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Abstract

We study Hecke operators acting on the space of modular forms mod 2, with a view
towards the relation between modular forms and Galois representations. We first give
background on modular forms and Galois representations mod p, and state the theorem
of Khare-Wintenberger long known as Serre’s conjecture. We then focus on the case p = 2,
where the Hecke algebra acts nilpotently, and give an exposition of recent work of Nicolas
and Serre. In their article [6], two proposition describing the action of the operators T
and Ty respectively are left unproved. These propositions state that the action of the
Hecke operator on a modular form of the form AF depends on an invariant computed
from the dyadic expansion of k. The final sections of this article give original proofs of
these two results using recurrences suggested by the authors.

*Some of this research was conducted when the author was supported by an NSERC SURA scholarship.
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1 Introduction

The first part of this article is an introduction to modular forms and Galois representations
mod p. First, modular forms in characteristics 0 and p are introduced, as well as Hecke
operators and their eigenforms. We then introduce Galois representations mod p. We discuss
Frobenius elements in Galois groups of extensions of Q and their images under representations

p: Gal(Q/Q) — GL(F,).

We conclude the section by giving the idea for the invariants (IV, k, ¢) attached to a represen-
tation, and stating Serre’s conjecture on modular forms and Galois representations mod p.

The next part focuses on modular forms mod 2 and presents recent results of Nicolas and
Serre, [6], [7]. In level 1, the ring of modular foms modulo 2 is the polynomial ring Fa[A],
where A is the reduction of the modular discriminant. The action of the Hecke operators on
this ring is nilpotent, as there are no non-trivial systems of eigenvalues mod 2. In [6], the
authors give a precise description of this action on the subspace F spanned by odd powers of
A. They define the order of nilpotency of a modular form A* as the minimal integer n such
that for any collection of primes p;,

Ty T (AR =0, n=>) n

The upper bound on n — 1 is achieved when applying only the operators T3 and 75. The
multiplicities appearing in this maximal application are denoted n3(k) and ns(k). The authors
find that this pair of integers, which they call the code of k, can be computed from the dyadic
expansion of k, where the 3;(k) is the coefficient of 2 in this expansion. The code is given by

na(k) =Y Bau1(k)2, ns(k) = Baira(k)2’,  h(k) = na(k) + ns(k).
=0 1=0

The code defines a bijection between the positive odd integers and N2 and an associated total
ordering of the odd integers. The order relation is denoted by < and for two odd integers
k,K', we write that k < k" if h(k) < h(k') or h(k) = h(K') and ns(k) < ns(k’). Given a
polynomial f € F, the highest exponent of f is the greatest in this ordering, and f inherits
the code of this exponent. The precise descriptions of the action of T3 and T5 in are given in
the following propositions.

Proposition 1 (Proposition 4.3 [6]). Let f € F, f # 0, and let k be its highest exponent.
(i) We have h(T3(f)) < h(f) —1 = h(k) — 1, where the second equality is by definition.
(ii) When ns(k) > 0, we have h(T3(f)) = h(k) — 1 and the code of the highest exponent of
T5(f) is [n3(k) — 1,n5(k)].
Proposition 2 (Proposition 4.4 [6]). Let f € F, f # 0, and let k be its highest exponent.
(i) We have h(T5(f)) < h(f) — 1= h(k) — 1.
(ii) When ns(k) > 0, we have h(T5(f)) = h(k) — 1 and the code of the highest exponent of
T5(f) 18 [ng(k'), 7”L5(k‘) — 1}.

The proof of these propositions is said to be “long and technical” and is left unpublished.
The authors do indicate that the proof is obtained by induction via linear recurrences which



they developed:
T3(AF) = AT3(AF3) + ATz (AR ) (1.1)

Ts(A%) = A2T5(AF2) + AMTTH(AF ) + ASTH(AF0) + ATH(AFD). (1.2)
In [7], the authors uncover structural properties of the algebra F using the results from

[6]. They show that the algebra A of Hecke operators can be identified with dual F*. Fur-
thermore, A is isomorphic to the ring Fo[[z, y|] where x = T3 and y = T5.

