empty compact metric space and let f : X —
R be continuous. Then f attains its maximum value.

Proof. By Theorem 80, f(X) is a non-empty compact subset of R which there-
fore contains its supremum. Hence, there exists zg € X such that

f(xo) = sup f(x),

rzeX
as required. |

One of the most significant applications of this result involves norms on finite-
dimensional spaces.

COROLLARY 84  Let V be a finite dimensional vector space over R or C. Then
any two norms on V' are equivalent.

Proof. We give the proof for a finite-dimensional real vector space. The complex

case is similar. Let us select a basis (eg, ea, ..., e,) of V. We define a norm || ||;
on V by
n n
1Y " tieill = 1t
j=1 j=1
Then for any other norm || ||y on V it will be shown that || ||; and || ||y are

equivalent. We have

1Y " tieillv <D lglllesllv < CY Il =CID tielh,  (5.12)
Jj=1 Jj=1 Jj=1 j=1
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where
C = max ey
J=1

For the converse inequality we will need to use the Heine—Borel Theorem which
was proved with respect to the infinity norm

n
n
1D tieslloo = max £5].
j=1

This is not a problem because
n
n n
| < | < il
max [t;] < E 1 [t < nmax ;|
]:

so that || ||; and || || are equivalent. It follows that the unit sphere S for the
norm || ||; is compact for the metric of the || ||; norm. Explicitly we have

S={> tie; > Il =1}
j=1 j=1

By (5.12), v — ||v]|v is continuous as a map
V) — R
It follows that this function attains its minimum value on S. Thus, if we let

c= 1111612 |lv]|v, (5.13)

there actually exists u € S such that ||u||y; = ¢. Since u cannot be the zero vector,
it follows that ¢ > 0. Rescaling (5.12) now yields

cllofy < llvllv,

forallv e V. ]
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5.5 Compactness and Uniform Continuity

One of the most important applications of compactness is to uniform continuity.
This is used heavily in all areas of approximation.

THEOREM 85  Let X be a compact metric space and let Y be a metric space.
Let f : X — Y be a continuous mapping, then f is uniformly continuous.

Proof. Let e > 0. We apply the continuity of f. At each point x € X there exist
a number ¢, > 0 such that

F(U(x,8,)) CU(f(), 3¢). (5.14)

We can now write

X =|JU(z,15).

rzeX
Applying the compactness of X there is a finite subset /' C X such that

X =|JU(x,36.) (5.15)

zeF

Now let § = mingcp %51. We claim that this § works in the definition of uniform
continuity. Let z; and 2, be points of X satisfying d(z1, z2) < 6. By (5.15), there
exists z € F such that z; € U(z, 30,). Now, using the triangle inequality we have

d(l'? ZQ) S d(l’, Zl) + d(Zh ZQ) < %61 + 5 S 51‘7

so that both z; and z; lie in U(z, d,). It now follows from (5.14) that f(z;) and
f(z2) both lie in U(f(x), 2€). It then follows again by the triangle inequality that
d(f(z1), f(22)) < € as required. n

The following Theorem is a typical application of the use of uniform continuity

in approximation theory.

THEOREM 86 (BERNSTEIN APPROXIMATION THEOREM) Let f : [0,1] — R
be a continuous function. Define the nth Bernstein polynomial by

n

Bu(f,x) =Y "Cr f(5)z"(1—z)"*.

k=0

Then (B, (f,-)) converges uniformly to f on [0, 1].
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Sketch proof. ~ We leave the proof of the following three identities to the reader

n

1=Y "Cpat(l—z)"", (5.16)
k=0

nr = Z k "C, xk(l — a:)"_k, (5.17)
k=0

n(n—1)z° = Y k(k—1) "Cra®(1 —z)"*. (5.18)
k=0

Then it is easy to see that

n

> (x - %)2 "Cra*(1—z)" "

k=0

. 2k k*—
— Z(mz——x+ k+£2) "Crpa®(1 — z)" ",
n n

n2
k=0
-1
=% —22% + n(nfz)xz + %x,
n n
1
= —x(1l—x).

by applying (5.16), (5.17) and (5.18). Then for § > 0 we obtain a Tchebychev
inequality

k: 2
62 ne krq _ o \n—k < v n ki1 _ o \n—k
Z pz” (1 — ) < Z T - Cra®(1 —x)
lz—E|>6 lz—E[>5

1
< —z(1—x).
< a1 - 1)
We are now ready to study the approximation. Since f is continuous on the
compact set [0, 1] it is also uniformly continuous. Furthermore, by Corollary 81
(page 105), f is bounded. Thus we have

n

f(@) = Bu(f ) = f(z) = Y "Ci f(E)ab(1 — )",

k=0
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=Y "Ci(f(z) - f(E)r(1 —a)"F,

and
f(z) = Bu(f,2)] < > "Ci|f(@) = f(E)|a*(1 — 2)" 7,
k=0
52121‘+'122
where
Ei= > "Cilf(z) = f(&)a*(1— )" F,
|e—E|>6
< 2| fllocb? (1 — )
— o n )
1 _
< 5 lfled ™,
and

Er= Y "Cilf(a) — f(5)ab(1 - 2)

lz—£|<§
<Y "Crwyp(d)zk(1— )",
k=0

= wf(d).

Let now € > 0. Then, using the uniform continuity of f, choose § > 0 so small
that wy(0) < e. Then, with § now fixed, select N so large that 55| f[|ls0 ™2 < Ze.
It follows that

sup |f(z) = Ba(fy )| < ¥n>N,
0<z<1
as required for uniform convergence of the Bernstein polynomials to f. |

This proof does not address the question of motivation. Where does the Bern-
stein polynomial come from? To answer this question, we need to assume that
the reader has a rudimentary knowledge of probability theory. Let X be a random
variable taking values in {0, 1}. Assume that it takes the value 1 with probability
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x and the value 0 with probability 1 —z. Now assume that we have n independent
random variables X7, ..., X,, all with the same distribution as X. Let

X X+t X,
n

Sn

Then it is an easy calculation to see that
P(S, = %) = "Cpa®(1 —2)"F
where P(F) stands for the probability of the event E. It follows that

E(f(Sn)) = Ba(f, )

where E(Y") stands for the expectation of the random variable Y. By the law of
averages, we should expect S, to “converge to” = as n converges to oo. Hence
B, (f,x) should converge to f(z) as n converges to co.

While the above argument is imprecise, it is possible to give a proof of the
Bernstein Approximation Theorem using the Law of Large Numbers.

5.6 Compactness and Uniform Convergence

There are also some applications of compactness to establish uniform conver-
gence.

PROPOSITION 87 (DINI'S THEOREM) Let X be a compact metric space and
suppose that (f,) is a sequence of real-valued continuous functions on X de-
creasing to 0. That is

fn(z) > fn+1(.17) VneN, Ve e X

and for each fixed x € X,
falz) "= 0.

Then (f,) converges to 0 uniformly.

Proof. Obviously f,(z) > 0forallm € Nand x € X. Let € > 0. Then for each
z € X there exists IV, such that

n> N, = fn(z) < 3€.

1
2
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Now for all z € X there exists ¢, > 0 such that
d(z,z) < ds = |fn. (2) = fa, (2)] < Ze

We can now write

X =] U(z,6,).

zeX

Applying the compactness of X there is a finite subset /' C X such that

X =|JU(=,6.).

zeF

Now let N = max,er N,. We will show that n > N implies that f,(z) < €
simultaneously for all z € X.

To verify this, let z € X. Then we find z € F such that d(z,z) < §,. It
follows from this that | fn, (2) — fn,(z)| < 3€. But, combining this with fx, (z) <
e we obtain fy, (z) < e. Finally, since the sequence ( f,(z)) is decreasing we have
fn(z) < eforalln > N. ]

5.7 Equivalence of Compactness and Sequential Compactness

We begin with a Theorem whose proof parallels the proof of the Heine—Borel
Theorem (page 103).

THEOREM 88  Every separable sequentially compact space is compact.
Proof. Let X be a separable sequentially compact metric space. We must show
that X is compact. By Proposition 74 it is enough to show that X is countably

compact. Thus, let V}, be open subsets of X for k € N. Suppose that UpenVi =
X . We will show that there exists a finite subset F' of N such that

U Vi = X. (5.19)

Suppose not. Then, for every k, the set F' = {1,2,...,k} fails to satisfy
(5.19). So, there is a point xy, € X with

k
v ¢ (Ve (5.20)
=1
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Now by sequential compactness, the sequence (zj) has a subsequence which
converges to some element x € X. By hypothesis, there exists m € N such
that x € V,,,. Since V,,, is open, some tail of the subsequence lies entirely inside
Vin. Therefore, there exists k € N with &k > m and z,, € V,,. This contradiction
with (5.20) establishes the result. |

DEFINITION A metric space X is said to be totally bounded iff for every e > 0
there exists a finite subset F' of X such that

U U, e =x. (5.21)

zeF

THEOREM 89  If X is a sequentially compact metric space, then X is totally
bounded.

Proof. Let e > 0 and suppose that (5.21) fails for every finite subset ' of X. We
will obtain a contradiction with the sequential compactness of X.

We define a sequence (z,,) inductively. Let 27 be any point of X. We observe
that X cannot be empty since then (5.21) holds with F' = (). Now assume that
Z1,..., %, have been defined. We choose x,1 such that

n
Tpp1 € X\ U U(zg,€).
k=1
Once again, it is the failure of (5.21), this time with F' = {z1,...,z,} which
guarantees the existence of Zp1.

Since X is sequentially compact, the sequence (x,) possesses a subsequence
convergent to some point = of X. Hence there exists NV such that zy € U(z,€).
Thus z € U(xn,¢€). Using the fact that U(xy, €) is open and hence a neighbour-
hood of z, and the convergence of the subsequence to z we see that there exists
n > N with z,, € U(zn, €). But this contradicts the definition of z,. n

An extension of this result will be needed later.

DEFINITION A subset Y of a metric space X is said to be totally bounded iff for
every € > 0 there exists a finite subset F' of Y such that

UU(y,e) Y.

yeF
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It is almost immediate from the definition that if Y is a totally bounded subset,
then so is cl(Y'). In essence this is because of the inclusion chain

UJUw.2¢)2 | Bly,e) 2 | JU(y,e) 2V

It follows from this that
U Uy, 2¢) 2 cl(Y).

yeF

The proof of the following result follows that of Theorem 89 so closely that we
leave the details to the reader.

THEOREM 90  Let Y be a subset of a metric space X. If cl(Y') is sequentially
compact, then'Y is a totally bounded subset of X

Another very easy result is the following.

PROPOSITION 91  Every totally bounded metric space is separable.

Sketch proof. ~ Choose a sequence (€,,) of strictly positive reals decreasing to
zero. For each n € N apply the total boundedness condition to obtain a finite
subset I, of X such that

U Uz, e,) = X.

IGFn

We leave the reader to show that

U

neN
is a countable dense subset of X. ]

We can now establish the converse to Proposition 75 (page 101).

COROLLARY 92 Every sequentially compact metric space is compact.

Proof. Thisisan immediate consequence of Theorem 88, Theorem 89 and Propo-
sition 91.
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5.8 Compactness and Completeness

PROPOSITION 93 A sequentially compact metric space is complete.

Proof. Let (z,) be a Cauchy sequence in a sequentially compact metric space X.
Then there is a subsequence (z,, ) converging to some element z € X. We use
the convergence of this subsequence and the Cauchy condition to establish the
convergence of the original sequence to x.

Let € > 0. Then, by the Cauchy condition, there exists N such that

p,g >N = d(zp, z4) < 3€.
By convergence of the subsequence we also have
k>K = d(Tn,, ) < 3€.
Let us choose k = max(N, K) + 1. Then taking ¢ = ny and using the triangle
inequality, we obtain

p>N = d(zp, ) <e.

as required to establish convergence. |

THEOREM 94 A complete totally bounded metric space is sequentially com-
pact.

Proof. This proof uses the famous diagonal subsequence argument. Let X be a
complete totally bounded metric space. Let (x) be a sequence in X. Let () be
a sequence of strictly positive reals decreasing to zero. For each k € N we apply
the total boundedness condition to obtain a finite subset F}, of X such that

U Uz, er) = X.

zEFy

We extract subsequences inductively.

Tnip Tnip Tnisz  Lnig
Tnzn  Tnpo  Tnogs  Lnoy

'I.n3,1 'I.n3,2 'I.n3,3 'I.n3,4

xnk,l mnk,z xnk,B mnk,4
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The first subsequence (y, ,) is a subsequence of (z,,) contained in a set U(s1, €;)
for some s; € Fj. This uses the fact that the sequence (z,) cannot meet all
such U(s1, €1) in a finite set. The same reasoning allows us to extract the second
subsequence (Zn, ) from (z,,,) so that (x,,,) is contained in a set U(sq, €2) for
some sg € Fy. We continue in this way.

We now consider the diagonal subsequence (x.,,) defined by

T = T -
k .k

The crucial observation is that, for each £, the tail sequence , , Ty, s Tmypos - - -
is itself a subsequence of @, |, Tn, s Tny 5> Ty ys - - - Thus, for each k& € N the tail
SeqUENCE Ty, , Ty sy s Ty ss - - - Lies in U(Sy, €;) and hence has diameter less than
2¢.. It follows immediately that (x,,, ) is a Cauchy sequence and hence convergent
in X. ]

5.9 Equicontinuous Sets

Throughout this section, K denotes a compact metric space. We denote by C(K)
the space of bounded real-valued continuous functions on K. All the proofs
presented here also work for complex valued functions. We consider C'(K) as a
normed space with the uniform norm. We have already observed that C'(K) is
complete with this norm — see the example following Proposition 50 (page 77).

DEFINITION  Let F C C(K). We say that F' is equicontinuous iff for all ¢ > 0,
there exists 6 > 0 such that

dg(z,y) <é6 = |f(z) = fly)l <e VfeF

It is more or less clear that a set F' is equicontinuous iff there is a “modulus
of continuity function” that works simultaneously for all functions in the set F'.
Explicitly we have the following Lemma, the proof of which is left as an exercise
to the reader.

LEMMA 95  Let FF C C(K). Then F is equicontinuous iff there is a function
w : [0, 00[ — [0, oo] satisfying w(0) = 0 and continuous at 0, such that

1f(z) — fly)] L w(dk(z,y)) Vo,y € K, Vf € F.

The key result of this section is the following.
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THEOREM 96 (ASCOLI-ARZELA THEOREM)  Let ' C C(K). Then the follow-
ing are equivalent statements.

e [ has compact closure in C'(K).

e [ is bounded in C(K) and F' is equicontinuous.

Proof. We assume first that F' has compact closure in C'(K). Then accord-
ing to Proposition 68 (page 96), F' is bounded in C(K). We show that F is
equicontinuous. Suppose not. Then there exists € > 0, two sequences (x,,) and
(yn) in K and a sequence (f,) in F such that (d(zn,y,)) converges to 0 and
| fa(zn) — fu(yn)| > €. Now using the hypothesis that F' has compact closure,
we see that (f,,) has a subsequence convergent in C'(K). We denote the limit
function by f. Then there exists n € N such that

1f = falloo < 3e.

It now follows that | f(25) — f(yn)| > %e, contradicting the uniform continuity of
f. The function f is uniformly continuous by virtue of Theorem 85 (page 108).

The real work of the proof is contained in the converse. Let us assume that
F' is bounded and equicontinuous. It suffices to show that F is totally bounded.
For then we will have that cl(F) is totally bounded (by a remark on page 114)
and complete, since C(K) is complete. It is then enough to apply Theorem 94
and Corollary 92 to deduce that cl(F’) is compact in C'(K).

Let € > 0. Then using the equicontinuity, we can find § > 0 such that

day) <8 feF =  |f@)-f@l<ie (522

Now using the total boundedness of K, we can find N € Nand zq,22,...25 €
K such that

U@, 0) = K. (5.23)

Since F'is bounded, the set

{(f(z1), f(z2),..., f(zN)); f € F}

is a bounded subset of RY and hence is totally bounded in RY by the Heine—
Borel Theorem and Theorem 90. Hence there exists M € N and functions
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fi, fo, ..., far in F such that for all f € F there exists m with 1 < m < M
such that

SUp | f(2n) = fin(a)| < Le. (5.24)

n=1

Combining now (5.22), (5.23) and (5.24) we have, for an arbitrary point x € K
and n chosen such that d(z, z,,) < 4,

[f(@) = fm(@)| < |f(2) = f@n)| + [f(@n) = fn(@n)| + [fm(2) = fin(2n)] <€

It follows that F is totally bounded in C'(K). |

5.10 The Stone—Weierstrass Theorem

One of the key approximation theorems in analysis is the Stone—Weierstrass The-
orem. Let K be a compact metric space and recall that the notation C'(K) stands
for the space of real-valued continuous functions on K. The space C'(K) is a
vector space under pointwise operations, a fact that we have already heavily used.
It is also a linear associative algebra — this means that C(K) is closed under
pointwise multiplication and that it satisfies the axioms for a ring.

DEFINITION A subset A C C(K) is said to be a subalgebra of C(K) if it is
closed under both the linear and multiplicative operations. Explicitly, this means

e f,zeA b eR=tfi+ttf €A
b f17f2€A:>f1'f2€A.
where the function combinations are defined by

(t1f1 -+ tzfz)(d?) = t1f1(217) + tzfz(.l?) Ve e K

and

(f1- f2)(z) = fi(z) f2(x) Vr € K.
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DEFINITION A subalgebra A of C(K) is said to be unital iff the constant func-
tion 1 which is identically equal to 1 belongs to A. A subalgebra A is said to
separating iff whenever x1 and x4 are two distinct points of K, there exists a
function f € A such that f(z1) # f(z2).

If A is both unital and separating, then whenever z; and x are two distinct
points of K and a; and ay are given real numbers, there exists f € A such that
f(z1) = a1 and f(22) = as.

THEOREM 97 (STONE—WEIERSTRASS THEOREM) Let K be a compact metric
space and suppose that A be a unital separating subalgebra of C(K). Then A is
dense in C(K) for the standard uniform metric on C(K).

Before we can prove this result, we need to develop some preliminary ideas.

LEMMA 98  If A is a unital separating subalgebra of C(K), then so is its uni-
form closure cl(A).

Proof. Obviously cl(A) is unital and separating because A C cl(A). It remains
to check that cl(A) is a subalgebra. This is routine. For instance, to show that
f g € cl(A) whenever f,g € cl(A4), we find a sequence (f,) in A converging
uniformly to f and a sequence (g,,) converging uniformly to g. Clearly

Hf'g_fn'gnH :”(f_fn)'g‘l'fn'(g_gn)n
<NCf = Fa) - gll + 1fn- (9= gn)l
= |lf = fallllgll + 1 fullllg = gnll

—0

so that (f,, - gn) converges uniformly to f - g. The proof that cl(A) is closed under
linear operations is similar. |

The upthrust of Lemma 98 is that the Stone—Weierstrass Theorem can be re-
formulated in the following way.

THEOREM 99  Let K be a compact metric space and suppose that A be a uni-
formly closed unital separating subalgebra of C(K'). Then A = C(K).
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LEMMA 100  Leta > 0. Then there exists a sequence (py,) of real polynomials
such that p,(x) — |z| uniformly on [—a, al.

