
Final Examination December 13, 1999 189-586A

1. Determine the general solution of the PDE

x(y � u)ux + y(u� x)uy = (x� y)u

and then determine that solution passing through the line x = y = u.

2. The neutron density in an absorbing medium obeys the PDE

nt = nxx � n ; �1 < x <1:

At t = 0, a burst of neutrons is produced such that n(x; 0) = f(x).

(a) Find n(x; t) for t > 0 using the convolution theorem.

(b) What is n(x; t) if f(x) = Æ(x� x0), the Dirac delta function?

3. Transform the following PDE to canonical form and then �nd its general solution:

y2uxx � 2yuxy + uyy � ux = 6y:

(Helpful suggestion: Solve the transformed equation to obtain the homogeneous solution,
but the simplest particular integral can be obtained from the original PDE).

4. If the temperature of a spherical surface r = a is maintained at u(a; �) = 1 + cos�,
determine the steady-state temperature outside the sphere if u tends to zero as r ! 1.
When there is axial symmetry, Laplace's equation is:
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5. Consider the propagation of a nonlinear wave as described by

ut + uux + 
u = 0; u(x; 0) = f(x);

where 
 is a positive constant. Make a rough sketch of the characteristics on an xt diagram
and show that wave breaking will occur eventually only if f 0(x) < �
 somewhere.

6. The equations of one-dimensional gas dynamics for isentropic 
ows are the following:

� ux + u �x + �t = 0

u ux +
c2

�
�x + ut = 0;

where u and � are the density and velocity and c2(�) is the sound speed squared. Find the
characteristic directions for the system and the ODEs that apply along the characteristics.
Finally, show that the Riemann invariants are

u�
Z

c(�)

�
d� = constant:

7. For what value(s) of the constant � do solutions exist for the nonhomogeneous boundary
value problem

x2�00 + x�0 + 4� = logx2 + � sin(log x2); �(1) = �(e�) = 0?

(Recall that xÆ+i� = xÆfcos(� logx) + i sin(� logx)g.)
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