Sections 5-7 present original proofs of propositions 4.3 and 4.4. We first show that the
recurrence relations (1.1) and (1.2) can be respectively composed with themselves to obtain
similar recurrence relations involving arbitrarily large powers of 2:

T3(AF) = A2 T3(AF32) 4 AT2 (AR (1.3)

T5(AF) = AP2 T5(AF22) 4 APy (ARA2) 4 ASP T (AR02) 4 AT T3 (AR (1.4)

These new recurrences can be used to circumvent the incompatibility of subtraction with
the < ordering of the odd integers. To illustrate this, we arrange the odd integers in a grid
using [n3(k), ns(k)] as coordinates for k. In terms of the grid, the statement of propositions 4.3
and 4.4 is that T3 acts by translation to the left by one unit, and 75 by downwards translation.

A8 ABT A9 A9 ALLT AT19 A125 A 127

ABL A83 AB9 AL ALIBA1I5 A121 A123

AB9 ATL ATT AT9 A0 A103 A109 A 111

AB5 ABT AT3 ATS AT A99 A105 A107

A2l A23 A29 ABL AB3 AB5 A6l A63

ALT A9 A2 A2T A49 ASL ABT AB9

AP AT Al AIS AT A39 A4S AAT AI33 A135

A A3 A2 ALl A33 A35 A4l A43 AI29A131

A look at this table shows that the code does not behave well under arithmetic opera-

tions in general, but it does under subtraction of single powers of 2. For example, the square
containing odd integers in the range (33,63) is a right translate by 4 units of the square

containing the integers (1,31). This translation corresponds to adding 32 and the ordering
inside the square is preserved.

This is the strategy for the proof of proposition 4.3: the recurrences allow us induct on
numbers that have exactly the same binary expansion, up to the greatest power of 2. Visually,
we could say that we induct on the left-translate of a box of size 4 - 2¢ (4 - 23 in the example
above). In this case, since the image under T3 of A* is the translate of the image under T3 of
AF=42" " we like to think of subtraction (translation) and applying T3 as two operation that
commute. This operation of left-translation corresponds to the A*2' T3(A*=42") term of the
recurrence, and we bound the highest exponent first term to get our result.



For proposition 4.4, which describes the action of 75, the recurrence has more terms,
which can cancel each other in various ways. This lead to a multiplication of the number
of subcases to consider if one wishes to replicate the proof used for T3. In some cases, this
technique appears to simply not work, since the cancellation leaves the second exponent in
one of the four terms as the leading exponent. As proposition 4.4 says nothing about lower
order exponents, this appears to be a dead end and we adopt a different technique. It is based
on the idea that the operator T3 is almost invertible despite being nilpotent. Indeed, if one
considers a polynomial f € F with leading term A7, the question “what would be the leading
exponent of a polynomial g such that T3(¢g) = f?” has a very limited number of possible
answers. If the leading exponent of g is an integer ¢ such that nz(¢) # 0, then it is almost
certain that ¢ ~ [n3(j) + 1,n5(j)]. The only other possibility is that the ng(¢) = 0, in which
case proposition 4.3 only tells us that h(¢) > h(j).

We use this observations and the commutativity of Hecke operators to regard 75 as
Ty LTy Ty. Concretely, given a monomial A¥, we first apply T3 to get a new f € F whose de-
grees are smaller than k. We then use induction to determine the leading exponent of T5(f) =
T5T3(A%). We then ask the question “what could be the preimage under T3 of T5T3(A%)?” In
well-behaved cases, the answer is the integer £ such that nz(¢) = n3(T5T3(AF)) + 1. There are
a limited number of k such that the second possibility arises: nz(¢) = 0 and ¢ < k. However,
there are strict restrictions on the dyadic expansion of an integer k for which this could occur.
We take of these special cases by using the recurrence formula to explicitly compute Ty(AF)
in the same way as for T5.

Acknowledgements. The author is grateful for the patience, excellent advice and constant
support provided throughout this project by her research supervisor Henri Darmon. Her
gratitude goes to Jean-Louis Nicolas and Jean-Pierre Serre for their attention and for providing
their version of the proofs. She is also thankful to Paul Monsky for important suggestions
in the presentation of the proof. Finally, she would like to thank Olivier Martin for his
inestimable friendship, the quality of their mathematical exchanges, and for being a constant
source of inspiration.

2 Modular forms and Galois representations mod p

This section introduces modular forms mod p and Galois representations mod p. It gives the
definition of the invariants (N, k, e) for both objects, and ends with the statement of Serre’s
modularity conjecture. References for this section are Serre’s article stating the conjectures
[10], as well as [9] and [4] for modular forms, and [12] for Galois representations.