This is a consequence of Theorem 86 after some elementary rescaling, but it
is also possible to give a proof a la main.

Proof. There are various pitfalls in designing a strategy for the proof. For in-
stance, taking the p,, to be the partial sums of a fixed power series is doomed to
failure. The proof has to be fairly subtle.

Without loss of generality one may take a = 1. Let us define the function

2 1o
—=4/Z 2 .
fn(x) \/;ne

The key facts about this function are that it is positive, that

/:: fo(z)dx =2

and that for large values of n, the graph of f,, has a “spike” near 0. Let €,, be a se-
quence of strictly positive numbers converging to 0. Let r,, be an even polynomial
such that

sup | fo(x) — ru(z)] < €.
—1<z<1

We can easily construct 7, by truncating the power series expansion of f,. If €, is
suitably small, r,, will have this same spiky behaviour. Following this philosophy,
we can expect the polynomial g,, given by

0ls) = [ malt)a 525
0
to approximate the “signum” function, and the second primitive p,,
po(@) = / gn(s)ds (5.26)
0

should approximate the “modulus” function. One can actually obtain p,, directly
from r,, by

() = /Oz(a: — t)7,(t)dt.

120



Clearly, from (5.25) and (5.26) p,, is an even polynomial function. Since both |z|
and p,(z) are even in z we need only estimate

sup |z — pa(z)]. (5.27)
0<z<1

Clearly

/Oz(a: —U)ra(t)dt — /Oz(a: - t)fn(t)dt' <e,

for all z € [0,1] so that it is enough to show that

sup
0<z<1

T — /Oz(az - t)fn(t)dt'

tends to zero as n tends to infinity. We have

| enwa- [ t)fn(t)dt'
< {Oiligla:/ fal(t dt} /Oootfn(t)dt5.28)

The second term in (5.28) is independent of z and tends to zero like + = S0 we
concentrate on the first term which, after making a change of variables in the

integral, can be rewritten
lﬁ
\/j sup .1: 2" dt (5.29)
T 0<z<1

But (5.29) also tends to 0 as n tends to oo since

sup
0<z<1

a:—/oz(a:—t)fn(t)dt' = sup

0<z<1

L
x/ooe_%tzdtg n 2f0 ¢ 3t dt 1f0<m<n ,
na f\/n ifn~ 2 <z <1
These estimates show that (5.27) tends to 0 as n tends to oo as required. |

LEMMA 101 Let A be a uniformly closed unital subalgebra of C(K). Let f,g €
A. Then the functions max(f, g) and min(f, g) are also in A.
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Proof.  Since we have the identities

max(f,g) =3(f +g9+1f—gl)

and
min(f,g) = 3(f +9—1f —gl)

it is enough to establish that if h € A then |h| € A. For then, takingh = f — ¢
the result follows. Since h is a continuous function defined on a compact space,
it is bounded and hence it takes values in [—a, a] for some a > 0. It now follows
from Lemma 100 that the sequence of functions (p, o h) converges uniformly to
|h|. Each function p,, o h isin A since A is a unital subalgebra of C'(K'). Hence,
since A is also uniformly closed it follows that |h| € A. |

Proof of the Stone—Weierstrass Theorem. — We start with a function f € C(K)
that we wish to approximate and a positive number € which is the allowed uniform
error. Let x be an arbitrary point of K which we fix for the moment. Now let y be
another arbitrary point of K which we allow to vary. Since A is both unital and
separating, we can find a function A, , € A such that

hz,y(aj) = f(m)

and
hay(y) = f(Y)

Since both f and h,, are continuous at y there is an open neighbourhood V;,,, of
y such that h,,(2) — f(2) < eforall z € V,,. Clearly we have for each fixed

K =] Vay,

yeK
and hence by the compactness of K, there exist m € Nand vy, ..., yn € K such
that .
K = Vay,-
k=1
It is worth pointing out that m and the points v, ...,y depend on z, but it

would be too cumbersome to express this fact notationally.

The function
m

= min h
g.’l‘ k—1 T, Yk
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is in cl(A) because of Lemma 101 and has the following properties

and

9:(2) < f(2) + ¢ Vz € K. (5.30)

We note that (5.30) holds since, for all z € K there exists k with 1 < k < m such
that z € V, 4, . We then have

92(2) < hgy, (2) < f(2) + e

Dependence on y has now been eliminated, and we now allow x to vary. Since
f and g, are continuous at z, there is an open neighbourhood U, of = such that

9e(2) > f(2) —¢  VzelU, (5.31)

Clearly we have

K=|]Ju,

zeK
and hence by the compactness of K, there exist £ € N and z1,...,z, € K such
that
¢
K=]Ju.,.
j=1

The function ,

g = MaxX Ja;
]:
isin cl(A) applying Lemma 101 again. We check that both the inequalities
f(z) —e<g(z) < f(z2) +e¢ VzeK

hold. The inequality on the right holds because of (5.30). For the inequality on
the left, let z € K. Then there exists j with 1 < j < /£ such that z € Uz,;. We
have, using (5.31)

9(2) > g5,(2) > f(2) — e

We have shown that cl(A) is dense in C(K) and hence we conclude that
cl(A) = C(K) as required. n
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ExAMPLE  Let K = [—1,1] and let A be the algebra of (restrictions of) poly-
nomial functions. Then A is clearly a unital separating subalgebra of C(K)
and is therefore (uniformly) dense in C'(K). Of course this example contains
Lemma 100 as a special case. u

ExampLE  Let K = [0,1] x [0,1] the unit square. If f and g are continuous
functions on [0, 1], we can make a new function on K by

(f®9)(st) = f(s) - g(t). (5.32)

It is easy to see that the set A of all finite sums of such functions is a unital
separating subalgebra of C'(K). In fact, as linear spaces, we have

A=C(]0,1]) ® C(]0,1])

the tensor product of C([0,1]) with itself. This is the reason for using the ®
notation in (5.32). The Stone—Weierstrass Theorem shows that A is dense in
C(K). There are many quite difficult problems associated with this example, for
instance it is true, but not immediately obvious that A is a proper subalgebra of
C(K). O

The Stone—Weierstrass Theorem allows a number of extensions. First of all,
there is an extension to complex-valued continuous functions.

THEOREM 102 Let K be a compact metric space and suppose that A be a
unital separating self-adjoint subalgebra of C'(K, C). Then A is dense in C'(K, C)

for the uniform metric.

Here, the condition that A is self-adjoint means that f € Awhenever f € A.
The function f is defined by

f(z) = f(2) Vz € K.

Proof. The key observation is that if f € A then Rf = $(f + f)isalsoin A. It
is now easy to see that

RA = {Rf; f € A} = ANC(K,R)

is a unital separating subalgebra of C'(K,R). Thus applying the standard Stone—
Weierstrass Theorem we see that RA is dense in C'(K,R). Since ®A C A the
result follows immediately. |
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EXAMPLE  Perhaps the most interesting application is to trigonometric polyno-
mials. Let T denote the quotient group R/277Z. Here we are viewing 277 as an
additive subgroup of R considered as an abelian group. We can think of T as the
reals modulo 27. Topologically, T is a circle, so it is called the circle group. In
particular, T is compact, if for instance it is given the metric

dr(t,$) = inf |2n7 +t — 5|
nezZ

for t,s € R and £, § denoting the corresponding points of T. A trigonometric
polynomial is a complex-valued function p on R given by a finite sum

N
p(t) = Z ane™ teR
n=—N

where a,, € C. The function p is 27-periodic when viewed as a function on R
and hence it may be considered as a function on T. It is straightforward to see
that the set A of all trigonometric polynomials is a unital self-adjoint separating
subalgebra of C'(T, C). It follows that A is dense in C(T, C). This result is very
important in the theory of Fourier series, although it is normally approached from
a rather different angle. 0

The second major extension of the Stone—Weierstrass Theorem involves one-
point compactifications . A complete treatment is outside the scope of these notes.
It is however possible to give the general idea.

Given a space such as R it is possible to add a point at infinity designated oo,
and define a new metric d on the resulting space. Consider the map f : R — R?
defined by

1—u? 2u
f(u) - (1—|—U2, 1—|—U2)

which actually maps into the unit circle S in R?. The only point of the unit circle
which is not in the image of f is the point (—1,0). We treat this point as if it were
f(00). We define

d(u,v) = ||f(u) = F()|
where || || is the standard Euclidean norm on R? and

d(00,v) = d(v,00) = [|(=1,0) — f(v)]|-

Together with the required d(co, co) = 0, this clearly defines a metric on RU{o0},
because it is really just the Euclidean distance on the unit circle. If we restrict the
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metric d to R we obtain a metric which is topologically equivalent to, but not
uniformly equivalent to the standard metric on R. Clearly, (R U {oc}, d) is a
compact metric space because the unit circle is a compact subset of R?. This
space is called the one-point compactification of R. Similar constructions lead to
one-point compactifications of many other spaces. For instance, the one-point
compactification of R" can be identified to the n-sphere S™ in R"*!. There is also

a very natural two-point compactification of R which can be denoted [—o0, o¢].

DEFINITION  Let f : R — R. We say that f possesses a limit a at infinity if
and only if for all € > 0, there exists A > 0 such that |f(x) — a| < € whenever
|x| > A. We also say that f vanishes at infinity if and only if f possesses the limit
0 at infinity.

The set of all continuous real-valued functions on R vanishing at infinity will
be denoted Cy(R). It is easy to see that Cp(R) is a uniformly closed subalgebra of
C(R). The following Proposition is left as an exercise.

PROPOSITION 103 A continuous function f : R — R extends to a continu-
ous function f : RU{oo} — R ifand only if f possesses a limit at infinity.

THEOREM 104  Let A be a separating subalgebra of Cy(R) that separates from
infinity. Explicitly, this last statement means that for all x € R there exists f € A
such that f(x) # 0. Then A is uniformly dense in Cy(R).

Proof. Let B denote the set {f + A1; f € A, A € R}, an algebra of continuous
functions on R which possess a limit at infinity. The set of lifts B = {G;9 € B}
is then a unital subalgebra of C(R U {oo}). The hypotheses on A guarantee that
B separates the points of R U {oo}. Thus by the Stone—Weierstrass Theorem, B
is uniformly dense in C(R U {oo}). It follows easily that A is uniformly dense in

Co (R) |

ExaMPLE  Thisexample is on [0, oo| rather than R. Let A consist of all functions
f 10,00 — R of the type

fla) = Zaje‘m (z>0)

where a; € R and A\; > 0. Such a function is clearly continuous and vanishes at
infinity. The set A is clearly a separating algebra of functions which also separates
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from infinity. Hence A is uniformly dense in Cy([0, oo[). This result can be used
to yield the Uniqueness Theorem for Laplace transforms. O

127



6

Connectedness

From the intuitive point of view, a metric space is connected if it is in one piece.

DEFINITION A splitting of a metric space X is a partition

X =X, UXy, 6.1)
0 =X NX,,

where X7 and X, are open subsets of X. The splitting (6.1) is said to be trivial
iff either X; = X and Xy = () or X; = () and Xy = X. A metric space X is
connected iff every splitting of X is trivial.

In a splitting, the subsets X7 and X3, being complements of each other, are
also closed.

PROPOSITION 105 Every closed interval [a, b] of R is connected.

Proof. 1fb < athen [a,b] = 0. If a = b then [a, b] is a singleton. In either case,
all partitions of [a, b], whether they are splittings or not, are trivial.
Let us suppose that a < b and that

[a, b] = X1 U Xg, (62)
@ - Xl N X27

is a splitting of [a, b]. We may assume without loss of generality that a € X, for
if not, it suffices to interchange the sets X; and X». Let us suppose that Xy # 0.

Then we define
c = inf X2 .
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We claim that a < ¢. Since X; is open, there exists € > 0 such that U(a, €) C
Xj. This means that [a,a + €] € X; or equivalently that Xy C [a+¢€,b]. It
follows that ¢ > a + €.

Exactly the same argument shows that if ¢ € X7 and ¢ < b then there exists
€ > 0 such that [¢, ¢+ €] € X;. But since by definition of ¢, we have [a, ¢[ C X7,
we conclude that [a, c + €[ C X; or equivalently Xy C [c + €, b] contradicting the
definition of ¢. On the other hand, if ¢ = b and ¢ € X, then X3 must be empty.

Hence, it must be the case that ¢ € X5. But then there exists € > 0 such that
le — €, ¢+ €] C X, which also contradicts the definition of c.

We are therefore forced to concluded that the supposition Xy # ) is false. It
follows that the splitting (6.2) is trivial. |

6.1 Connected Subsets

So far we have discussed connectedness for metric spaces. We now extend the
concept to subsets in the usual way.

DEFINITION  Let A be a subset of a metric space X. Then A is a connected

subset iff A is a connected metric space in the restriction metric inherited from
X.

When we disentangle this definition using Theorem 30 (page 41) we obtain
the following complicated Proposition.

PROPOSITION 106 Let X be a metric space and let A C X. Then the following
two conditions are equivalent.

e A is a connected subset of X .

e Whenever V; and V, are open subsets of X such that

ACWV UV, (6.3)
and

0=ANViNV;, (6.4)

then either A C V; or A C Vs,

We leave the proof of this Proposition to the reader.
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LEMMA 107  Let X be a metric space and suppose that A is a connected subset
of X. Then for every splitting

X =V1UW, (6.5)
0=Viny, (6.6)

of X we must have either A C V] or A C V.

Proof. It is immediate that (6.3) follows from (6.5) and (6.4) follows from (6.6).
The conclusion follows immediately from the connectivity of A. |

Another result we can obtain from Proposition 106 is the following.

PROPOSITION 108  Let A be a connected subset of a metric space X. Then
cl(A) is also connected.

Proof. 'We suppose that V7 and V5 are open subsets of X such that

cl(A) CVuvl, (6.7)
and

0=cl(A)NVinl

hold. Then a fortiori (6.3) and (6.4) also hold. Since A is connected, we deduce
that either A C V3 or A C V5. Let us suppose that A C V; without loss of
generality. We claim that

cl(A) NV, = 0. (6.8)

We establish the claim by contradiction. If z € cl(A) N V5, then we can find a
sequence (z;) in A converging to z. Since V3 is open and x € Vs, for j large
enough, we will have

z; e ANV, CANVINTV, =0,

a contradiction. The claim is established. But now by (6.7) and (6.8) we find that
cl(A) C V;. Similarly, supposing that A C V5 will lead to cl(A) C Va. n
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6.2 Connectivity of the Real Line

PROPOSITION 109  Every interval in R is connected.

Proof. Let I be an interval of R. We view I as a metric space in its own right
and show that it is connected. Suppose not. Then there is a non-trivial splitting
of I. Let a,b € I be points of I on different sides of the splitting. Without loss
of generality we may suppose that a < b. But, by Proposition 105 (page 128) the
closed interval [a, b] is a connected subset of I containing both a and b. Hence, by
Lemma 107 a and b must lie on the same side of any splitting — a contradiction.m

The converse is also true.

THEOREM 110  Every non-empty connected subset of R is an interval.

Proof. Let I be a connected subset of R. Let a = inf ] and b = sup I with the
understanding that a = —oo if I is unbounded below and b = oo if I is un-
bounded above. It is the order completeness axiom that guarantees the existence
of a and b. We claim that Ja,b] C I. For if not, there exists ¢ ¢ I satisfying
a < c<b Butthentaking X =R, A=1,V; =] —o00,c[and V5 = ]¢,00] in
Proposition 106 (page 129) shows that I is not connected. If a € R then a may
or may not be in I. If b € R then b may or may not be in I. But in any event, [ is
an interval. |

6.3 Connected Components

THEOREM 111  Let X be a metric space. Let A and B be connected subsets of
X with AN B # (). Then AU B is connected.

Proof. Let V4 and V3 are open subsets of X such that
AUBCViUV,
and
0 =(AUB)NVi NV, (6.9)

then we must show that either AUB C Vi or AU B C V,. It is clear from
Lemma 107 and the fact that A is connected that either A C V; or A C V5.
Similarly, since B is connected, either B C V; or B C V5. There are then 4
possibilities.
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e ACViand B C V5.
e ACViand B C Vj.
e ACVyand B C V5.
e AC Vyand B C Vs,

We show that the second and third cases are impossible. Suppose for instance
that the second case holds. Let z € AN B. Thenz € V; and « € V5. From this
it follows that z € (AU B) N V; NV, which contradicts (6.9). The third case is
impossible by similar reasoning. It follows that either the first case holds, so that
AU B C Vi, or the fourth case holdsand AU B C V5. [

The next step is to discuss whether two points can be separated one from the
other in a metric space. This turns out to be a key notion.

DEFINITION  Two elements 1 and x2 of a metric space X are connected through
X iff there is a connected subset C' of X such that x1, xo € C. In this circumstance
we will write z; ")\{41'2.

THEOREM 112 The relation > is an equivalence relation on X .

Proof. The symmetry condition is obvious because the definition of the relation
is symmetric in x; and z,. For the reflexivity, it suffices to take C' = {z} if
1 = x2 = x. All the work is in establishing the transitivity. Let z, 22, x5 € X
and suppose that x1~z5 and zo~x3. Then by definition, there exist connected
subsets A and B of "X such that x1,x2 € Aand xy,23 € B. Clearly, x5 €
AN B. An application of Theorem 111 shows that AU B is connected. Of course,
1,73 € AU B so that T17T3. [

DEFINITION  Let X be a metric space. The equivalence classes of the relation
T are called components . For an element x € X, the component of x means the
equivalence class containing x. In an obvious way, the components of X are the
maximal connected subsets of X.

The following is an immediate consequence of Proposition 108.

PROPOSITION 113 Let X be a metric space and let C' be a component of X.
Then C'is closed in X.

This is a good opportunity to prove the following Proposition.
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PROPOSITION 114 Every open subset of R is a countable disjoint union of
open intervals.

Proof. Let V be an open subset of R. We consider V' as a metric space in its own
right. We can write V' as a disjoint union of its components. Let U be a typical
component of V. Then by the previous result, U is an interval. We claim that U
is open. Let x € U. Then x € V and, since V is open in R, there exists € > 0
suchthat]z — e,z + €[ C V. But |z — €,z + €[ is a connected set and hence must
lie in the same component as x. This shows that |x — €,z + €[ C U. Hence U
is open. Finally, since each open interval must contain a rational number, select
in each component a rational. Since Q is countably infinite, it is clear that the
number of components of V' is countable. |

How can we recognize components? In general it is not always easy. The
following Lemma is sometimes useful.

LEMMA 115  Let C' be a nonempty subset of a metric space X which is simul-
taneously open, closed and connected. Then C'is a component of X .

Proof. Let C be a nonempty connected open closed subset of X. Let Y be the
component of X containing C'. Then, since X = C'U (X \ C) is a splitting of
X and Y is connected we find that either Y C C or Y C X \ C). Since C'is
nonempty, and C' C Y the second alternative is not possible. Hence C' =Y and
C'is a component. ]

EXAMPLE  Consider the subset X = {0} U{2;n € N} of R. Clearly each of the
singletons {2} is relatively open and relatively closed in X and also connected.
Hence each set {2} is a component of X. When these are removed from X we
are left just with {0} which is clearly connected. Hence {0} is also a component.
O

EXAMPLE A variation on the preceding example is

x=r
=0
where Iy = [—1,0] and I; = [ﬁ,%] for j € N. Each of the intervals I;

with 7 € N is open, closed and connected in X and hence a component. The
remaining set Iy is clearly connected and hence it too must be a component. O
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Figure 6.1: Example of distinct components that cannot be split.

EXAMPLE InR%let a = (—1,0), b = (1,0). Let I, be the closed line segment
joining (—1,27%) to (1,27%). Finally, let

A={a,b}u (| I

The components of A are {a}, {b} and I for £ € N. What are the splittings
of A? Suppose that one of the splitting sets A; contains a. Then, since A; is
open (in A), it also contains a tail of the sequence (—1,27%). But, since each I}, is
connected, it also contains a tail of the I} and in particular a tail of the sequence
(1,27%). Finally, since A; is closed (in A), b € A;. It is now not difficult to see
that

Ay = U I,
keF

and

A=A\ A,

where F' is some finite subset of N. Certainly, the points a and b lie on the same
side of every splitting, despite the fact that {a} and {b} are distinct components.
This shows that the converse of Lemma 107 is false. The subset {a} U {b} of A
lies on the same side of every splitting of A, but is not a connected subset of A. O
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EXAMPLE  Let E be the Cantor set in R (page 20). The components of the
Cantor set are all singletons. Let a and b be distinct points of the Cantor set.
Suppose without loss of generality that a < b. Let e = b —a > 0. Now select
n such that 3™ < 1

3€. The intervals of E,, have length 37" so clearly, a and
b must belong to different constituent subintervals of E,. Thus we may select

¢ ¢ E, with a < ¢ < b. Now apply Proposition 106 with V; = | — o0, ¢[ and
Vo = Je,00[. Since a € V; and b € V; it follows that there can be no connected
subset of E that contains both a and b. O

DEFINITION A metric space is said to be totally disconnected iff every compo-
nent is a singleton.

6.4 Compactness and Connectedness
There is a subtle interplay between compactness and connectedness.

PROPOSITION 116 Let K be a compact metric space and let C' be a component
in K. Let V be the collection of all simultaneously open and closed subsets of K
containing C'. Then

c=(Vv

Vey

Proof. Let us define D = Ny¢pV. We will show that D is a connected subset of
K. Certainly D is a closed subset of K because it is an intersection of closed sets.
If it is not connected we can write

D = D; U D, ) = D1 N Dy (6.10)

where D; and D, are non-empty subsets of D simultaneously open and closed in
D. Since D is closed in K and D) is closed in D it follows that D; is closed in K
for j = 1,2. Since D; and D, are also disjoint, it is therefore possible to separate
them with sets U; and U, open in K (see Corollary 59). We have

Ulﬂng(Z) and ngUj,jzl,Q.
Then

K\ (U, UU,) C K\ (Dy UD,)

135



= K\D
= J&x\V)
vey

Since K \ (Uy U Uy) is a closed subset of K it is compact and hence we can find
a finite subset F C V such that

K\ (hul) < K \V). (6.11)
VeF
Let us define
W:(]V
VeF

A moment’s thought convinces us that W € V. We can restate (6.11) as W C
Uy UU,. Clearly WNU; = W N (K \ Us) is the intersection of two closed sets
and hence closed (as well as open). Similarly, W N Us is simultaneously open and
closed. Thus the three sets W NU;, WNUy and K\ W form a three way splitting
of K. Since C'is connected it lies entirely in one of the sets of the splitting. Since
C C W we can assume without loss of generality that C' C W N U;. But then
W NU; € Vand it follows that D C U;. It follows that in the splitting (6.10),
Dy = (). The contradiction shows that D is connected. Finally by the maximality
of C' among connected subsets of K we see that D = C. |

6.5 Preservation of Connectedness by Continuous Mappings

One of the most important properties of connectedness is that it is preserved by
continuous mappings.

THEOREM 117  Let X and Y be metric spaces. Suppose that X is connected.
Let f : X — Y be a continuous surjection. Then 'Y is also connected.

Proof. Let
Y =Y, UY,,
0 =YiNYs,
be a splitting of Y. Then it is easy to see that
X=[TM)Uf (),
0=/f"(v)nf(Ya),
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is a splitting of X. But since X is connected, the second splitting must be trivial.
It follows that the first splitting is also trivial. |

COROLLARY 118  Let X and Y be metric spaces and let f : X — Y be a
continuous mapping. Let A be a connected subset of X. Then the direct image
f(A) is a connected subset of Y.

COROLLARY 119 (INTERMEDIATE VALUE THEOREM) Let f : [a,b] — R be
a continuous mapping. Let x be between f(a) and f(b). Then z € f([a,b]).

Proof. Let us suppose without loss of generality that f(a) < f(b). Then the
statement that x is between f(a) and f(b) implies that f(a) < z < f(b). By
the previous Corollary, f([a,b]) is a connected subset of R. By Theorem 110
(page 131), f([a,b]) is an interval. Since this set contains f(a) and f(b), it also
must contain the interval [f(a), f(b)]. It follows that z is in the direct image of f.
u

The following definition is long overdue.

DEFINITION A metric space X is discrete iff every subset of X is open. A
subset A of a metric space X is discrete iff it is discrete as a metric space with the
restriction metric.

Because of Theorem 5 a metric space is discrete iff its singletons are open.

EXAMPLE  The subset Z is a discrete subset of R. Indeed, given n € Z we have
{n} =ZN]n — 1,n+ ;[ showing that {n} is open in Z. ]

Obviously a discrete metric space is totally disconnected. The Cantor set is
a space that is totally disconnected but not discrete. The following Proposition
involves an important technique.

PROPOSITION 120  Let X be a connected metric space. Let Y be a discrete
metric space. Let f : X — Y be a continuous mapping. Then f is a constant

mapping.

Proof. By Theorem 117, the direct image f(X) is connected and hence con-
tained in a single component of Y. But the only components of Y are singletons.
Hence f is a constant mapping. [
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It will be noted that the same conclusion would hold if Y we replace the hy-
pothesis Y discrete by Y totally disconnected. However this extension is seldom
used in practice.

6.6 Path Connectedness

There is a strong form of connectedness called path connectedness which is some-
times useful.

DEFINITION A metric space X is path connected if for every pair of points
%o, 21 € X there is a path from x to x1. Such a path is a continuous mapping
f:[0,1] — X such that f(0) = z¢ and f(1) = ;.

THEOREM 121  Every path connected space is connected.

Proof. Let X be a path connected metric space. We show that X has but one
component. Let zg,x1 € X, we will show that zy and z; lie in the same com-
ponent of X. Let f be a path joining xg to ;. Then, by Theorem 117, the
underlying set f([0, 1]) of the path is a connected set to which both z and x;
belong. Thus z( and z; belong to the same component of X. |

We leave the following Lemma as an exercise for the reader. It is an easy
application of the Glueing Theorem (page 43).

LEMMA 122 Let X be a metric space and let xy,z1,22 € X. Suppose that
there is a path joining x¢ and x1. Suppose that there is a path joining x, and x,.
Then there is a path joining xy and 5.

THEOREM 123 Let V be a connected open subset of RY. Then V is path con-
nected.

Proof. 1fV is empty, there is nothing to show. Let zy € V. Then, by Lemma 122,
it is enough to show that for every z € V there is a path in V joining z, to .
Let W be the set of all such points . Then by considering the constant path with
value xo we see that zg € W.
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Claim: W isopenin V. let z; € W. Then, since V is open, there exists € > 0
such that U(z1,¢) € V. In particular, for every point x of U(zy,¢€) the line
segment joining z; to x lies in V. The function g : [0,1] — V given by

gt)=(1—-t)x1+tz  Vte|0,]1]

is a path from z; to x lying entirely in V. But, since ;1 € W there is a path in V/
from xg to z1 so by another application of Lemma 122, there is a path in V' from
xo to z. Hence U(z1,€) C W. Thus W is open in V.
Claim: W is closed in V' Let z; € V' \ W. Then, repeating the previous argu-
ment, there exists € > 0 such that U(zy,€) C V and furthermore for every point
x of U(zy,¢€) there is a path from z; to = lying entirely in V. It again follows
from Lemma 122 that if x € W then x; € W. But 1 ¢ W, so it follows that
U(z1,e) CV \W. Hence V\ Wisopenin V. It follows that W is closed in V.
Since V' is connected and W is a non-empty open closed subset of V" it follows
that W =1V. |

We remark that the proof actually shows that V' is connected then any two
points g and x of V' can be joined by a path consisting of finitely many line
segments — that is a piecewise linear path. Also, there is nothing special about
R? here, the same proof would work in any real normed vector space.

EXAMPLE A standard example of a space that is connected but not path con-
nected is the subset A =Y U S of R? where Y is the line segment

Y ={(0y)-1<y<1}
lying in the y-axis and S is the union of the following line segments.
e From (27", —1)to (27", 1) forn € Z™.
e From (27" —1) to (27, —1) forn € Z*, n even.
e From (27" 1) t0 (27,1) for n € Z*, n odd.

The sets Y and S are shown on the left in Figure 6.2. It is clear that both
Y and S are path connected and hence connected. Thus, the only possible non-
trivial splitting of A is A = Y U.S (or its reversal) and it is easy to see that .S is not
closed in A since for example the sequence of points ((27",0)) of S converges to
the point (0,0) of Y. It follows that A is connected.
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Figure 6.2: A connected space that is not path connected (left) and a horizontal
swath cut through the same space (right).

To see that A is not path connected is harder. We first study the connectivity
of the intersection of A with a narrow horizontal strip. Let a < b and suppose
that [—1, 1] is not contained in [a, b]. Let H be the horizontal strip

H = {(z,y);a <y < b}.

In case a = 0, b = 1 the set AN H is shown on the right in Figure 6.2. We leave
the reader to show that Y N H is a component in A N H. The method is similar
to that used in the two examples following Lemma 115.

Let now f : [0,1] — A be a path from (0, 0) to (1, 0) lying in A. Define

t= inf s.
f(s)es
Informally, ¢ is the first time that the path jumps from Y to S. If t = 0 then
f(t) € Y. On the other hand, if t > 0 then f(s) € Y for 0 < s < tand it
follows by continuity of f and the fact that Y is closed that f(t) € Y. Since f is
continuous at ¢ there exists 6 > 0 such that

s—tl<é = d(f(s),f(t) <

N =

140



Thus taking 7 to be the y-coordinate of f(t) and setting a = n — % and b =n+ %
we see that the restriction of f to [t — d,¢+ §] is a continuous mapping taking
values in AN H. Butsince f(t) € Y N H and Y N H is a component of AN H
we see that f(s) € YN H forall sin [t — §,t + 6]. This contradicts the definition
of t. 0

6.7 Separation Theorem for Convex Sets

In this section we tackle the Separation Theorem for Convex Sets stated on
page 63. At first glance, there does not seem to be much of a connection be-
tween this topic and connectedness. To show the hidden connection we start
with the following proposition.

PROPOSITION 124 Let C be an open convex subset of V' a finite dimensional
real normed vector space of dimension at least 2. Suppose that 0y ¢ C. Then

there exists a line L through Oy (that is a one-dimensional linear subspace L of
V) such that LN C = (.

Before tackling the proof we need the following Lemma.

LEMMA 125  Let V be a real normed vector space of dimension at least 2 and
let S = {v;v € V,||v|| = 1} be its unit ball. Then S is a connected subset of V.

Proof. Letwvg,v; € S. Then consider
v(t) = ||(1 = t)vo + tor || 7H((1 — t)vo + tvy)

for 0 <t < 1. If the vector (1 — t)vg + tv; is non-zero for all ¢ € [0, 1] then
t — v(t) is a continuous path from vy to v; lying in S. On the other hand, if
(1 —t)vg + tvy = Oy, then (1 — t)vg = —tvy, and taking the norm of both sides
leads to (1 —t) =t so thatt = % and it follows that v; = —wvg. Thus, either there
is a continuous path in joining vy to vy or vy and v; are antipodal points of S.
Now suppose that vy, v; and v, are three distinct points of S. Then at most
one of the pairs {vg,v1}, {v1,v2} and {ve,vp} is antipodal and it follows that
we can connect vy and v; by a continuous path in S either directly, or by using
Lemma 122. Finally it is easy to see that if dim(V') > 2 then S possesses at least
3 distinct points and the proof is complete. Of course, in case dim(V') = 1, then
S is a 2 point disconnected set. |
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Proof of Proposition 124.  We define the following subset A of S.
A ={u;u € S,3t > 0such that tu € C'}.

Letu € A, and let t > 0 be such that tu € C. Since C'is open in V' there exists
s > 0 such that U(tu,s) C C. Now let v € S be such that ||v —u|| < st~!. Then
clearly ||tv — tu|| < s, so that tv € C and v € A. We have just shown that A is
relatively open in .S.
Now define
B ={u;ue S, —uec A}

Then B is relatively open in S since A is. Also AN B = () since if there exist
t1 > 0 and ty < 0 such that tyu, tou € C then it follows from the convexity of C
that Oy € C which is contrary to hypothesis.

If C is empty then the result is obvious. Hence we may assume that C' # ()
and it follows that both A and B are nonempty. The scenario S = AU B is now
ruled out by the connectivity of S. Hence there exists u € S\ (AU B), and the
line L through Oy and u does not meet C. The point tu is not in C' since

o ud Aift >0,
e u¢ Bift <0,
o tu=0y ¢ Cift=0.

DEFINITION  Let X and Y be metric spaces and let ¢ : X — Y. Then ¢ is

an open mapping iff the direct image ¢(€2) is an open subset of Y for every open
subset 2 of X.

Proof of Theorem 43.  Without loss of generality, we may suppose that v = Oy .
For this it suffices to apply a translation.

The proof is by induction on the dimension of V. If V' is one-dimensional
then the result is obvious, since an open convex set in R is just an open interval.
Thus, we may suppose that n > 2, that the result is proved for vector spaces of
dimension n — 1 and establish it in case dim(V') = n. Since n > 2 we can apply
Proposition 124 to find a one-dimensional subspace L of V' that does not meet
C'. Consider now the quotient vector space @) = V/L and let 7 be the canonical
projection 7 : V. — Q.
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The direct image 7(C') is clearly a convex subset of Q). To see this, let g1, ¢2 €
7(C). Then we can find lifts v1, vy € C such that 7(v;) = g;forj = 1,2. Letty, ¢y
be nonnegative real numbers such that ¢;+¢2 = 1. Then, by the convexity of C' we
find that t1v1 + tove € C and it follows that t1¢1 + taga = 7(t1v1 +tavs) € w(C).

We next claim that 7(C') is an open subset of Q. In fact, 7 is an open mapping.
Let 2 be an arbitrary open subset of V and let ¢o € 7(€2). Then, there exist vg € V'
such that vy € Q and 7(vp) = qo. Since Q2 is open in V, there exists ¢ > 0 such
that U(vg,t) C Q. Now, let ¢ € U(qo,t). Since ||¢ — qo|lo < t, and by the
definition of the quotient norm (page 68), there exist w € V' such that ||w]||y <t
and m(w) = ¢ — go. It now follows that v = vy +w € Q and that 7(v) = ¢. Thus
we have shown that U(qo,t) C 7(2). Since o was an arbitrary point of 7(£2), it
follows that 7(£2) is open in Q.

Finally, since 0g ¢ 7(C) (because L N C' = ()), we can apply the inductive
hypothesis to obtain the existence of a linear form ¢ on @ such that

p(q) <p(0g) =0 Vg en(C).
It follows immediately that
pom(v) <0=¢pom(Oy) Vv e C.

Since ¢ o 7 is a linear form on V/, this completes the inductive step. ]
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The Differential

In a single variable, differential calculus is seen as the study of limits of quotients

of the type
f(w) = f(vo)
v—v9
In several variables this approach no longer works. We need to view the derivative
at vg as a linear map df,, such that we have

f(v) = f(vo) + dfy, (v — vg) + error term.

Here, the quantity f(v) has been written as the sum of three terms. The term
f(vo) is the constant term. It does not depend on v. The second term df,, (v —v)
is a linear function df,, of v — vy. Finally the third term is the error term. The
linear map df,, is called the differential of f at vy. Sometimes we collect together
the first and second terms as an affine function of v. A function is affine if and
only if it is a constant function plus a linear function. This then is the key idea
of differential calculus. We attempt to approximate a given function f at a given
point vy by an affine function within an admissible error. Which functions are
admissible errors for this purpose? We answer this question in the next section.

There are two settings that we can use to describe the theory. We start out us-
ing abstract real normed vector spaces. However as soon as one is faced with real
problems in finitely many dimensions one is going to introduce coordinates —
i.e. one selects bases in the vector spaces and works with the coordinate vectors.
This leads to the second concrete setting which interprets differentials by Jacobian
matrices.
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7.1 The Little “0” of the Norm Class
Let V and W be real normed vector spaces.

DEFINITION  Let Q2 C V be an open set and let vg € ). Then a function
¢ : Q — W isin the class Eqy, called little “0” of the norm at v iff foralle > 0
there exists 0 > 0 such that

le()]] < €flv — ol
for allv € Q with ||v — vg|| < 4.

It is clear from the definition that if ¢ € £q,, then ¢(vg) = 0.

If we replace the norms on V' and W by equivalent norms then it is clear that
the class of functions &g ., does not change. This has an important corollary in
the finite dimensional case. Since all norms on a finite dimensional real vector
space are equivalent (see Corollary 84 on page 106), we see that if V' and W are
finite dimensional then the class £q ,, is completely independent of the norms
on V and W. In other words, the class £q 4, is an invariant of the linear space
structure of V and W.

The following Lemma is very important for the definition of the differential.
It tells us that we can distinguish between a linear function of v — vy and an
admissible error function.

LEMMA 126  Let 2 C V be an open set and let vy € 2. Let ¢ : Q@ — W be
given by
o(v) = AMv — vg) Yv e Q2

where A : V. — W is a linear mapping. Suppose that ¢ € £q ,. Then p(v) =0
forallv € Q.

Proof. Letu € V. Then for all e > 0 we have

le(vo + tu)l| < ef|tull

for all values of ¢ such that |t| is small enough. Using the specific form of ¢ we

obtain
[A(tw) || < el|tul].

Using the linearity and the definition of the norm, this leads to

[EHIACu) ]| < eft]]ull

145



Choosing now ¢ small and non-zero, we find that
A < €llul].

Since this is true for all € > 0 we have A(u) = 0. But this holds for all w € V" and
the result follows. =

The next Proposition is routine and will be used heavily in these notes.

PROPOSITION 127  Let 2 C V be an open set and let vy € §2. Then Eqy, Is a
vector space under pointwise addition and scalar multiplication.

We leave the proof to the reader.

7.2 The Differential

In this section, U, V and W are real normed vector spaces.