2.1 Modular forms

Let H be the complex upper half-plane. The group PSLo(Z) acts isometrically on H:

a b b
-z:ﬂ, a,b,c,d € Z,ad —bc=1,z € H.
c d cz+d



Definition 1. Let N ba a positive integer. The congruence subgroup To(N) of PSLs(Z) is

a b
To(N) = ; € PSLy(Z); c=0 mod N
c

Modular forms are complex-valued functions on H satisfying a certain functional equation
with respect to the action of a congruence subgroup.

Definition 2. Let k and N be positive integers, and ey : (Z/NZ)* — C be a character. A
modular form of level N, weight k and character € is a holomorphic function

fH—-C
such that

(i) for any v € I'o(N), the function f satisfies the equation
fOy-2) =eold)(ez + ) f(2), ~v= :

(ii) the function f is holomorphic at 0o, i.e. the value of f(z) is bounded as im(z) — oo.

Considering the definition in the case of the element

11
01

S Fo(N)

shows that f(z) = f(# +1). Thus every modular form is periodic and has a Fourier series
expansion of the form

1) =Y an(f)a" g = e
n=0
Definition 3. A modular form f is called a cusp form if ag(f) = 0.

Example Classical examples in level 1 and with trivial character are the Eisenstein series
FEsy for k > 2:

—1)Fdk &
e S o

n=1 dn

By =1+
where By, is the k" Bernouilli number, see [9]. In particular, we have

Ey=1+240) op1(n)q",  Eg=1-506) op_1(n)q" (2.1)

n=1 n=1



For level 1, the cusp form of smallest weight is the A function. It has weight 12 and the
following g¢-series expansion

oo

~iIfa-v

Modular forms of each weight, level and character from a vector space denoted M (N, k,ey).
Likewise S(N, k,eg) denotes the subspace of cusp forms. Both these vector spaces are finite
dimensional and have a basis f; such that a,(f;) € Z[e] for all n. For a given level, modular
forms of all weights and characters form a graded ring. For a detailed treatment of this, see
[4], chapter 3.

Example For level 1 and trivial character, the ring of modular forms is isomorphic to the
polynomial ring C[z, y] where z = F4 and y = Eg. Moreover, all modular forms with integer
coefficients can be obtained as elements of the polynomial ring Z[Ey, Eg, A].

2.2 Hecke operators

For a prime /¢, the Hecke operator T, acts on the ring of modular forms of all weights in the

T, <Z an(f)q ) Z am (g™ + () Lan g™,
n=1

If f is a modular form (resp. a cusp form) of weight k, then so is T;(f). Furthermore, Hecke
operators commute with each other.

following way:

The space S(N, k,e) can be equipped with the Petersson inner product, defined roughly
as an integral over the fundamental domain for the action of I'g(N). The Hecke operators are
self-adjoint with respect to this inner product.! Hence they are diagonalizable, and the space
S(N, k,e0) has a basis of elements that are simultaneous eigenvectors for all the 7. If such
an eigenform f is normalized so that ai(f) = 1, then for all primes ¢, a,(f) is the eigenvalue
of Ty attached to f. All these eigenvalues are algebraic integers, and the field K = Q(a,(f))
generated by these eigenvalues is a number field. Again, this is covered in detail in [4], chapter
5.

2.3 Modular forms mod p

We use Serre’s definition of modular forms mod p from his Duke article [10]. Fix a prime p, let
Q be the algebraic closure of the rationals and @p the algebraic closure of the p-adics. There
are many possible Q-embeddings of Q into @p, and the choice of one of these corresponds to
the choice of a place above p in Q. The choice of such a place determines a specific maximal
ideal of Zp, and the quotient by this ideal is a morphism Zp —TF »- Following Serre, we denote
this map z — 2. Given a character

eo: (Z/NZ)* — 7

Ltrue



one can define a character ¢ with values iniﬁ‘p as the composition with the above map.
Conversely, given a character ¢ : (Z/NZ)* — F,, there is a unique lift to a character ¢y which

takes its values in the roots of unity of Z.
Definition 4. Let -
f = Z an(f)qn
n=1

be a formal power series in Fy[[q]]. The function f is said to be a modular form modulo p
of weight k, level N, and character € if there exists a cusp form f of level N, weight k and
character e with a,(f) € Z and such that

an(f) = an(f)-

Let S(N, k,€) be the space of such modular forms. This space is independent of the choice
of a place above p in Q, and its dimension is equal to the dimension of the corresponding
C-vector space S(N, k,e9). The action of the Hecke operators descends to S(N, k, ¢):

7 (z an(f)> = S (P + <O (P (o
n=1 n=1

U (z an<f>) S (P (| pN.
n=1 n=1

This action preserves S(N, k,e). If f is a simultaneous eigenform for all Hecke operators, then
it is the reduction mod p of an eigenform f in characteristic 0. However, this eigenform f
might not be unique.