DEFINITION  Let Q2 C V be an open set and let vg € ). Then a function
f Q@ — W is differentiable at v, with differential df,,, (a continuous linear
map from V' to W) iff there exists a function ¢ : 0 — W in the class Eq.,, such
that

f(v) = f(vo) + dfu, (v — v9) + (v) Yo € Q. (7.1

In this situation, the quantity df,, is called the differential of f at vy. Notice
that we insist that df,,, is a continuous linear map. At this point that does not seem
very important, but it would be impossible to progress much further without
that important assumption. Of course, in the finite dimensional setting, all linear
functions are continuous and this additional condition is irrelevant.

It should be pointed out that in classical variational calculus (which embraces
the infinite dimensional setting) the function df,, is also called the first variation.

The modern approach is to subsume variational calculus into the mainstream
subject.

It is an immediate consequence of Lemma 126 that if the derivative df,, exists
then it is unique.
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ExXAMPLE  If f is a continuous linear mapping from V to W, then it is every-
where differentiable and its derivative is given by

dfv, (v) = f(0).
The error term is zero. =
EXAMPLE  If v is a bilinear mapping o : R* @ R® — R*, then we have
a(z,y) = alzo + (z — 20), Yo + (¥ — o))
= a(xo, yo) + a(zo, y — yo) + a(x — o, Yo) + (x — T0, Yy — YoJ7.2)

The first term in (7.2) is the constant term, the second and third terms are linear.
The last term is little “0” of the norm since

lee(z = 0,y = o) | < llellopllz = zolllly = wol-

Here || ||op stands for the bilinear operator norm. ]

PROPOSITION 128  Let 2 C V be an open set and let f : @ — W be a
function differentiable at vy € ). Then f is Lipschitz at vy in the sense that there
exists 6 > 0 and 0 < C < oo such that

1f(v) = fvo)ll < Cllv = woll

whenever v € QN U(vg, d). In particular, f is continuous at vy.

Proof. Using the notation of (7.1), we have
1dfuo (v = vo) | < lldfuolopllv — voll (7.3)
and for e = 1, there exists § > 0 such that
lp@)Il < llv = vol- (7.4)
forv e QN U(vg,d). Combining (7.3) and (7.4) with (7.1) we find
1f(v) = fo)ll < (ldfus llop + Do — wol

forv e QN U(vg,d) as required. n

Proposition 128 has a partial converse.
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PROPOSITION 129  Let 2 C V be an open set and let f : @ — W be a
function differentiable at vy € 2. Suppose that there exists § > 0 and 0 < C' < oo
such that

1 () = fvo)ll < Cllv — v
whenever v € QN U(vg,d). Then ||dfy,|lop < C.

Proof. We write
f(v) = f(vo) + dfu, (v — v0) + p(v — vo)
where ¢ € Eq,,. Let € > 0. The, there exists d; with 0 < d; < ¢ such that
v €D [v—wlv < = [le(v—vo)llw < ellv—vollv
and consequently, for v € Q with ||v — vo||y < d1 we find
[dfu (v = vo)[lw < (€' + €)[[v — vollv.

Since v—vy is free to roam in a ball centered at Oy, it follows that ||dfy, [|op < C+e.
Finally, since € is an arbitrary positive number, we have the desired conclusion. m

The following technical Lemma will be needed for the Chain Rule.

LEMMA 130  Let Q C V be an open set, A an open subset of W, and let
f € — A be a function Lipschitz at vg € §2. Let v : A — U be in E f(vy)-
Then the composed function ¥ o f isin Eq 4, .

Proof. There exists §; > 0 and 0 < C' < oo such that
[f(v) = fvo)|| < Cllv —wo (7.5)

whenever v € QN U(vg, d1). Let € > 0. Define ¢; = C~te > 0. Then since 9 is
little “0” of the norm, there exists d; > 0 such that we have

[ (w)]l < eflw = f(wo)

provided w € A and ||w — f(vo)|| < d2. Now define § = min(d;,C~1d3) > 0.
Then, using (7.5), v € Q and ||[v — vg|| < § together imply that || f(v) — f(vo)|| <
09 and hence also

[ ()] < ellf(v) = fluo)ll < Cerllv — v

Since € = Ceq, this completes the proof. ]
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THEOREM 131 (THE CHAIN RULE) Let 2 C V be an open set, A an open
subset of W, let f : Q@ — A be a function differentiable at vy € Q) and let
g : A — U be differentiable at f(vo). Then the composed function g o f is
differentiable at vy and

d(g © f)vo = dgf(vo) © dva'

Proof. We use the differentiability hypotheses to write
fw) = f(vo) + dfu,(v —vo) + p(v)  VveEQ (7.6)

and

g(w) = g(f(vo)) + dgswy)(w — f(vo)) +P(w)  YweA (7.7
where ¢ : 0 — W is in the class £q,y, and ¢ : A — U is in the class Ea f(y,)-
Combining (7.6) and (7.7) yields

9(f(v)) = g(f(v0)) + dgs o) (dfue (v = v0) + ¢ (v)) +9(f(v))  Voel.

Using the linearity of dgy(,,) we can rewrite this in the form

go f(v) =go f(vo) + (dgs(wp) © dfuy) (v — Vo) + dgswy) (P(v)) + P (f(v)),(7.8)

for all v € €. The first term on the right of (7.8) is constant and the second
term is continuous linear because it is the composition of two continuous linear
functions. Since £q 4, isa vector space, it suffices to show that the third and fourth
terms on the right of (7.8) are in £ ,,,. For dgs(vy)(¢(v)) this is a consequence of
the continuity of dgy(v,), and for ¢(f(v)) it is a consequence of Lemma 130. m

There is no product rule as such in the multivariable calculus, because it is not
clear which product one should take.

EXAMPLE  For the most general case of the product rule, a is a bilinear mapping
a:R*x R® — R*. Let now Q be openin V and let zg € Q. Let f and g be
mappings from (2 into R® and R respectively differentiable at 2. Then let

hz) = a(f(z),9(x)) Vel

Applying the chain rule and using the derivative of a found earlier, we find that h
is differentiable at x( and the derivative is given by

dhegv = a(f(0), dguev) + a(dfayv, g(20))-
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7.3 Derivatives, Differentials and Directional Derivatives

We have already seen how to define the derivative of a vector valued function on
page 36. How does this definition square with the concept of differential given in
the last chapter? Let V' be a general normed vector space, g : |a,b[ — V and
t a point of |a, b[. Then, it follows directly from the definitions of derivative and
differential that the existence of one of f'(t) and df; implies the existence of the
other, and

dfy(1) = f'(t).
This formula reconciles the fundamental difference between f'(t) and df;, namely

that f'(t) is a vector and df; is a linear transformation. In effect, the existence of
the limit

f/(t) =lim(s — )} (f(s) - f(t))

as an element of V, is the same as showing that the quantity

f(s) = (f(t) + (s = ) f'(1))

is little “0” of s —t. Thus, dfi(s —t) = (s —t) f'(t) or equivalently df;(1) = f'(¢).

For a one-dimensional domain, the concepts of derivative and differential are
closely related. We can attempt to understand the case in which the domain is
multidimensional by restricting the function to lines. Let us suppose that {2 be an
open subset of a normed vector space U and that ug € ,u; € U. We can then
define a function g : R — U by g(t) = ug + tu;. The function g parametrizes
a line through wg. We think of u; as the direction vector , but this term is a
misnomer because the magnitude of u; will play a role. For |t| small enough,
g(t) € Q. Hence, if f : & — V is a differentiable function, the composition
f o g will be differentiable in some neighbourhood of 0 and

(f o g),(O) = d(f o g)O(l) = dfuodgo(l) = dfuogl(o) = dfuo(ul)- (7.9

since both g and f o g are defined on a one-dimensional space. Equation (7.9)
allows us to understand what df,,, (u1) means, but unfortunately it cannot be used
to define the differential.

DEFINITION  The directional derivative D.,,, f(ug) of the function f at the point
ug in the direction uy is defined as the value of (f o g)'(0) if this exists. In symbols

Du, f(uo) = lim ™4 (f (uo + su1) — f(uo)). (7.10)
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Clearly, in case f is differentiable, we can combine (7.9) and (7.10) to obtain

dfuo (ul) = Dulf(uo) (711)

EXAMPLE  Consider the function f : R? — R defined by

_ [ # if(xy) #(0,0),
f(z,y) = {o if (z,y) = (0,0).

It is easy to check that f is linear on every line passing through the origin (0, 0).
Hence the directional derivative D¢, f(0,0) exists for every direction vector
(£,m) € R?. In fact, it comes as no surprise that

(5 tlen) £ 0.0,
Digm(0,0) = {8 i) = (0.0)

and this is not a linear function of (£, 7) and therefore cannot possibly be equal
to df0,0(&,n) which would necessarily have to be linear in (£, 7). It follows from
(7.9) that df 9y cannot exist. O

7.4 The Mean Value Theorem

We now return to the one-dimensional case to discuss the Mean Value Theorem
which is of central importance.

DEFINITION  Let X be a metric space and let f : X — R. Let x9 € X. Then
xg is a local maximum point for f iff there exists t > 0 such that f(z) < f(zo)
forall x € U(zo,t). The concept local minimum point is defined similarly.

LEMMA 132 Let a and b be real numbers such thata < b. Let f : ]a, b — R
be a differentiable mapping. Let £ € |a, b| be a local maximum point for f. Then

f'(€) = 0.

Proof. Suppose not, we will provide a contradiction. Without loss of generality
we can assume that f'(£) > 0. we leave the case f'(§) < 0 which is similar, to the
reader.
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Suppose that f'(§) > 0. We can write
f@) = f(&) + [z — &) + ¢(x)

where ¢ € &4p¢. Choose € = %f’({), then there exist  such that 0 < § <
min(b — &, € — a) such that |¢(z)| < €|z — €| for |z — €| < 6. It follow that

f@) = f(&) + 3£z = ¢) (7.12)

for £ <z < £+ 6. On the other hand, since £ is a local maximum point for f
there exists t > 0 such that

f(x) < f(6) (7.13)

for £ <ax < &+t Itiseasy to see that (7.12) and (7.13) are contradictory. |

PROPOSITION 133 (ROLLE’S THEOREM) Let a and b be real numbers such
that a < b. Let f : [a,b] — R be a continuous map. Suppose that f is
differentiable at every point of |a, b[. Suppose that f(a) = f(b). Then there exists
€ such thata < § <band f'(§) = 0.

Proof. 1f f is constant, then any £ such that a < & < b will satisfy f/'(§) = 0.
Hence there is some point z € ]a, b[ such that f(z) # f(a). There are two cases
depending on whether f(z) > f(a) or f(z) < f(a). We deal only with the first
case and leave the second, which is entirely similar to the reader.

Suppose that f(x) > f(a). Then since f is a continuous real-valued function
on a compact space it attains its maximum value by Theorem 83 (page 106).
Suppose that this maximum is attained at £ € [a, b]. Then clearly

f(&) = f(z) > fla) = f(b),

so that £ # a and £ # b. It follows that £ € Ja,b[ and hence f/(§) = 0 by
Lemma 132. u

THEOREM 134 (THE MEAN VALUE THEOREM) Let a and b be real numbers
such thata < b. Let g : [a,b] — R be a continuous map. Suppose that g is
differentiable at every point of |a, b|. Then there exists  such thata < £ < b and

9(b) — g(a) = g'(§)(b - a).
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Proof. It suffices to apply Rolle’s Theorem to the function given by
f(z) = (b—a)g(z) — (9(b) — g(a))(z — a).
It should be observed that f(a) = (b —a)g(a) = f(b). |

The Mean Value Theorem has many Corollaries. For convenience we collect
them together here.

COROLLARY 135  Let a and b be real numbers such that a < b. Let g :
la,b] — R be a mapping differentiable at every point of |a, b|.

o [fg'(x) =0 forall x € |a,b|, then g is constant on |a, b|.

o Ifg'(x) > 0forallx € |a,b|, then g is increasing on |a, b| in the wide sense,
(ie. g(x2) > g(xq) fora < z1 < x9 < D).

o Ifg'(x) > 0 for all x € |a,b|, then g is strictly increasing on |a,b], (i.e.
g(x2) > g(z1) fora < x1 < x5 < b).

o Ifg'(x) <O0forallz € ]a, b, then g is decreasing on |a, b[ in the wide sense,
(e g(x2) < g(xy) fora <z < x9 < D).

o Ifg(x) < O forall x € |a,b|, then g is strictly decreasing on |a,b], (i.e.
g(x2) < g(z1) fora < x1 < x5 < b).

COROLLARY 136 Let 2 C V be a connected open set of a real normed vector
space V and let f be a differentiable function f : 4 — R. Suppose that df, = 0
forallv € Q. Then f is constant on ).

Proof. Let vy and v be two points of 2. Suppose that vy and v can be joined by
a differentiable path in §2. Then we claim that f(v) = f(vg). Let us denote the
path by a : [0,1] — €. Then, applying the Chain rule to f o a we find that
(foa)(t) =d(foa)(l) = dfau oday(1) = 0. It now suffice to apply the Mean
Value Theorem to verify the claim,

f(vo) = foa(0) = foa(l) = f(v).

Theorem 123 tells us that there is a continuous path between vy and v. Un-
fortunately, this is not enough. In fact, it is always possible to have a differentiable
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path, but it is easier to use a piecewise linear path — see the remarks following
the proof of Theorem 123. 1If vy and v can be joined by a line segment in €2,
then we have a differentiable path between the points and the argument outlined
above shows that f(v) = f(vo). But, in any case there is a path consisting of
finitely many line segments which joins vy to v. It then suffices to apply the above
argument to each of these line segments in turn. |

7.5 A Lipschitz Type Estimate

In this section we establish a Lipschitz type estimate for differentiable functions
often associated with the Mean Value Theorem.

THEOREM 137  Leta < t; < t9 <b. Let V be a normed vector space and let
f :]a,b] — V be a differentiable function. Then

1f(t2) = fE)] < (t2 = t1) sup [If'(1)l]v- (7.14)

te[tl,tz]

We offer one proof of this result and an almost-proof. Yet another almost-proof
can be made using the Fundamental Theorem of Calculus to be established in the
next chapter.

First Proof. Observe that the case t; = t9 is obvious since both sides of
(7.14) vanish. Thus we can assume that ¢; < t5. Now it is easy to see that we can
normalize so thatt; = 0,ta =1, a < 0and b > 1.

Let

C = sup |[f'(®)llv,

te[0,1]

and fix e > 0. Consider the set
A={tte 0,1) (1) - FO)] < (C+ et
Clearly, A is a closed subset of [0,1] and 0 € A. Now define
B={s;5€[0,1,0<t<s=1te A}

Then it is an exercise to see that B is also a closed set in [0, 1]. Furthermore 0 € B.
We will show that B is also open in [0, 1]. It will then follow from the connectivity
of [0, 1] (by Proposition 105 on page 128) that B = [0, 1]. Thus 1 € A yielding

A1) = FOI <C+e
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Since this holds for each strictly positive real number ¢, it now follows that

A1) = FO)] < C,

which is just (7.14) normalized to the situation at hand.
Thus, all rests on showing that B is open in [0, 1]. Towards this, let s € B.
Then since s € A we have

1f(s) = FO)] < (C + ¢)s. (7.15)

Now apply the definition of differentiability at s to find that
fls+r) = f(s) +7f(s) + o(r)

where ¢(r)/r tends to Oy as 7 — 0. Hence, for § > 0 chosen suitably small, we
have

[f(s+7) = Fls) < (C+e)r. (7.16)
for 0 < r < 4. Combining (7.15) and (7.16) we obtain
(s +7) = FO) < (C+e)(s+7).

It follows that s +r € Afor 0 < r < 4. Since s € B already implies that ¢t € A
for 0 <t <s, it now follows that t € A for 0 <t < s+ . This implies that s is
an interior point of B. =

Second Proof.

Here we make the additional assumption that V is finite dimensional. This
assumption can be circumvented, but to do so would take us too far afield. The
idea is to use duality to reduce the problem to the one-dimensional case.

Let ¢ € V' with ||¢|ly» < 1. Here the norm taken is the dual norm (see (3.33)
on page 63). Thenlet h = o f. Then h : ]a, b — R. Applying the Mean Value
Theorem (page 152) and taking absolute values, we find

|h(ta) — h(t1)| < (t2 —t1) sup [W'(2)]

te[tl,tz]

which can be rewritten as

p(f(t2) — ()] < (t2 —t1) sup [o(f'(2))]-

te[tl,tz]
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Now take the supremum of both sides over all possible . Clearly, the two
suprema on the right are independent and can be interchanged. Thus we get

sup |p(f(te) — f(t1))| < (ta —t1) sup sup [o(f'(t))]. (7.17)

ol <1 teftysta] [lollyr <1

Finally, apply Proposition 42 to both sides of (7.17) to obtain (7.14). |

A third “proof” uses the formula

f(t2) = f(t1) = /f F/(t)dt

from the third part of Lemma 158 in the next chapter. The additional assumptions
that are needed to make this proof work are the completeness of V' (an assumption
which can be removed with a little additional work) and the continuity of f’.

The first Corolloary is the following.

COROLLARY 138  Let a < b. Let V be a normed vector space and let f :
la,b] — V' be a differentiable function with everywhere vanishing drivative.
Then f is constant on ]a, b|.

We now use Theorem 137 to establish the following Corollary.

COROLLARY 139 Let U and V' be normed vector spaces. Let 2 C U be a
convex open set and let f : & — V be a function differentiable on €). Let uq
and ug be points of 2. Then

[f(u2) = flu)ll < Jlue —uall  sup [ldfullop (7.18)

u€ L(u1,u2)

where || ||op denotes the corresponding operator norm for linear endomorphisms
from U to V. Here L(uy,uz2) denotes the line segment joining uy to ug. This set
must lie in € since €} is a convex set.

Proof. Let 8(t) = (1 —t)u;s + tuz a mapping from an interval ]a, b to 2 where a
and b are suitably chosen real numbers with @ < 0 and b > 1. Then, according to
Theorem 137, we have

Ifo8(1) — fo0(0)] < sup [[(fo0) (). (7.19)

te[0,1]
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Comparing with (7.9), we see that (fo#)'(t) can be viewed as a directional deriva-
tive

(f00)(t) = Dyy—u, f(0(t)) = dfo) (uz — u1). (7.20)

We clearly have the operator norm estimate
[ dfoce) (wa = ur) v < llug — wr)l[ulldfowllop, (7.21)

so that combining (7.20) and (7.21) yields
1(f00) O)lv < lluz = un)llvlldfoe llop (7.22)
Clearly, 0(0) = w1, (1) = ug and 0(t) € L(u,us). Hence, further combining
(7.19) and (7.22) gives (7.18). |

This in turn can be used to establish yet another result characterizing map-
pings with zero differential. The proof follows that of Corollary 136

COROLLARY 140  Let U and V' be real normed vector spaces. Let 2 C U be
a connected open set of U and let f be a differentiable function f : @ — V.
Suppose that df,, = 0 for allu € Q). Then f is constant on §Q.

7.6  One-sided derivatives and limited differentials

In general, we try to avoid discussing limited differentials, but there are times
when their introduction is essential.

DEFINITION  Let V' be a normed space and let f : [0, 00| — V. If the limit

. 1 .
lim a7 (f(x) ~ £(0))
exists as a limit in V' over the metric space [0, 00| then we say f has a one-sided
derivative f'(0) at 0. Explicitly, this means that for all € > 0, there exists § > 0
such that |z (f(x) — f(0)) — f/(0)]| < € whenever 0 < x < 4.

We can make a similar definition at any “closed” endpoint of an interval. Ob-
viously, there is an analogous definition of one-sided differential. In several vari-
ables, we might have a real-valued function defined for instance on a closed ball
and want to define the differential at a boundary point of the ball. The most gen-
eral concept is that of a limited differential. We need first to extend the concept of
little “0”.
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DEFINITION  Let 2 C V be any subset of a real normed vector space V' and let
vg € Q. A function ¢ : Q@ — V is in the class Eqy, if and only if for all e > 0,
there exist & > 0 such that v € Q and ||v — vy|| < § implies that

lep()]l < €flv = woll-

Obviously, if vy is an isolated point of €2 then this condition is vacuous. There-
fore the definition only has meaning if vy is an accumulation point of €2.

DEFINITION  Let 2 C V be any set and let vy € ). Then a function f :  —
W has a limited differential df.,, (a continuous linear map from V' to W) at v if
and only if there exists a function ¢ : @ — W in the class £q ,, such that

f(v) = f(vo) + dfu, (v — v9) + (v) Yo € Q. (7.23)

Again, this definition is only useful if the geometry of vy and €2 is such that
the differential df,, is necessarily unique. This is certainly true in most cases of
interest, but not in general.

7.7 The Differential and Direct Sums

In this section we look briefly at the differential in the situation where the under-
lying vector spaces are direct sums. Let us suppose that

W=WreW,d---& W

where W; are complete normed spaces for 1 < j < k. It is an extension of
Proposition 67 that any norm on W that renders W complete and agrees with
the norm of each W is necessarily equivalent to any of the standard p-norm
combinations. Thus, from the point of view of differential calculus, provided
that we insist on the completeness of W, the precise norm that is used on W' is
immaterial.

Let V be another normed space and let §2 be an open subset of V. Let F7 :
Q — Wjandlet F =< F' F? ... F* > be the mapping given by

Fv)=F'(v)® F*(v) @ --- @ F*(v).

The following Theorem is routine, and we leave the proof to the reader.
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THEOREM 141  Let vy € Q. Then F is difterentiable at vy if and only if each of
the functions FV is differentiable at vy and in either case

dF,,(v) = dFvlo (v)® deO(v) DD qufZ(v),
or, more succinctly

dF,, == dF, ,dF’

vo? vo?

k
o dFE -

When the domain space is a direct sum however the situation becomes more
complicated. Let now W be a fixed complete normed space and let

V=VieVe &V

be a complete direct sum. The remarks above about equivalence of norms con-
tinue to apply.

Let again F' : Q — W. Unfortunately the function F' can no longer be
considered as a k-tuple of functions. We can however define partial differentials
that describe the behaviour of F' on each V.

Let ; denote the map 6, : V; — V given by

0;(u) =vo+u  YuelV]

Then 6; is a continuous affine mapping. The continuity results from the fact that
the norm of V' when restricted to V; agrees with the norm of V. In particular, 6;
is also an isometry. Thus Q; = 9;1(9) is a neighbourhood of the zero vector of
Vj;. Considering 6; as a mapping

9]' : Qj — Q)
we can form the composition F o 8; : Q0; — W.

DEFINITION  The partial differential dF] of F with respect to the j-th compo-
nent V; is precisely the differential d(F o Gj)o‘,j :

Assuming that F’ is differentiable at vy, an immediate application of the chain
rule (Theorem 131) gives

ngo = d(F (¢] QJ)OV]» = dFvO o <Pj7
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where ; = (df;)o,, is just the canonical inclusion of V; into V..

The question arises as to whether the existence of all the partial differentials
dF] at a fixed point vy necessarily imply the existence of dF,,. The answer is
negative. In fact the example with directional derivatives on page 151 is easily
adapted to show this. However, partial differentials would be all but useless if

something of this nature failed to be true. The key result is the following.
THEOREM 142 Let W be a complete normed space and let
V=Viohe -V

be a complete direct sum. Let €} be an open subset of V. Suppose that for
each j with 1 < j < k and for all v € €2 the partial differential dFj exists.
Suppose further that v — dF? is a continuous function from ) into the space
of continuous linear mappings from V; to W with the operator norm. Then the
differential dF,, exists at each point v € 2 and the mapping v — dF, is a
continuous function from €2 into the space of continuous linear mappings from V'
toW.

Proof. 'We prove the Theorem in the special case k = 2 and leave the proof in
the general case to the reader. In fact, it suffices to apply a rather straightforward
induction argument.

Since the precise norm used on V' is immaterial, we can use the 1-standard
norm ||v1 @ va|| = ||v1]| + ||vz||. We write v = v1 @ ve with v; € Vj for j =1,2.
we denote a typical increment by u = uy @ ug. Since v € (), there exists 4; > 0
such that v + u € Q whenever ||u|| < §;. We temporarily fix us and define a
function G from a suitable neighbourhood of 0y, in V4 to W by

G(ul) = F((’U1 + ul) ¥ (?}2 + UQ)) - dFvl(ul)
Then, by hypothesis we have
dG,, = dF} = dF}.

v+(u1 Bug

Now let € > 0. Then by continuity of dF!, there exists do > 0 such that
1dF ), (uyun) — AF llop < € whenever [luy @ ual| < d5. We may as well assume
here that d; < ;. Since ||dGy, ||op < € we obtain from Corollary 139 applied to
the line segment joining Oy, to u; in V; that

1G(w1) = GOw) | < eflual,
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provided that ||uy @& us|| = ||u1|| + ||uz|| < d2. Rewriting this in terms of F yields
||F((’U1 + ul) S (?}2 + UQ)) — F(’U1 S¥ (Uz + UQ)) - dFvl(ul)H < €||U1|K7.24)

whenever ||u; @us|| < da. On the other hand, since dF? exists, there exists d3 > 0
such that [Jus|| < d3 implies that

| F(v1 @ (v2 + up)) — F(v1 ® vg) — dE(us)]| < e|uzl|. (7.25)

We may as well assume that 0 < d3 < d2. Then combining (7.24) and (7.25)
leads to

1F (v + (ur & ua)) = F(v) — dF, (u1) — dF(u2)|| < e(flua] + [[ual]) = €]lul],

provided that ||u; @ wuz|| < 3. This establishes the existence of the differential
dF, and shows that

The continuity of dF follows directly from (7.26) and the continuity of dF'* and
dF?. ]

7.8 Partial Derivatives

DEFINITION  Let  C R™ be an open set and let x € Q). Let (e1,€2,...,6€mn)
be the standard ordered basis of R™. Let f :  — W be a mapping into a real
normed space W. Then the partial derivative

of

%j(a:) (7.27)

is defined to be the directional derivative D, f(x) of f in the direction e;. It is an
element of W. If f is differentiable, we can restate (7.11) in the form

af

o, (z) = df.(e;) (7.28)

If now € is a vector in R™ we can expand in terms of the usual basis to write
p
m
£= &6
j=1
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Combining this with (7.28) and the linearity of df, we obtain
0
df.(6) = Zsja—f@) (7.29)
=1 9%

There is another way of thinking of (7.29). In the notation of the previous section,
we can let V' = R™ and let the V} be the one-dimensional subspace spanned by
the single vector e;. Then of course we have

-
j=1

It is clear that the existence of the partial derivative 0 f /0z ;(x) is entirely equiva-
lent to the existence of the partial differential dfJ. The partial derivative is an ele-
ment of W while the partial differential is a linear map from the one-dimensional
space spanned by e; into the space W. The two are related by

. of

dfl(e;) = =—(x).

files) = 5@

This approach allows us to state without proof the following Corollary to Theo-
rem 142.

COROLLARY 143 Let 2 C R™ be an open set. Let W be a real normed space
and f : Q — W a mapping for which the partial derivatives 0f /Ox; exist
everywhere on Q2 for 1 < j < m and are continuous as functions from ) into W.
Then the differential df , exists at each point x of 2 and (7.29) holds. Furthermore,
the map x — df, is a continuous mapping.

These are still not the partial derivatives of elementary calculus because they
are in general vector valued. In case that W is finite dimensional we can identify
W to R* and write it as a direct sum of k£ one-dimensional subspaces. We denote
by fi through fi the corresponding coordinate functions. Then, the existence of
all the partials 0f;/0x; as ¢ runs over 1 to k is equivalent to the existence of the
vector-valued partial derivative 0 f /0z;. It further follows that the existence and
continuity of all the partials 0f;/0z; for (1 < i < k,1 < j < m) implies the
existence and continuity of the differential df, for all z € €. In this case, the

k x m Jacobian matrix
O ij
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is precisely the matrix representing the linear transformation df, with respect to
the usual bases in R™ and R*. Symbolically we have

fi(z +€) fi(z) g(x) o g@)\ /g
Pl | _ [ L@ | 2@ o gk || e

+ error term,

fulz +€) fulz) o) L () ) \n

ox1 OTm

1
where the error term is little “0” of {Z;n:l 512} 2.

7.9 The Second Differential

The following result from linear algebra is well known.

PROPOSITION 144 Let Vi, Vo and V' be vector spaces. Then there is a linear
isomorphism between the space L(V1, L(Va,V')) of linear maps from V; into the
space of linear maps from V, into V' and B(V; x Va, V') of bilinear maps from V; x
Voto V. IfT € L(V4,L(Va,V)) the corresponding element 8 € B(Vy x Vo, V) is
defined by

9(’1)1,’1)2) = (T(’Ul))(’vg). (730)

Effectively, the left hand side of (7.30) is linear in v; because T is linear and
it is linear in vy because T'(v1) € L(Vz2, V) is linear. Conversely, given 6 one can
use (7.30) to define T'.

Our next order of business is to consider the normed space version of Propo-
sition 144. Let V3, V2 and V now be normed vector spaces. We will denote by
CL(Va, V) the normed space of continuous linear maps from V5 to V. The norm
of CL(V,, V) is the operator norm. Similarly, we denote by CB(V; x Va2, V) the
space of continuous bilinear maps from V4 x V5 to V. The proof of Theorem 40
extends easily to give the following Lemma.

LEMMA 145  Let @ € CB(V4 x Va2, V). Then the quantity

1Ollop = sup  [|0(v1, v2)llv
Jenllv, <1

llvaflv, <1

is necessarily finite.
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We call ||6]|op the bilinear operator norm of 6. The following result is now
routine.

PROPOSITION 146 We can identity the spaces CL(Vy,CL(Va, V) and CB(V; x
Vs, V') using the correspondence of Proposition 144.

Proof. This really boils down to

1Ollop = sup  [|0(v1, v2)llv
lorllvy <1

llvalv, <1

= sup { sup ||(T(U1))(U2)||V}

lorllvy <1 | Mozl <1

= sup || T(v1)|lccve,vy
lv1llvq <1

= |Tlecon.covavy:-

Thus, if 8 has finite norm, so does T and vice-versa. [

Now we can approach the subject matter of this section. Let U and V' be real
normed vector spaces and let €2 be an open subset of U. Let f : 2 — V be a
nice mapping and let u be a point of Q2. By the differential of f at w, if it exists,
we understand an element df,, of CL(U, V). Let us now define a new mapping
g:Q — CLWU,V), by g(u) = df,. Clearly, g is also a mapping of an open
subset of a normed vector space into a normed vector space. We can therefore
contemplate the possibility that g has a differential. If this exists at u € €2, dg,
will be a continuous linear mapping of U into CL(U, V), that is, an element
of CL(U,CL(U,V)). By Proposition 146, we may equally well view dg, as an
element of CB(U x U, V), that is as a continuous bilinear mapping of U x U to
V.

Of course, dg, is really the second differential of f, because g was already the
first differential, and it is natural to use the notation d? f, to denote dg,.

We can understand the second differential in terms of iterated directional
derivatives.

THEOREM 147  LetU andV be real normed vector spaces, () be an open subset
of U and f : QQ — V be a continuously differentiable mapping. Let u be a point
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of Q, and suppose that d?f, exists. Then, whenever ui,us € U, the iterated
directional derivative of f exists and we have

Du, (Duy f) (1) = (d” fu(ua)) (u2)-

Proof. The key to the proof is the evaluation map . For v € U we denote by

eval,, the mapping
eval, : CL(U,V) — V

given by eval,(T') = T'(u). It is easy to see that eval, is a continuous linear
mapping. Maintaining the notation g(u) = df, introduced above, we now have

Dy, f(u) = dfu(uz)

= evaly, (dfy)

= evaly, o g(u).
Thus, by the chain rule, and since eval,, is linear we find

Dy (Du ) () = Dy (eval, 0 g) ()

= evaly, 0 Dy, g(u)

= evaly, o dg,(u1)

= evaly, (d* fu(u1))

= (d fu(u1)) (u2),

as required. |

COROLLARY 148  In the special case that U = R™, x € () we can obtain

Z& (i i ax)

or, more succinctly, viewing d?f, as a bilinear form
d2 Il' 7 7
=1 j=1
We leave the proof to the reader. It follows the same lines as that of (7.29).

We now tackle the symmetry of the second differential .
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THEOREM 149  LetU and V be real normed vector spaces, () be an open subset
of U and f : Q@ — V be a differentiable mapping. Let u be a point of ), and
suppose that d* f,, exists. Then, whenever uy,us € U we have

(d fu(u1))(u2) = (d* fu(uz)) (ua).

Notice that we are assuming here that d f exists only at the point u. There is
no assumption that d f exists elsewhere nor any assumption that it is continuous.
The proof is involved and difficult to understand. We will need the following
technical Lemma which uses the same notations as in Theorem 149.

LEMMA 150  Given e > 0, there exists 6 > 0 such that the inequality

1f (u +ws +u2) = flu+ur) — flu+u2) + fu) — & fu(uz) (w))
< € (lJunl] + [z} [fee (7.3

holds whenever ||ui|| < ¢ and |Jus|| < 4.

It is implicit in the Lemma that § will be chosen so small that the arguments
U+ u1 + ug, u +ug and u + ug are all points of 2. Once the Lemma is established
it is easy to prove the Theorem.

Proof of Theorem 149.  Reverse the roles of uy and us in (7.31) to obtain
1f(u+wr +uz) = flutur) = flu+us) + flu) = d fulur) (u2)
< € (luall + fluzll) [luell (7.32)
Now, using (7.31), (7.32) and the triangle inequality we find
Id? fu(uz) (ur) — & fulwr) (uz) || < € ([lur] + [fuzl)® (7.33)

However, (7.33) is unchanged if u; and ug are simultaneously replaced by tu;
and tup where ¢ > 0. Thus, by making a suitable choice of ¢, we can dispense
with the conditions ||u;|| < § and ||uz|| < 0. We are now free to let € tend to zero
in (7.33), yielding the required conclusion. |

Thus everything hinges on Lemma 150.
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Proof of Lemma 150.  Using the definition of the differential, we can find
9 > 0 such that

ldfu = dfu — (@ f)u(w — u)|| < gellw — u] (7.34)

for [|w—ul| < 49. We will also assume that § is chosen so small that all arguments
of f occuring in this proof necessarily lie in 2. Now, replace w by w’ in (7.34)
and use the triangle inequality to obtain

ldfr — dfu — (@Pule! —w)]| < be (! —ull + w —ul).  (7.35)

We now replace w’ by w + z in (7.35) and use [|[w + z — u|| < ||z]| + [Jw — u|| to
obtain

ldfore — df = (@ fu(2)]] < Fe(ll2]] + [lw — ul]). (7.36)

We now fix z temporarily and introduce the auxilliary function h defined in a
suitable neighbourhood of » in 2 by

h(w) = f(w+2) = f(w) = ((d° f)u(2))(w).
Since w — ((d*f)u(2))(w) is linear, the differential of & is given by
dho = dfwiz — dfw — (& f)u(z)
which, when combined with (7.36) yields
ldhuwllop < g€ (ll2] + [lw — ul)) (7.37)

for [|w — u|| < 26 and ||z]] < 26. Since the set {w; ||w — u| < 2} is a convex
subset of U, we may apply Corollary 139 to obtain the Lipschitz estimate

WeL(w1,w2)

I(wn) — h(ws)] < Le (nzn b omax (- u||>) fwn — .

But a moment’s thought convinces us that the maximum norm is taken at one or
other end of the line segment (this is just convexity of the norm). Hence we may
write

[A(w:) = h(ws)]|
< ge(llzll + max (wy — wll, w2 — ul))) wr — w2 (7.38)

167



Substituting back the definition of h into (7.38) we find

1f (wi + 2) = flwr) = flwz + 2) + f(wa) = (@ fu(2)) (w1 — w2)]|

< eC(z,wr, we)||wy — wsl|

for ||wy —ul| < 20,

7 (2l + max (Jlwy — ul], [wa —ul])).
We now make the following substitutions

W1 = U+ Uy + Usg
Wo = U + Usg

Z = — Uy
to obtain

1 (u+ u1) = fu+ur +ug) — flu) + fu+uz) — (d®fu(—uz))(u)]]

< EC(Z7w17w2)||u1||
which leads to (7.31), since
Oz, w1,w2) = 4 (1| = ual] + max(fju + uall )

< 4 (Ml + ] + )

< Jua |l + uell

wy —ul|| < 20 and ||z]| < 20 and where C(z, w1, wy) denotes

In linear algebra, there are no canonical forms for general bilinear mappings.
However, once one imposes symmetry of the bilinear mapping, the situation be-
comes very well understood and a canonical form is available. Theorem 149
therefore allows one the possibility of understanding the second differential at a
point from a qualitative point of view — it makes sense to say that it is positive

definite, or negative definite or indefinite.

In the finite dimensional case, the symmetry of the second derivative can be
understood purely on the level of partial derivatives. If the second differential of
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a function f exists, then its representing matrix is given in terms of second order
partial derivatives by

02 02

al‘lzafl‘l (.I') T a.l‘lzaf.l‘m (.I')
e} e}

azzale (,17) T azza];m (,17)
025 - 82f

azmc‘];zl (,17) T azmgzm (,17)

and is called the Hessian matrix of f at x.

THEOREM 151 Let €2 be an open subset of R™. Let f : & — R. Let the
partial derivatives

of and O

Ox; Oz ;j0xy,
all exist in {2 and suppose that the second order derivatives are continuous in €.
Then

o’f 0*f
Or;0z)  Orp0z,

in ).

Proof. This result can actually be obtained as a corollary of Theorem 149, but
it is more instructive to give an independent proof, much simpler than that of
Theorem 149. For simplicity, we will assume that m = 2 and use the notation
r=T1,Y = Ta.

For k and h sufficiently small we have

fle+ky+h)— flx+ky) — flz,y+h)+ fz,y)

of of
a(ﬁ,?ﬂrh)— a(&y)) (7.39)

from applying the Mean Value Theorem (page 152) to the function g given by
9(t) = f(t,y+h) = f(t,y).