Example Consider the algebra of modular forms of level 1, and let p = 2. In this case, (2.1)
implies that
E4 = E6 =1 mod 2

so that Z[Ey, Eg, A] reduces to Fa[A]. The coefficient a,(A) is equal to 1 mod 2 precisely

when n = (2m + 1)? for m > 0,50 A =Y >°_ ¢*" 1,

2.4 Galois representations mod p

One of the main reasons why modular forms have been studied is their connection with Galois
representations, and we now define these. There are theories of p-adic and complex Galois
representations, but we restrict our attention to Galois representations mod p. Let Gg be the
absolute Galois group of Q, Gal(Q/Q).

Definition 5. A two-dimensional Galois representation is a homomorphism
p:Gg— GL(V)

for some two-dimensional vector space V. It is irreducible if there is no non-trivial stable
p(Gq) subspace.



Here we will be concerned with Galois representations modulo p so we will always have
GL(V) ~ GLy(F,)

where F,, is the algebraic closure of the field with p elements. The group Gg is profinite and

equipped with the corresponding topology, and G L2 (IF,) is a discrete topological space. The
representations p which we consider are continuous, which implies that they have finite image.
Hence the matrices in the image of p take entries in a finite extension Fy/F),.

2.5 Frobenius elements

We recall the algebraic number theory needed to define conjugacy classes of Frobenius ele-
ments. Since we are concerned with Galois representations with finite image, we only consider
Frobenius elements of the Galois group of extensions of QQ of finite degree. We follow Wiese’s
notes [12] on Galois representations.

Let K/Q be a Galois extension, Ok its ring of integers. Any rational prime p has a factor-
ization into ideals of Ok:

p= Bt p

The group Gal(K/Q) acts transitively on this set of ideals, which implies that all the exponents
e; are equal.

Definition 6. The extension K is said to be ramified at p if the e; are greater than 1.
Otherwise, it is said to be unramified.

Fix an ideal p in the factorization; it is said to lie above p. This ideal induces a valuation
vy and a norm | - [, on K. The field K can be completed with respect to this norm to get an
extension K, /Q), of finite degree. This field K has a discrete valuation ring

Ok, ={r C K; |z|, < 1}.
The ring O, is local with maximal ideal
p=A{z € K; |z, <1}.

We use the same notation for the ideal p € K and p C K,; one is the completion of the other.
Let F(p) be the residue field of K with respect to p; it is isomorphic to F, for some ¢ = p".
The field F(p) can be viewed as the quotient Ok /pOfc or equivalently as Ok, /pOf, .

Definition 7. The subgroup
Dy = {o € Gal(K/Q) : o(p) = p} C Gal(K/Q)

1s called the decomposition subgroup at p.

Since D, fixes p, it preserves the completion with respect to the induced norm, and so it
is isomorphic to Gal(kK,/Qp). Moreover, since it fixes the maximal ideal p C K, it acts on
the quotient F(p). This induces a natural surjective mapping

m(p/p) : Gal(Ky/Qp) — Gal(F(p)/IFy)



which fits into a short exact sequence

0 = I(K;y/Q,) — Gal(K,/Qy) “P/Ps Gal(F(p)/F,) — 0.

Definition 8. The group I(K,/Q)) is called the inertia group of p.

The extension K is unramified at p if and only if the inertia group is trivial, i.e. if
D, ~ Gal(F(p)/F,). The group Gal(F(p)/F,) is generated by the Frobenius map which takes
x to oP. If K is unramified at p, this is used to define the Frobenius in Gal(K,/Qy).

Definition 9. Ifp is unramified, Frob(p/p) € Gal(K,/Q,) is the the preimage of the Frobenius
under w(p/p).

As an element of Gal(K/Q), the Frobenius depends on to the choice of an ideal above p.
However, since all these ideals are conjugate under the action of Gal(K/Q), their decomposi-
tion groups are also conjugate and for two primes p and p’ = o(p),

Frob(p/p) = o Frob(p'/p)o—".

It follows that the Frobenius at p is a well-defined conjugacy class of elements in Gal(K/Q).
The following theorem states that Frobenius elements for all p are evenly distributed among
conjugacy classes of Gal(K/Q).