The point £ lies between z and = + k. Applying the Mean Value Theorem a second
time gives

:k(

82
Flathoy+h) = f(o+ k) = fle,y+ 0) + S(og) = (L (€.m),
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where 7 lies between y and y + h. An exactly similar argument yields

2

0
f(.l?—l—k,y—{—h) —f(x—{—k,y)—f(x,y+h)+f(x,y) :kh(ﬁafy(é‘bnl)))

where & lies between x and = + k and 7 lies between y and y + h. For kh # 0
we now get

0% f 0% f

m(fbm) = ayax(f, n)-

Using the continuity of both second partials at (z, y), it suffices to let k£ and h tend
to zero to conclude that
O )= 2L ay)
z,y) = .
oxdy" "’ Y Oyox "’ 4

This entire theory extends in an obvious way to the case in which the function
f is vector valued and also to the third and higher order derivatives.

7.10 Local Extrema

The concepts of local maximum and local minimum point were already defined
on page 151. The situation was discussed for differentiable functions of a single
variable. The situation extends naturally to the case where the function is defined
on an open subset of a normed vector space. .

THEOREM 152 Let 0 C U be an open set of a normed real vector space U.
Let f : © — R be a differentiable function. Suppose also that u € € is a local
minimum point of f. Then

o df, =0.

o If it exists, d*f, is a positive semidefinite bilinear form. Explicitly, this
means that
d fu(w,w) >0 Yw e U

Proof. The problem is reduced to the scalar case. Let ¢(t) = f(u + tw) where
t is real and w is a fixed vector in U. Since u € €2 open, ¢ is defined in some
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interval | — a, a[ with a > 0. Also it is clear that 0 is a local minimum point for
¢ hence, according to Lemma 132 (page 151) we find that ¢’(0) = 0. The Chain
Rule (Theorem 131, page 149) now shows that ¢’(0) = df,(w) so that

dfu(w) =0 Yw e U.

It follows that df,, = 0.
For the second part of the proof, we see from Theorem 147 that ¢”(0) exists.
Let us suppose that ¢”(0) < 0 then we will produce a contradiction. Let € =

—2¢"(0) > 0 then because ¢”(0) exists, we can find § > 0 such that

¢'(t) = ¢'(0)

” —o"(0)| < e (7.40)

whenever |t| < J. Since ¢’(0) = 0 we can rewrite (7.40) in the form

/
7 (1) < —1ie
t
This shows that ¢'(t) < 0if 0 < t < § and that ¢'(t) > 0if =6 <t < 0. On the
other hand, since 0 is a local minimum point for ¢ we can find §; > 0 such that

o(t) > »(0)

for |t| < é;. But an application of the Mean Value Theorem now gives say for
s = s min(é, d;) that

0 < ¢(s) — p(0) = s¢'(t) <0,

since 0 < t < s. This contradiction shows that ¢”(0) > 0. Finally, we have
d? fu(w, w) = ¢"(0) by Theorem 147. n

In the opposite direction we have the following result.

PROPOSITION 153 Let Q2 C U be an open set of a normed real vector space U
and that f : © — R be a twice continuously differentiable function. Suppose
also that df,, = 0 and that d* f, is positive definite. Explicitly, this last statement
means that there exists e > 0 such that

d fu(w,w) > e||w|? Yw e U
Then w is a local minimum point for f.

In the case that U is finite dimensional, the positive definiteness condition
given above is just the usual positive definiteness of bilinear forms. The proof of
Proposition 153 is put off until page 184.
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8

Integrals and Derivatives

In order to understand differential calculus better, we need to have some knowl-
edge of the integral. We describe here a very simplistic version of the Riemann
Integral. The treatment given here is rather sketchy, because we are not particu-
larly interested in developing integration for its own sake in this text, but rather
because it can be used to clarify some of the issues arising in differential calculus.

8.1 A Riemann type integration theory

Let V be a complete normed vector space, typically R™ with any given norm. Let
la, b] be any closed bounded interval in R. Let f : [a,b] — V be a continuous
mapping. We show how to define the integral of f as an element of V.

All integration theories need to encompass a notion of length or measure of
sets. In the Lebesgue theory this task is accomplished for certain subsets the
real line. Once successfully completed, the corresponding integration theory is
really very easy. The difficulties associated with Lebesgue integration are with
the construction of the concept of length for as general a class of subsets of R as
possible. In what we do here we avoid these difficulties by considering only the
length of bounded intervals of R. For J a bounded interval, we denote length(.J)
its length. 1f t > s and J is one of the four intervals |s, t[, [s, t[, |s, t] and [s, ],
then we define length(j) =t — s. We also define length(()) = 0.

Towards this we need the following combinatorial Lemma which we leave as
an exercise.
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LEMMA 154  Let I be a bounded interval be written as the disjoint union

U7s=1
j=1
of intervals J;. Then
Z length(J;) = length(7)
j=1

DEFINITION  Let I be a bounded interval. Then a Riemann partition P of I is a
finite family of disjoint intervals J;, j = 1,...,m whose union is I, together with
representative points x;, j = 1,... ,m withz; € J;, j = 1,...,m. The step of
such a Riemann partition is defined by

step(P) = mngxlx length(J;)

=

DEFINITION  Let I be a closed bounded interval and f be a continuous mapping
f I — V whereV is a complete normed space. Let P be a Riemann partition
of I, then the corresponding Riemann sum is defined by

S(P, f) = D _length(J) f(x;).

Here, the lengths length(J;) are scalars, while f(x;) is an element of V. Thus the
Riemann sum S(P, f) is an element of V.

We need a Lemma which relates two Riemann sums.

Lewa 155 Let P = ()7, (a,)7,) and Q@ = ((Ki)iy, (y)fy) be two
partitions of the closed bounded interval I with step(P) < dp andstep(Q) < dg.
Let f be a continuous mapping f : I — V where V' is a complete normed space.
Then

1S(P, f) = S(Q, /)l < ws(dp + dq) length(I).
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Proof. By Lemma 154, we have

length(J; Zlength (J; N Ky),

k=1

which allows us to write

n

S(P, f) :Z f(x;)length(J; N Ky).

=1 k=1

<.

Using a similar decomposition of K, we have

n

= Z Z f(yx) length(J; N Ky).

j= k=1

Subtracting off we get
S(P,f)—S(Q,f) = Z — f(ye)length(J; N K). (8.1

The terms on the right are handled in one of two ways. If J; N K} = () then
length(J; N Kj) = 0. On the other hand, if J; N K} # 0, then we can find
zj € J;j N Kj. Since step(P) < dp, we have |z; — 25| < Jp. Similarly,
|y — zjk| < d¢g from which it follows that |z; — yx| < dp + d¢. Hence || f(z;) —
f(ye)|] <wp(dp + dg). Using these estimates in (8.1) we get

IS(P, f) = 8(Q, Fll < wp(dp+3g) Y > length(J; N Ky)
j=1 k=1
= wy(dp + 0¢) length([), (8.2)
by a further application of Lemma 154. |

We are now ready to establish the existence of the integral.

THEOREM 156  Let I be a closed bounded interval and V' a complete normed
space. Let f : I — V be a continuous mapping, and suppose that (Py) is a
sequence of Riemann partitions of I such that

step(Pr) — 0
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asn — oo. Then (S(Px, f)) is a convergent sequence in V. The limit is denoted

[ 1@yis

and is independent of the sequence (Py) of partitions used. Furthermore, for any
partition P of step less than 6 p we have

|| / F(@)de — S(P, )| < wy(3p) length(2). ©.3)

Proof. By Theorem 78, I is compact. By Theorem 85, f is uniformly continuous.
It now follows from Lemma 155 that (S(Py, f)) is a Cauchy sequence in V. By
the completeness of V' we see that (S(Pg, f)) converges.

Let (Qk) be another sequence of partitions with the same property. Then we
construct a further sequence (Ry) by intermingling the two.

R, — P, ifkisoddand k =2¢ — 1,
"7 Qp ifkisevenand k = 20.
Repeating the above argument shows that (S(Ry, f)) converges in V. It contains
the sequences (S(Pk, f)) and (S(Qk, f)) as subsequences. This establishes the
uniqueness of the limit.

Finally let (Qy) be any sequence with step(Qx) tending to zero. Replacing Q
with Qj, in (8.2) and letting & tend to oo we find (8.3). |

Next we establish elementary properties of the integral. In the remainder of
this section I denotes a closed bounded interval of R and V', a complete normed
vector space.

LEMMA 157  The integral is a linear mapping from C(I,V) toV.

Proof. Let f; and f5 be continuous functions from the closed bounded interval
I to V. Let t; and t9 be real numbers. We must show that

/(tlfl(a:) + tafo(z))dx =t /fl(a:)da: + o /fg(a:)da:. (8.4)
I I I
It is easy to check that for every Riemann partition P we have

S(P,t1fi +tafa) = t1S(P, fr) + t2S(P, fa). (8.5)

Now choose a sequence of partitions (Pj) with steps tending to zero and sub-
stitute P = Py in (8.5). The result of letting £ tend to infinity in the resulting
equality is precisely (8.4). |
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LEMMA 158

e Let f: 1 — R" be continuous mapping. Then
/f(a:)da: > 0.
I
o Let f: I — R be continuous mapping. Then

ingf(a:)length(l) < /f(a:)da: < length(I)sup f(x).
faS I

zel

o Let f: I — V bea continuous mapping. Then
II/f(éE)déEII < length(Z) sup || /()]
I Te

o Let f: I — V be the constant mapping given by f(z) = v forallz € I.
Then

/If(az)da: = length(I)v.

We leave the proof of the Lemma to the reader because it uses very similar
arguments to those used above.

8.2 Properties of integrals
The following property of the integral is essential to the theory.

LEMMA 159  Let a < b < c¢ be real numbers. Let f : [a,c] — V be a
continuous mapping into a complete normed vector space V. Then

(x)dz = (x)dz + f(x)dx.

la,q] [a,b] [b,c]
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Proof. Form Riemann partitions Q,, of [a,b] and R,, of [b, ¢] by splitting these
intervals into n equal subintervals. Let the representative points be the mid-points
of the subintervals. The union of these collections of intervals and representative
points forms a Riemann partition P,, of [a, ] after a little fudging to ensure that
the point b lies in only one of the subintervals. It follows easily that

S(Pn, f) = S(Qm f|[a,b]) + S(Rn7 f|[b,c])-

Passing to the limit as n — oo yields the desired result. |

The integrals that we have defined are integrals taken over sets — in our case,
closed bounded intervals. This is the way that things are done in the Lebesgue
Theory for example. From the point of view of analysis, it is actually the natural
way to start. However calculus students are first introduced to integrals over
directed intervals. These are easily defined by

b f[mb] f(z)dx ifa<b,
/ f(z)dz = § — f[bﬂ] f(x)dz ifa>0b, (8.6)
¢ 0 ifa="o.

Interchanging the a and b on the left-hand side of (8.6) changes the sign of the
integral.

This is the point of view that seems natural to differential geometers. It ul-
timately leads to an integration theory on oriented differentiable manifolds. The
two theories may seem to be the same, but they lead in different directions. The
ultimate result of reconciling the two theories is the Poincaré Duality Theorem
which concerns the concept of topological degree. These matters are of course
well beyond the scope of this text.

DEFINITION  Suppose that a < b and that ¢ € [a, b] is some basepoint. Let V' be
a complete normed vector space and let f : [a,b] — V be a continuous mapping.
The primitive or indefinite integral of f is defined by

oa) = [ st
Itis a function g : [a,b] — V.

THEOREM 160 (FUNDAMENTAL THEOREM OF CALCULUS) With the same no-
tations and conditions as above, we have that g'(z) exists for every point of |a, b]

and ¢(z) = f(z).
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Proof. Since f is continuous and by Theorem 85, we see that f is uniformly
continuous. Now by Lemma 159, we have for z,z + h € [a, b],

g(xz+h)—g(z) = /H f(t)dt.

Applying now (8.3) in the case where the Riemann partition consists of a single
interval, and where the corresponding representative point is x we get

lg(z +h) = g(z) = hf(@)]| < |hlws(|A]).

We now find that
glx+h)—gx
JPEEZID )] < wohl) — o
as h — 0 by the uniform continuity of f. Thus the derivative ¢'(z) exists and
equals f(z). n

The Fundamental Theorem of Calculus gives us the ability to make substitu-
tions in integrals.

THEOREM 161 (CHANGE OF VARIABLES THEOREM)  Let ¢ : Ja,b[ — o, 5]
be a differentiable mapping with continuous derivative. Let ¢ € ]a,b[ and v €
|a, B be basepoints such that ¢(c) = . Let f : o, B[ — R be a continuous
mapping. Then foru € |a, b|, we have

o(u) u
/ F(t)dt = / F((5)(5)ds.

Proof. We define for v € Jo, (],

o) = [ s

Then according to the Fundamental Theorem of Calculus, g is differentiable on

|a, B] and

g W) = f(v).
Then, by the Chain Rule (page 149), stated for derivatives rather than differentials,
for u € ]a, b[ we have

(gow)(u) = (9" op)(u)¢'(u) = (f o p)(u)y'(u).
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Since

u—> (f o @) (u)¢'(u)
is a continuous mapping, the Fundamental Theorem of Calculus can be applied
again to show that if & : Ja,b[ — R is defined by

_ / " F ()¢ (s)ds

)¢'(u) = (g o ) (u). An application of Corollary 138
now shows that h(u) — g(p(u)) is constant. Substituting u = ¢ shows that the
constant is zero. Hence h(u) = g(¢(u)) forall u € Ja, b|. Thls is exactly what was
to be proved. ]

then A'(u) = (f o ¢)(u)¢'(

The second objective of this section is to be able to differentiate under the
integral sign.

THEOREM 162 Let o < B and a < b. Let V be a complete normed vector
space. Suppose that

fr9+la, b x|, 8] — V

0
are continuous mappings such that —g(t, s) exists and equals f(t, s) forall (t, s) €
la,b] x [a, B]. Let us define a new function G : [a,b] — V by

G(t) = / g(t, s)ds (a <t<D).
[a,f]
Then G'(t) exists fora < t < b and
G'(t) = f(t,s)ds (a <t <Db).

[c,5]

Proof. For shortness of notation, let us define

F(t) = f(t,s)ds (a <t<D).
[c,5]
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Then, we have for a < < b and small enough A that

Go +h) - G(z) — hF(z) = /[ (00 h5) — gl 9) = B ()

- /W] { / " s) — o s>>du} ds

where we have used the Fundamental Theorem of Calculus in the last step. Sine
the points (u, s) and (x, s) are separated by a distance of at most |A|, the inner
integral satisfies

/I (f(u,s) — f(z,s))du

< [Plws([A]).

It follows that
|G(z + h) = G(z) — hF(2)|| < (B — a)|h|ws(|A]).

Since f is a continuous function on the compact space [a, b] x [a, {], it follows
that f is uniformly continuous and this gives the desired conclusion. |

EXAMPLE  Let ¢ : R — R be an infinitely differentiable mapping. Suppose
that we now define a new mapping 6 : R*> — R by

t) — (s )
. {M fise

' (s) ift=s.
We claim that 6 is also infinitely differentiable. We approach this using Corol-
lary 143, which allows us to assert that it is enough to show that the partial
derivatives of 6 of all orders exist and are continuous. This is clear except on the
diagonal set where t = s.
The problem is solved very neatly using an integral representation of §, namely

bt 5) = / (1 — u)t + us)du,

agreeing with the previous definition by the Fundamental Theorem of Calculus
and the Change of Variables Theorem. Repeated applications of Theorem 162
allow us to prove that

oty

1
_ 1 — W) PPt (1 —
510550 (t,s) /0 (1 —u)*u’p (1 — u)t + us)du,
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for all integers at, 3 > 0. The partial derivatives of  are easily seen to be con-
tinuous, using the fact that ¢@*9+1 is uniformly continuous on the bounded
intervals of R. O

8.3 Taylor’s Theorem

Before we can tackle Taylor’s Theorem, we need to extend the Mean-Value Theo-
rem.

THEOREM 163 (EXTENDED MEAN VALUE THEOREM) Suppose that a and b
are real numbers such that a < b. Let g,h : [a,b] — R be continuous maps.
Suppose that g and h are differentiable at every point of |a, b|. Then there exists £
such that a < £ < b and

(9(b) — g(a))h'(§) = g'(§)(h(b) — h(a)).

Proof. Let us define
f(z) = g(z)(h(b) — h(a)) = (9(b) — g(a))h(z).

Then routine calculations show that

f(a) = g(a)h(b) — g(b)h(a) = f(b).

Since f is continuous on [a, b] and differentiable on |a, b], we can apply Rolle’s
Theorem (page 152) to establish the existence of £ € ]a, b such that f'(§) =0, a
statement equivalent to the desired conclusion. |

DEFINITION  Let f be a function f : |a, b| — R which is n times differentiable.
Formally this means that the successive derivatives f', f",... f™ exist on ]a, b|.
Let ¢ € |a, b be a basepoint. Then we can construct the Taylor Polynomial T, .f

of ordern at ¢ by

Tof (0) = 32 /P — )

k=0

To make the notations clear we point out that f® = f that 0! = 1 and that
(xr —¢)? = 1. In fact even 0° = 1 because it is viewed as an “empty product”.
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THEOREM 164 (TAYLOR'S THEOREM) Let f be a function f : ]Ja,b] — R
which isn+1 times differentiable. Let ¢ € |a, b| be a basepoint. Then there exists
a point & between c and x, such that

1
(n+1)!

The statement £ is between ¢ and x means that

f(x) = Tnef (z) + FODE) (z — o)t (8.7)

c=¢=ux ifc=r=x,

{c<§<a: ifec < x,
r<é<c ifc>uw.

The second term on the right of (8.7) is called the remainder term and in fact this
specific form of the remainder is called the Lagrange remainder . It is the most
common form. When we look at (8.7), we think of writing the function f as a
polynomial plus an error term (the remainder). Of course, there is no guarantee
that the remainder term is small.

All this presupposes that f is a function of z and indeed this is the obvious
point of view when we are applying Taylor’s Theorem. However for the proof, we
take the other point of view and regard z as the constant and c as the variable.

Proof. First of all, if z = ¢ there is nothing to prove. We can therefore assume
that x # ¢. We regard « as fixed and let ¢ vary in |a, b[. We define

9(c) = f(@) — Tuef(@)  and () = (z — )™,
On differentiating g with respect to ¢ we obtain a telescoping sum which yields
1 n
g(€) = —— /" — 9" 8:8)
On the other hand we have, differentiating h with respect to c,

W(§) = —(n+1)(z - &)".

Applying now the extended Mean-Value Theorem, we obtain

(9(c) — g(@))I'(§) = ¢'(§)(h(c) — h(x)),

where £ is between ¢ and z. Since both g(z) = 0 and h(x) = 0 (remember g
and h are viewed as functions of ¢, so here we are substituting ¢ = ), this is
equivalent to

(F(&) = Taef@) (=0 + e = ") = (O — &) — "™,
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Since = # ¢, we have that x # £ and we may divide by (z — &)™ and obtain the
desired conclusion. ]

In many situations, we can use estimates on the Lagrange remainder to estab-
lish the validity of power series expansion

flo) = 3" ) — o

for x in some open interval around c. Such estimates are sometimes {raught with
difficulties because all that one knows about £ is that it lies between ¢ and x. One
has to face the fact that some information has been lost and allow for all such
possible . Usually, there are better ways of establishing the validity of power
series expansions. There remains the question of obtaining estimates of the Taylor
remainder in which no information is sacrificed.

THEOREM 165 (INTEGRAL REMAINDER THEOREM) Let f be a function f :
Ja, b — R which is n+ 1 times differentiable and such that ™) is continuous.
Let ¢ € ]a, b| be a basepoint. Then we have for x € |a, b]

F(@) = Thof (@) + = / ") (o — e, 6.9)

n! Jee

or equivalently by change of variables

f(z) =Tcf(x) + %(a: — c)"“/1 FOY((1 = t)e + tx) (1 — t)"dt(8.10)

=0
This Theorem provides an explicit formula for the remainder term which in-

volves an integral. Note that in order to define the integral it is supposed that f is
slightly more regular than is the case with the Lagrange form of the remainder.

Proof. Again we tackle (8.9) by viewing x as the constant and c as the variable.
Equation (8.9) follows immediately from the Fundamental Theorem of Calculus
and (8.8). The second formulation (8.10) follows by the Change of Variables
Theorem, using the substitution £ = (1 — t)c + tz. u

EXAMPLE Let o > 0 and consider



for —1 < o < 1. The Taylor series of this function is

ala+1
f(x) :1+ax+%x2—l—...
actually valid for —1 < < 1. If we try to obtain this result using the Lagrange
form of the remainder

ala+1)...(a+n)

(n - 1)‘ (1 o 6)—a—n—1l_n+1

we are able to show that the remainder tends to zero as n tends to infinity provided
that

1-¢
where the sup is taken over all £ between 0 and . If z > 0 the worst case
is when £ is very close to . Convergence of the Lagrange remainder to zero is
guaranteed only if 0 < z < . On the other hand, if z < 0 then the worst
location of £ is £ = 0. Convergence of the Lagrange remainder is then guaranteed
for =1 < z < 0. Combining the two cases, we see that the Lagrange remainder
can be controlled only for —1 < z < 1.

For the same function, the integral form of the remainder is

et Do) gt grag

sup <1,

n!

For £ between 0 and x we have

l‘ —
ﬂsm,
1-¢
for —1 < z < 1. This estimate allows us to show that the remainder tends to zero
over the full range —1 < z < 1. 0

We can now settle some business postponed from the last chapter.

Proof of Proposition 153.  Incase n = 1, (8.9) gives

w@zw@+w@ﬁ+£@—$¢®@
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assuming that ¢ is a twice continuously differentiable real-valued function defined
on some neighbourhood of 0. Taking now

p(t) = f(u+tw)

we find that
flu+tw) = f(u) + tdf,(w) + / A2 fussw(w, w)(t — s)ds
0

which we can rewrite using the hypothesis df,, = 0 as

t
0

flu+tw) = f(u) + 32d fu(w, w) + / (A fursw — A f)(w, w)(t — s)ds

t
> () + 30l + [ (& v — & f)w,w0)(t — 5)ds.
0
If ||w]| is small enough, we have, using the continuity of d?f that

(P fussw — 2 fu) (w,w)] < Lelw]?

and it follows that
flu+tw) > f(u) + 1t%[w|?

for such w. Hence w is a local minimum point of f. |

8.4 Derivatives and Uniform Convergence

The results developed in this section are primarily intended for use in the theory
of power series. The following Lemma is elementary.

LEMMA 166  Let g, and g be continuous functions on the bounded interval
la, B], taking values in a metric space. Suppose that g, — g uniformly on
la, B]. Let £,&, € [a, ] be a sequence of points such that §, — £. Then

This Lemma will now be used to establish the key Theorem needed to start
work on power series.
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THEOREM 167  Let V and W be normed spaces. Let {2 C V be an open set.
Suppose that f,, are functions on ) with values in W with continuous differentials
df,,. Further suppose that f,, converges pointwise to a function f on §2 and that
df, converges uniformly on §2 to a function g on Q with values in CL(V, W).
Then f is continuously differentiable on Q) and df = g.

Proof. Since the result is essentially local in nature, we can assume that €2 is a
convex open set. Let v € (). Then for u € V of small enough norm, the line
segment joining v to v + u lies inside €. Applying Corollary 139 to the function

p(u) = falv+u) = d(fn)u(u)

we obtain

[fn(v +u) = fa(v) = d(fa)o (@)} < lull Sup 1d(fa)ostu — d(fa)ol]-

In particular, we can find ¢,, € [0, 1] such that

[ (v +w) = fa(v) = d(fu)o(u)|| < [lul|(ull + Nd(fn)ortnn — d(fa)oll)-

Some subsequence (ty, ) of (t,) converges to an element ¢ € [0, 1]. Of course, this
subsequence and its limit ¢ depends on w and v. Passing to the limit along this
subsequence, using the hypotheses and Lemma 166, we find that

[f(v+u) = flv) = (g) (@) < [lull(Jull + llg(v + tu) = g(@)])-

Here, t depends on u and v. To be clear, we had better write
[f(v+u) = fv) = (g() (@) < [Jul|([[ul]l + S lg(v + tu) — g(v)[(B.11)

But g is continuous, since it is a uniform limit of continuous functions. It follows
that the right hand side of (8.11) is little “0” of ||u]|. It follows that df,, exists and
equals g(v). n

EXAMPLE ~ We have already verified the Binomial Theorem for negative pow-
ers using Taylor’s Theorem with the integral form of the remainder. Let us now

approach the same question using power series. Let & > 0 and define ¢y = 1,
a(a+1)
2!

, and so forth. Then define polynomials f,, by

fulz) = chxk.
k=0

Cl =, Cy =
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Let 0 < |z| < r < 1. Then since

o0 o0
E cpr® < 0o and E kewr® ! < oo
k=0 k=0

we see that (f,,) converges to a function f on the subinterval | — r,r[of ] — 1, 1]
and that (f/) converges uniformly to a function g on | — r,7[. It follows from
Theorem 167 that the function f is differentiable on | — r, r[ and that its derivative
is g. Now we check that

(1—2)fl(x) — afu(z chkx ikckxk — aickxk,
k=0 k=0
= ni(k + 1) eppr2® — i kepx® — o i ek,
k=0 k=0 k=0

= — (n+1)cpp12”, (8.12)
since (k + 1)cpp1 = (o + k)cy. Letting n tend to oo we obtain the identity
(1—2)f'(z) = af(x) for —r <z <,

from the fact that the last member of (8.12) tends to zero. The next step is to let
r — 1 so that

(1—2z)f(z) = af(z) for —1<z<1.

It is of course obvious that the limit functions from two different values of r agree
where they are both defined.
Now let
h(z) = (1 —x)*f(x) for —1<z<1.

Then an easy calculation gives that A'(z) = 0 and hence h is constant on | — 1, 1].

It follows that
1 — a: Z ckx

for -1 <z < 1. O

This example is a scalar one and does not use the full force of Theorem 167.
If however one wished to define the exponential of a square matrix X by say

=1
exp(X) = Z HX’“
k=0
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and then wished to discuss the differential of exp, then the Corollary would be
very useful.
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9

The Implicit Function Theorem and its Cousins

In this chapter we present a number of theorems that are linked together by their
method of proof. They are all established by invoking the Contraction Mapping
Theorem (Theorem 52, page 80). The conclusions of all of these results are local
in nature, a circumstance which tends to make both the statements and proofs
look more complicated than they really are.

Before delving into the real subject matter of this chapter, it is first necessary
to understand the concept of invertibility of continuous linear mappings.

LEMMA 168  Let V' be a complete normed vector space and let T € CL(V, V)
be a bijection of V onto V.

e Then T is invertible in the sense that its inverse mapping T~ belongs to
CL(V,V).

e Then, there exist a strictly positive real number € such that S € CL(V, V)
and ||S — T'||op < € together imply that S is invertible.

e There is a neighbourhood of T' on which the mapping S — S~ is con-
tinuous.

Proof. For the first statement, it is routine to show that 77! is linear. It is con-
tinuous by an easy application of the Open Mapping Theorem (on page 93). Let
e = ||T7"]|5,) and suppose that [|.S — T'||op < 3e. It follows that

1 =T Sllop = 17T = S)llop < 1T lopllT" = Sllop < 3-
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We denote X = I — T~1S. Then let
YV, =T+X+X>+.-- 4+ X" (9.1)

It is easy to check that Y,, is a Cauchy sequence in the complete space CL(V, V)
and hence is convergent to a limit Y. An easy calculation involving telescoping
sums yields Y,,(I — X) = I — X" Letting n tend to oo gives Y (I — X) =1,
or equivalently YT~1S = T showing that YT! is a left inverse of S. Of course
an entirely similar argument establishes the existence of Z € CL(V, V') such that
T~'Z isarightinverse of S. Then both inverses necessarily coincide and it follows
that S is invertible.

Since || X|lop < 2 it follows from (9.1) that ||Vl < 2. Thus we find

2
1S op < 2| T *lop. Now let us suppose that we have two linear operators

S7 and Sy such that

1S; = Tlop < e forj=1,2

Then clearly
157 = 85 lop = 11577 (S2 = S1)S2 lop
< (181 lopll S5 Hlop 151 = S2llop
< 4T3, )11 = Sallop-
It follows that S — S~ is Lipschitz on the closed ball B(T, ). n

A more detailed examination will show that § — S~ is infinitely differentiable
on B(T,e€).

9.1 Implicit Functions

Suppose that we have a system of n non-linear equations for n unknowns. Of
course, if there are no additional restrictions, there may be no solutions, a unique
solution or many solutions. There is a simple condition that forces a solution to
be unique at least locally.

Let 2 C R™ be an open set and let zp € 2. Let f : @ — R" be a con-
tinuously differentiable function. We can write our system of equations in the
form

f(z) =0. (9.2)



Let us suppose that the point z is a solution. In other words, let us suppose that
f(zo) = 0. We seek conditions that force the solution zg to be isolated. Of course
we can examine the question in the more general context in which R" is replaced
by a complete normed real vector space.

LEMMA 169  Let Q be an open subset of a complete normed real vector space
V. Let f : Q@ — V be a continuously differentiable mapping. Let vy € 2 be such
that f(vg) = Oy. If the differential df,, is invertible then v = vy is an isolated
solution of the equation f(v) = Oy .

Proof. By the differentiability of f, there exists a function ¢ : @ — V in the
class £q 4, such that

f(v) = fvo) + dfu, (v —vo) + p(v) Vv Q.
If we assume that v and vg are both solutions of f(v) = Oy, then we obtain
dfog(v —w0) +9(v) =0y Ve,
or equivalently that
v — vy = —(dfs,) (V) Yo € QL. (9.3)
using the hypothesis that df,,, is invertible. Now, choose € so small that
lldfue) " llop < 3,

where || ||op denotes the norm of CL(V, V). Next, we invoke the definition of
Eaw,» page 145, to obtain the existence of § > 0 such that

v e, o—ull < 3= l(df) @Il < v - v
Combining this with (9.3) now yields
vEQv—wl<d = fv—wl <gllv-wl = v=vo
This is the desired conclusion. ]

Now, in the finite dimensional situation, suppose that we have a system of n
non-linear equations for n unknowns which depend upon p parameters. This is
a situation that occurs quite frequently in applications. Suppose that a solution is
known for a certain setting of the parameters. We would like to be able to track
the known solution as the parameters vary slightly.

More generally, we may replace R™ by a complete real normed vector space V'
and the parameter space R? by a complete real normed space U.
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THEOREM 170 (IMPLICIT FUNCTION THEOREM) Let U and V' be complete
normed real vector spaces. Then U @& V' is a complete normed real vector space
which can be identified as a metric space with U x V. Let Q0 C V' be an open set
and let vg € Q. Let A C U be an open set and lettg € A. Letg : A x Q — V
be a continuously differentiable function with the property that g(to,vo) = Oy .
Suppose that the partial difterential dg(ztwo) of g in the V' subspace is invertible
as a continuous linear map from V' to V. Then there exists an open set Ay of U
such that
to € Ag C A,

and a continuously differentiable mapping h : Ay — §2 such that

g(t, h(t)) = Ov,
forallt € Ay and h(to) = vo.

Here the variable t € A represents the parameter in U and for a given value
of t the corresponding system of equations is given by

g(t,v) = 0y.

The Implicit Function Theorem asserts the existence of a solution v = h(t) which
varies as a continuously differentiable function of ¢. Note that this function is in
general not globally defined. It need only exist in a small neighbourhood of #.

ExAMPLE  Suppose that @ =V = Rand A = U =R, thecasen =p =1
described in the preliminaries. Let g(t,v) =t — v?, v = 1 and to = 1. We have

dg
dg(zt,v) = %(@@ =—2v

which is certainly invertible when v = vy = 1. The solution function h is the
positive square root. We see that h can only be defined for ¢t > 0 despite the fact
that g(¢,v) is defined and infinitely differentiable for all real ¢t and v. We can also
see that the initial conditions v9 = —1 and tg = 1 lead to a different solution
function. O

The usual statement of the Implicit Function Theorem contains a uniqueness
assertion which is essentially a restatement of Lemma 169.

Proof of the Implicit Function Theorem. ~ We first of all replace the function g by
(clgy(ztw()))_1 o g. This does not affect any of the hypotheses or conclusions of the
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Theorem and allows us to assume that dg(ztomo) = I, the identity endomorphism
on V. Define now ¢ : A x  — V by

o(t,v) =v —g(t,v).

Then ¢ is clearly a continuously differentiable function with the property

2 _
dw(to,’l}o) - 07

the zero endomorphism of V. By the continuity of dy?, there exist neighbour-
hoods A; and € of ¢y and vy respectively such that

(t,v) € Ay x Qo = [|def llop < 3

We further suppose without loss of generality that €2y is the closed ball centred at
vo of some radius > 0. Further, using g(%o, vo) = Oy and the continuity of g we
find an neighbourhood Ay C A; of ¢ such that

te No=|lg(t,vo)| < 37

Suppose now that h; and hs are two continuous mappings from Ag to €.
Then we have

lo(t, ha(2)) — o (t, ha(®)]| < sup [l llopllha () — ha(t)]],

ISIO)

by Theorem 7.18 (page 156). In order to apply this Theorem, we need to have €
convex and not merely a neighbourhood of vg. For t € Ay this leads to

le(t, ha(2)) — ot ha(t) ]| < 51170 (t) — ha(B)]). 9.4)

The key idea then is to define a mapping 7" by

Th(t) = o(t, h(t)).

A consequence of (9.4) is that 7" is a contraction mapping for the uniform norm
in the sense of Theorem 52, the contraction constant being .

Filling in the details of the proof so that Theorem 52 can actually be applied
requires a considerable amount of work. The space S on which the Contraction
Mapping Theorem will be applied is the space of all continuous mappings h from
Ay to Qg such that h(ty) = vo. We give S the uniform norm and observe that it is
a complete metric space with this norm. It is in order to obtain completeness that
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we insist that €2 is a closed set. To check the base point condition we observe
that for h € S, we have h(ty) = vy whence

Th(to) = (p(to, ]’L(to)) = ]’L(to) - g(to, ]’L(to)) =V — g(to,’Uo) = .
To check that S is nonempty we simply consider the constant function
]’Lo(t) = g Vit € Ao.

Finally, we need to check that 7" actually maps S to S. Let h € S and apply (9.4)
to h and hg to obtain

ITh(t) — Tho(t)|| < 3lIA(t) — ho(t)]| < 5
forall t € Ay. But
1Tho(t) — woll = [l (t, v0) — voll = llg(t, vo) || < -
It follows that
ITh(t) — vol| < | Th(t) — Tho(t)|| + || Tho(t) — ol <,

fort € Ay as required.

With the hypotheses of Theorem 52 complete, we are now guaranteed the
existence of a continuous function h : Ay — € such that Th(t) = h(t) for
all t € Ag. Equivalently this means that g(¢,h(t)) = Oy for all t € Ay. Also
]’L(to) = Vp.

The remainder of the proof is to check that the function A is actually continu-
ously differentiable and not merely continuous. This bootstrap kind of approach
is quite standard in results of this type. Let ¢1 be a fixed element of A. Then

Ov = g(t, h(t)) — g(t1, h(t1))
= dgi, eyt = t1) + dglsy iy (R(E) — h(t1)) + b (t, h(t))

where t € Ag and ¥ € Eagxqq,(t1,h(tr))- Now apply the linear transformation
(d‘g(zthh(tl)))_l to obtain

Oy = A(t — t1) + (h(t) — h(ty)) + u(t, A(t)) 9.5)

for t € Ag and where again 11 € Eayxqo,(t1,h(t1))- In the interests of brevity, we
have denoted

A= (dg(ztl,h(tl)))_l © dg(ltl,h(tl))’
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a continuous linear mapping from A : U — V. Because of the continuity of h

at ¢y, the little “0” condition can be rewritten as the statement

Ve > 0,30 >0  such that
[t —tal| <0 = [[v1(t, (D)) ]| < e(lt — tall + |2 () — R(E)I).  (9.6)

Now choose € = 3. Then, combining (9.5) and (9.6) we see that
slh@®) = h(t)] < A —t)]| + 5llt -t
for ||t — t1]] < 9, showing that
1A () = h(t)[| < Cljt — 4]

for some suitable constant C'. Substituting back in (9.6), this shows in turn that
P1(t, h(t)) is in fact little “0” of ||t — ¢4||. Finally rewriting (9.5) as

h(t) = h(t1) = —A(t — t1) — ¥1(t, h(?))
we see that h is differentiable at ¢; and that
dhy, = —A = —(dg, ne)) ™ © G, i)y ©.7)

Since operator inversion and multiplication are continuous operations, we see that
the mapping t — dh, is itself continuous. ]

The uniqueness assertion can be viewed on an individual point basis. Let
t1 € Agand v € Q satisfy g(t1,v1) = Oy. Then vy = h(t1). To establish this, we
write

v = h(t1) = @(tr, v1) = (tr, h(t1))

and it follows that
[vr — h(t1)|| < 5llvr — h(t1)]]

as in (9.4). The desired conclusion, v; = h(t1) follows.

We note that if in the hypotheses of the Implicit Function Theorem we add
that g is continuously differentiable up to order £ > 1, then we may conclude
that the solution function A is also continuously differentiable up to order k. We
leave the rather technical proof to the reader. The key point is that this assertion is
proved a posteriori, by simply repeatedly differentiating the known first differential
(9.7). Tt follows from this that if g is infinitely differentiable then so is A.
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There is also another possible approach in which the additional differentiabil-
ity is built into the metric space S to which the Contraction Mapping Theorem is
applied. This would be an a priori method, technically much more difficult.

The Implicit Function Theorem is obtained from the Contraction Mapping
Theorem, but it is also possible to use the Implicit Function Theorem to build a
further extension of Theorem 53. The key point to observe is that in the hybrid
Theorem that results, the implicit function g defined by the fixed point is guar-
anteed to exist on the whole of S and not merely in some local sense about some
initial point.