Theorem 1 (Chebotarev’s Density Theorem). Let K be a Galois extension of Q. Let
o € Ga(K/Q) and denote its conjugacy class by [o]. For an ideal p C K, let N(p) be
the cardinality of the residue field F(p). Then

o HABLFRODE/p)] = 0], N() <o} _ #lo

Any Galois representation p with finite image factors through Gal(K/Q) for some Galois
extension K. The representation p is said to be unramified ¢ if K is unramified at ¢. A
representation can only be ramified at finitely many primes. If p is unramified at ¢, one can
talk about the image of Frob(¢) under p, but only up to conjugacy. As a consequence of
Chebotarev’s density theorem, the images of these Frobenius elements constitute the entire
image of p and thus completely determine it. Furthermore, the minimal polynomial and in
particular the trace of a matrix are defined on an entire conjugacy class. Consequently, for
each £, trp(Frob({)) is well-defined.

2.6 Serre’s conjecture

Serre’s conjecture relates the two objects introduced above; it states that any odd irreducible
Galois representation mod p corresponds to a modular form mod p which is an eigenvector
for the Hecke operators. More precisely, let p be an irreducible Galois representation

p:Gg — GLy(F,).

Serre attaches three invariants (IV, k, €) to this representation; these should correspond to the
level, trace and character of the associated modular form. See [10] or [12] for a more detailed
treatment.

10



- The integer N is the Artin conductor of p. The representation p is ramified at a finite
number of primes ¢ # p, and N is a weighted product of these. It is a measure of the
ramification of p away from p.

- The integer k is a measure of the ramification of p at p. Its value depends on the value
of p on the inertia group at p.

- Taking the determinant of p, one obtains a morphism
detp: Gg — F

that factors through (Z/pNZ)*. Since p 1t N, this can be split in two morphisms. The
first factor
e: (Z/NZ)* - F)

is the character used in the conjecture. The second factor is a morphism
¢ : Z/pZ — F,.

Since (Z/pZ)* is cyclic, it is in fact a cyclotomic character taking = +— " with n €
Z/p — 17Z. This exponent n will be the residue class mod p — 1 of the integer k.

Finally, for the definition of odd, note that each possible an embedding of Q into C determines
an element ¢ € G that acts as complex conjugation. The representation p is said to be odd
if det p(c) = —1 for one, and hence all possible choices of c.

Before Serre’s conjecture, one direction of the correspondence between modular forms and
Galois representations mod p was known. Results of Eichler and Shimura for weight 2, and
Deligne for larger weights, state that for each eigenform of the Hecke operators mod p there is
an associated Galois representation mod p. This representation is unramified outside of pIV,
and for every prime ¢t pN, the eigenvalue of T} is equal to the trace of the image of Frob(¥).

Serre’s conjecture goes in the opposite direction: it states that every odd irreducible Galois
representation of type (NN, k,¢) has an associated modular form of the same type, where the
invariants have the appropriate interpretation. This statement is now a theorem: it was
proved for level 1 by Khare in 2005, and for all levels by Khare and Wintenberger in 2008.

Theorem 2 (Khare-Wintenberger). Let
p:Gg — GLy(F))

be an odd irreducible Galois representation. Let the integers N,k and the character € be as
above. Then there exists f, a modular form mod p of level N, weight k and character € with
the property that for all primes £ at which p is unramified,

ag(f) = tr p(Frob(()).

11



3 Modular forms mod 2

From now on, we will focus on the ring of modular forms of all weights modulo 2, of level
N =1 and trivial character. Recall that this ring is isomorphic to F3[A] where A is the
reduction mod 2 of the modular discriminant, with g-expansion

A= S g € Fyg)

m=1

Here the discussion of the previous section is applicable, with (N, k,e) = (1, k, xo), where xg is
the trivial character. Serre’s conjecture then states that any irreducible odd two-dimensional

Galois representation B
p - GQ — GLQ(FQ)

which is unramified away from 2 should correspond to a Hecke eigenform in Fa[A]. The ram-
ification can only occur at 2 since N = 1.

However, for this particular ring, there is no irreducible two-dimensional Galois represen-
tation, and the only Hecke eigenform is the 0 function. The absence of Galois representations
was first demonstrated by Tate [11] using bounds on the discriminant of Galois extensions
of Q unramified outside of 2. For modular forms, Hatada [5] proved that the eigenvalues of
Hecke operators are all divisible by 2, showing that the Hecke operators act nilpotently on
the ring of modular forms mod 2. These two results predate the announcement of Serre’s
conjecture but likely served as evidence.