THEOREM 171  Let X and Y be complete normed spaces, k € Nand 0 < a <
1. Let ¢ € X and let r > 0. Let P be an open subset of Y and suppose that
f: P x B(e,r) — X is a mapping such that

o d(f(p,z1), f(p,x2)) < ad(z1,x2) for z1,z9 € B(c,r) and each p € P.
e d(c, f(p,c)) < (1 —a)r forallp € P.

e The mapping f|pxu(cr) obtained by restricting f to P x U(c,r) is k times
continuously differentiable from P x U(c,r) to X.

Then there is a unique k times continuously differentiable mapping g : P —
U(c,r) such that f(p, g(p)) = g(p) forallp € P.

Proof. The hypotheses of Theorem 171 exceed those of Theorem 53, and there-
fore, we are guaranteed the existence of a continuous mapping g : P — U(c, 1)
such that x = g(p) is the unique solution of the fixed point equation f(p, ) = .
It remains to show that g is in fact k times continuously differentiable. But this
is a local property, so let us use the Implicit Function Theorem, locally about
(p, g(p)) to establish that g is continuously differentiable near p € P. Let us de-
note ¢(p, z) = x — f(p, ). Then the key hypothesis that is needed in the Implicit
Function Theorem is that d¢, ;) = I — dft, ), is an invertible linear trans-
formation on X. But, by Proposition 129 we see that ||df(2p7 ooy llop < . Since

o < 1, we see that
o

2 _ 2 n
Plogp) = Z(df(p,g(p)))
n=0
is given by a convergent series, c.f. Lemma 168. This proves the result in the
case k = 1. For larger values of k we proceed as explained above by directly
computing the derivatives using (9.7). |
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9.2 Inverse Functions

The next task is to establish what is in effect a corollary of the Implicit Function
Theorem.

THEOREM 172 (INVERSE FUNCTION THEOREM)  Let V' be a complete normed
real vector space. Let {2 C V' be an open set and let vg € 2. Let f : 0 — V be
a continuously difterentiable function. We denote to = f(vg). Suppose that the
differential df.,, is invertible, then there exists a neighbourhood A of ty in V and
a continuously differentiable function h : Ag — §2 such that h(ty) = vo and

foh(ty=t  VteA,.

Proof. We will apply the Implicit Function Theorem. Let A = U =V and set
g(t,v) =t — f(v) vVt e V,v e .

The Implicit Function Theorem immediately gives the desired conclusion. |

As with the Implicit Function Theorem itself, there are some corollaries. If f
is k times continuously differentiable with k& > 1, then we can assert that so is
the inverse function h. If f is infinitely differentiable, then we can assert that h is
infinitely differentiable.

9.3 Parametrization of Level Sets

In this section we give another application of the Implicit Function Theorem in
the finite dimensional case.

THEOREM 173 (PARAMETRIZATION THEOREM) Let k < n and suppose that
Q) C R" isan open set. Let zo € €. Let § : Q — R¥ be a continuously differen-
tiable function such that the derivative df,, has full rank k and 6(x¢) = 0. Then
there exists a neighbourhood U of 0 in R"™* and a continuously differentiable
function ¢ : U — Q such that ¢(0) = g, dp; has rankn — k and 0 o p(t) = 0
forallt € U.

Furthermore there is a neighbourhood V' of z¢y with V' C €2 such that for all
x € V such that 6(z) = 0 there exists t € U such that z = ¢(t).
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Proof.  Since df,, has rank k, it follows that its null space IV has dimension n—k.
Let 7 be a linear projection of R™ onto N (as in a direct sum R* = N & C). Now
we define a map

g:NxQ— N xR*

by g(t,z) = (w(x) — t,0(z)). We are going to apply the Implicit Function The-
orem to g. The function g is continuously differentiable on N x £ because 6 is
continuously differentiable on €2. A calculation shows that

4G (w0) o) () = (7(2), A0z, (). (9.8)

If the right-hand side of (9.8) vanishes then we have € N and w(x) = 0. But
sincex € N, z = w(z) = 0. It follows that the partial differential dg(zw(zomo) is
an injective linear mapping. By dimensionality it is therefore invertible.

The consequence of the Implicit Function Theorem is the existence of a neigh-
bourhood U of w(xp) in N and a continuously differentiable mapping ¢ : U —
2 such that g(t,p(t)) = 0 for all ¢ € U. Thus we have 6 o p(t) = 0 and
m(p(t)) = t for all such ¢. Differentiating this last relation yields that 7 o dep; is
the identity endomorphism on V. It follows that diy; has full rank n — k.

Finally, from the uniqueness part of the Implicit Function Theorem, there
exist neighbourhoods Uy of 7(z¢) and €y of o such that t; € Uy, x1 € £y and
g(t1,z1) = 0 together imply that

Let V = Qo N7 Y(Up). Then for z; € V satisfying 6(z;) = 0 we define ¢; =
m(x1) € Up and it follows that

g(tl,ml) = (7T(£171) — tl,g(.l?l)) =0.

The desired conclusion (9.9) follows. ]

9.4 Existence of Solutions to Ordinary Differential Equations

The purpose of this section is to outline the use of the Contraction Mapping Theo-
rem to establish the Picard Existence Theorem for ordinary differential equations.
We present the vector-valued case.
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THEOREM 174 (PICARD EXISTENCE THEOREM) Let V' be a complete normed
real vector space and let §2 be an open subset of V' with vy € Q. Let J be an
open interval of R withty € J. Let F' : J x & — V be a bounded continuous
mapping. Suppose also that the partial differential dF'? exists on J x . Suppose
further that dF* is continuous on J x § and uniformly bounded in the sense

sup ||dF(2t,v)||0p < 00.
te Jve

Then there is an open subinterval Jy of J with ty € Jy and a continuously differ-
entiable function ¢ : Jo — Q such that p(to) = v and

¢'(t) = F(t,e(t)  Vte o

Since the function ¢ is a function mapping from a 1-dimensional space, we
have used derivatives rather than differentials to describe the result.

EXAMPLE  This example illustrates that the Picard Existence Theorem is neces-
sarily local in nature. Let V = Q = J =R, tg = vo = 0 and let F(¢,v) =1 + v%
Then the only solution of the differential equation v’ = 1+ v? satisfying the initial
condition v(0) = 0 is the function v = tant, which has singularities at § and
—7%. Thus the interval Jy is, at its largest | — 7, 5. ]

Proof. The first step in the proof is to find closed bounded neighbourhoods €24
of vg and J; of ¢y contained respectively in 2 and J. Let us choose €2; specifically
in the form B(vo, r) for some r > 0. We note that in the finite dimensional case,
the Heine-Borel Theorem (page 103) and the continuity of F' and dF'? allow us
to establish that the functions F' and dF? are bounded on J; x €2;. In the general
case, we must avail ourselves of the given boundedness hypotheses.

We now choose ¢ > 0 so small that

¢ sup [[F(t,v)|lv<r (9.10)
te Jve

¢ sup [|dFG llop < 5 9.11)
te Jve

both hold. Finally let Jy be an open interval containing the point ¢, contained in
both the intervals |tg — £,to + ¢ and J;.

Now we let S be the metric space of continuous functions ¢ from the open
interval Jy to the closed ball 21 such that ¢(tg) = vo. We use the uniform metric
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on S. In other words,

ds(p1,¢2) = sup [lp1(t) = p2(t)llv-

tedo

The contraction mapping 7" is defined by

To(t) =vo+ /tF(s, ©(s))ds (9.12)

to

It is clear from Theorem 160 (page 177) that T’y is a continuously differentiable
function, and in particular it is certainly continuous. We have

ITe(t) = voll < [t = tol[[ Flloo <

fort € Jo (by (9.10) and the third part of Lemma 158) so that T'¢ actually takes
values in ;. Thus 7" actually maps S to S and it is also clear that S is complete
since € is closed and V is complete. The details of the proof are found on
page 78.

To verify that T" is a contraction mapping on .S we use the identity

t
ﬂMﬂ—ﬂM®=/F®wﬁD—ﬂ&w®Ms
to
Since €2 is a convex set, we can estimate
HF@wmm—ﬂ&w@mwé{ wp|mmwm}&mw%@—wmw&
te Jo,veN teJy

using Theorem 139 (page 156). This leads, by (9.11) and again using the third
part of Lemma 158, to the estimate

sup || T1(t) — To2(t)|lv < 5 {Sup 1 (2) — S02(t)||v} S CAE)
teJy tedy

Finally, this gives
ds(Tp1, Tpa) < 5ds(p1, p2).

Using the Contraction Mapping Theorem we find that 7" has a fixed point ¢.
In other words, the fixed point ¢ satisfies

w@=%+/F@MW%

to
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for all ¢ in Jy. It follows from the Fundamental Theorem of Calculus (page 177)
that ¢ is differentiable and satisfies the required differential equation

¢'(t) = F(t, o(t)). (9.14)

Since, ¢ and F' are known to be continuous, we see that ¢ is continuously differ-
entiable. Compare this “bootstrap” type argument to the one found in the proof
of the Implicit Function Theorem. The initial condition ¢(¢9) = v, holds since
p€ES. |

There are a number of interesting extensions of this result. First of all, if F' is &
times continuously differentiable with k an integer £ > 1, then one can conclude
that the solution ¢ is k + 1 times continuously differentiable. This is established
a posteriori, that is, by repeatedly differentiating the differential equation (9.14).

Secondly, the the solution of (9.14) is unique, given the initial condition. This
can be seen from the uniqueness assertion of the Contraction Mapping Theorem
and also directly. If 1 and ¢ are two solutions of (9.14) satistying the same initial
condition and defined on an interval K C J containing ¢, then (9.13) becomes

sup [1(8) = 20l < 3 { sup s (8) = )l |
teK, teKy
where K is the interval Ky = Jtg — ¢, to + £[ N K. This shows that ¢; and 9
coincide on K. If K # K, we may then reapply the same argument where ¢ is
replaced by a point of K close to one or other of its endpoints. This allows the
equality of ¢1 and 9 be be extended into new territory. Repeating this procedure
shows that equality holds on the whole of K.

Thirdly, under stronger hypotheses, typically satisfied by linear equations, we
have the existence of a global solution.

COROLLARY 175  Let V' be a complete normed real vector space and let vy be a
point of V. Let J be an open interval of R withty € J. Let F': J xV — V be
a continuously differentiable mapping. Suppose also that the partial differential
dF? satisfies
sup ||dF(2t,v)||0p < 0.
tel,veV

on every compact subinterval I of J. Then there is a continuously differentiable
function ¢ : J — V such that ¢(ty) = vy and

Q') =F(t,p(t) VtelJ
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Proof. The proof follows that of the Picard Existence Theorem. Notice that 2 =
V so that we can take r = oo and equation (9.10) disappears. We work on I,
a compact subinterval I of J. Since the choice of ¢ depends now only on the
equation
¢ sup ||dF(2t,v)||0p S %7
telveV

we see that £ depends only on I. We obtain a solution ¢ on the interval Jy =
intI Nltg—£€,to+ £[. Now choose a point t; € Jy close to an endpoint of Jp.
Repeating the argument establishes the existence of a solution ¢, on the interval
Ji =int I N|t; — ¢, + £, satistying the initial condition ¢1(¢1) = ¢o(t1). The
uniqueness argument outlined above shows that these two solutions agree on the
overlap Jp N J; and hence it is possible to glue them together into a solution on
Jo U Ji. Since £ depends only on I, by repeating this idea we eventually can
construct a solution ¢; on the whole of int I. Next, we write

U
k=1

where the I}, are compact subintervals of J. We can assume without loss of gen-
erality that I}, increases with k. Again uniqueness tells us that

o1, = ¢1,

for ¢ < p. Thus the solutions ¢y, can be glued together to provide a solution on
the whole of J. ]

We now prepare to tackle the issue of the dependence of the solution of a dif-
ferential equation on its initial conditions or even on perturbations of the equation
itself. We need the following little lemma which while entirely trivial involves a
huge conceptual leap.

LEMMA 176  Let V and W be complete normed vector spaces and let €} be an
open subset of V. Let G : & — W be a k times continuously differentiable
function. Now consider the space X (respectively Y) of bounded continuous
functions for an open interval I in R to € (respectively W) with the uniform
metric. Consider the map G

p = (L= G(p()))-

Then G is a k times continuously differentiable map from X toY .
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Proof. For 0 < ¢ < k we have

d'Gy(r, ... e) = (t = d" Gy (Wi (1), ., u(t))).

Note that the function ¢ does not get differentiated here! |

THEOREM 177  Let k be an integer with k > 1 and let P be an open subset
of a complete normed real vector space and let po € P. Let V be a complete
normed real vector space and let §2 be an open subset of V. Let vy : P —
be a k times continuously differentiable function. Let J be an open interval of R
withty € J. Let F': P x J x 8 — V be a k times continuously differentiable
mapping. Suppose also that the partial differential dF'® exists on P x J x €.
Suppose further that dF'® is uniformly bounded on P x J x €2 in the sense

Sup |AFS . llop < 00
pePte Jve

Then there is a neighbourhood Py of py in P, an open subinterval Jy of J with
to € Jo and a continuously differentiable function ¢ : Py x Jy — €) such that

¢(p, to) = vo(p) and

0
Spt) = Ftep.t)  VpePte k. 9.15)

Proof. The proof will follow the proof of the Picard Existence Theorem, but we
are going to use Theorem 171 instead of the Contraction Mapping Theorem. We
will need to choose 7 > 0 as in the Picard Theorem and also to choose ¢ such that

¢ sup ||F(p7t7v)||V§T
pePte Jve

¢ sup  ||dFE, llop < 3
pePte Jve

and furthermore we will choose the neighbouhood P, such that

[

|lvo(p) — vo(po)|lv <
EHF(p?t?v) - F(p07t7v)”V S

U=
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for all p in Fy. Since these conditions are the same as in the Picard Theorem.
There is a solution ¢y wich satisfies the unperturbed differential equation

¢o(to) = vo(po).- (9.17)
Now we define the mapping
t
T'(p,¢)(t) = vo(p) + / F(p, s, o(s))ds.
to

and check that it satisfies the hypotheses of Theorem 171. First we check the
contraction condition. We find

1E (P, 5, ¢1(s)) = F(p, 5, 2(s))llv

s{ sup ||dF§,,t,v)||op}{;g}o||¢1<t>—soz<t>||v}
0

te Jo,veN

leading to

Sup 1T (1) (t) = T(p, p2) (1) lv

IN

e{ s 1l | {sup e - palolv}
0

pE Py, teJo,veEN

< 3 {supllea) - a0l }
tedy

The second condition of Theorem 171 is also easy to check. We need to estimate

lo —T'(p, o)||. Towards this and using the fact that g satisfies the unperturbed

equation we get

eolt) — T(p, 00)(t) = volpo) — vo(p) + / F(po, s, ¢0(s)) — F(p. s, ol(s))ds

to

and the estimate |9 — T'(p, ¢o)|| < 2r < r follows from the inequalities (9.16)
and (9.17) used in the choice of Py. Finally, we see that (p,¢) — T'(p, ) is k
times differentiable much as in Lemma 176. Thus, all the required hypotheses are
verified. Hence there is a k times continuously differentiable mapping g : Py —
U(po,r) such that g(po) = o and T'(p,g(p)) = g(p). Obviously, we will set
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o(p,t) = (g(p))(t). The conditions ¢(p,to) = vo(p) and (9.15) are satisfied. It
is also clear that p — ¢(p, ) is k times differentiable for each fixed . Now using

(9.15) and the fact that F' is k times differentiable, we see that (p,t) — g—f(p, t)

is k times continuously differentiable in p. This captures the first ¢ derivative. To
capture second and higher order differentiability in ¢, we must differentiate (9.15)
further. We leave the details to the reader. |
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Index

absolutely convergent sums, 78 continuity, 21
accumulation point, 34 continuous, 24

affine, 144 continuous at, 21
Axiom of Choice, 63 contraction mapping, 80

convergent sequence, 17
converges to, 16

convex, 7, 63

convex function, 51
coordinatewise convergence, 67
countable, 37

countably compact, 100

Banach Spaces, 91

between, 137, 182

bilinear operator norm, 164
bounded function, 72
bounded linear, 61
bounded sequence, 72
bounded subset, 72

deleted open ball, 35
Cantor set, 19 dense. 34

Cauchy sequence, 70
closed ball, 14

closed subsets, 18

derivative, 36
diagonal mapping, 29
diagonal subsequence, 116

closure, 33 diameter, 72

compact, 96 differentiable, 36
complet'e, 71 differentiable at vg, 146
completion, 86 differential, 144

complex inner product, 4

components, 132 direction vector, 150

composed mapping, 25 directional derivative, 150
composition, 25 discrete, 137
conjugate index, 47 ,

connected, 128
connected subset, 129
connected through, 132
constant sequence, 16 equicontinuous, 116

differentiation under the integral, 179

distance function, 11
distance to a subset, 36
dual space, 62

200



equivalent norms, 65 neighbourhood, 14
Euclidean norm, 3 nonexpansive mapping, 25
evaluation map, 165 norm, 1

extended triangle inequality, 11 _ o
one-point compactification, 125

first variation., 146 one-sided derivative, 157
open ball, 14

open mapping, 142
open subset, 15

operator norm, 61
orthogonal, 104

glued mapping, 42

Hessian matrix, 169
homotopic, 43

indefinite integral, 177
inner product, 3
interior, 32

interior point, 14
isolated point, 34
isometry, 25

partial derivative, 161
partial differential, 159
path, 138

path connected, 138
piecewise linear, 139
point at infinity, 125

Jacobian matrix, 162 point-set topology, 14
Jensen’s inequality, 52 points, 14

pointwise convergence, 67, 73
Lagrange remainder, 182 positive definite, 4, 5
Laplace transforms, 127 premetric, 56
limit, 17, 35 primitive, 177
limit point, 34 product mappings, 28
limited differential, 158 product metric, 26
line condition, 8 product metric space, 26
Lipschitz at vg, 147
Lipschitz map, 25 rapidly convergent subsequences, 92
little “0” of the norm, 145 realification, 2
local maximum point, 151 relative metric, 11
local minimum point, 151 relatively closed, 40

relatively dense, 40
metric, 11 relatively open, 40
metric space, 11 remainder term, 182
metrically equivalent, 64 representative points, 173
modulus of continuity, 45 restriction metric, 11

Riemann partition, 173

natural subsequence, 46 Riemann sum, 173
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second differential, 164
self-adjoint, 124
separable, 37
separating, 119
sequentially compact, 101
splitting, 128
standard inner product, 4
star space, 59
step of a partition, 173
subsequence, 46
supremum metric, 73
supremum norm, 73
symmetry of the second differential,
165

tail, 18

Taylor Polynomial, 181
topological space, 16
topologically equivalent, 65
topology, 16

totally bounded, 113

totally disconnected, 135
triangle inequality, 11
trigonometric polynomial, 125

uniform convergence, 73
uniform equivalence, 65
uniform metric, 73
uniform norm, 73
uniformly continuous, 44
uniformly equivalent, 65
unit ball, 7

unital, 119

vanishes at infinity, 126
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