The absence of Galois representations and nilpotency of Hecke operators are now equiva-
lent results. To go from representations to forms, note that the trace of the identity matrix
in GL(Fy) is 0. So if the only admissible Galois representation is the trivial one, and if, by
Deligne’s result, each Hecke eigenform corresponds to a representation, then the only possible
eigenform is the 0 function.

In the other direction, assume that the Hecke operators act nilpotently, and suppose that
there exists an irreducible two-dimensional Galois representation

p: GQ — GLQ(]FQ)

of type (1,k,x0). Then by Serre’s conjecture, the images under p of Frobenius elements all
have trace 0. Chebotarev’s density theorem then implies that all elements of the image have
trace 0. Moreover, since N = 1, the determinant of p is a character of (Z/2Z)* and therefore
trivial. It follows that the characteristic polynomial of all the matrices in the image of p is
22 + 1. This implies in particular that all elements of the image have order 2. Thus the image
of p is an abelian subgroup of GLQ(I_FQ) so its elements stabilize a non-trivial Fa-subspace.
This contradicts the fact that p is irreducible.

The action of the Hecke operators, despite being nilpotent, has interesting structural

properties which were studied by Nicolas and Serre in [6] and [7]. The following will be an
overview of their results, with section 3.2 presenting a new proof due to Nicolas and Serre

12



that the Hecke operators are nilpotent mod 2. Finally, sections 5-7 contain alternate proofs
of two central propositions of [6].
3.1 The order of nilpotency of a modular form

As we have seen in the above examples, the Fisenstein series F4 and Fg reduce modulo 2 to
their constant term 1. Thus the reduction modulo 2 of the graded algebra of modular forms
is a polynomial ring in one variable:

Fo[A], A=Y ¢ e Fyffq].

Note that the coefficient of ¢” is 0 whenever n is not congruent to 1 mod 8. Following Nicolas
and Serre’s notation, we let

AP =" 7 (n)g”
n=1

so that
Te(n) #0=n=%k mod 8. (3.1)

In [6], “L’ordre de nilpotence des opérateurs de Hecke”, the authors wish to describe precisely
the action of the Hecke operators acting on Fo[A]. They first observe that in characteristic 2,

Tok(n) = 71(2n).
Recall that the action of the Hecke operators T}, for odd p on modular forms mod 2 is

o0 o0
" (Z “”qn> =Y apnd" + ang™.
n=1

n=1

Since we are working in characteristic 2, this implies that
2k k) 2
T,(A%) = (T,(aM) .

The authors thus restrict their attention to the space F C Fo[A] spanned by the odd powers
of A. This space can be divided in

F=F1®F3dF5D Fr

where A* € F, if k = n mod 8. In particular, this implies by 3.1 that if A¥ € F,, then
7(m) # 0 only if m = n mod 8. Furthermore, by 3.1 the coefficient of ¢" in T,(AF) is
non-zero only if n = pk mod 8. In short,

Tp(]:n) = -/—:pn mod 8-

13



Nicolas and Serre then find that the image of T,,(AF) can be determined by recursion on k.
For each p, there exists a symmetric polynomial

Fy(X,Y) =YPH 4 51 (X)YP + ..+ 5,(X)Y + sp1(X)

such that for any k£ > p+ 1,

p+1
To(A%) = si(A)T,(AR).

i=1
In the particular cases of p = 3,5, the formulas are

T3(A%) = AT3(AF?) + AT (AR
T5(A%) = AT5(AF5) 4 A2T5(A*2) + AT (AR + Ts(AFS). (3.3)

Nicolas and Serre use these to describe the action of T35 and Ty on the space F. For each
integer k, the action of these operators on A* is encoded in a pair of integers [n3(k), ns(k)]
called the code of k. The code has the property that

Tg5(k)T;3(k)(Ak) =A, k€ Zoq.

In particular, the only f € F such that T5(f) = T5(f) = 0is f = A. These facts rely on a pair
of propositions, the proof of which is the subject of sections 5-7 of this article. Furthermore,
Nicolas and Serre show that the integers ns(k) and ns(k) are minimal in the sense that for
any collection of primes p1, ..., pr,

T T (AF) =0 if Y ng > ng(k) + ns(k) + 1.
=1

Nicolas and Serre call the integer nz(k) + ns(k) + 1 the order of nilpotency of AF.

3.2 Nilpotency of Hecke operators: a new proof.

In [8], which is an expanded note detailing the results of [6], Nicolas and Serre give a new
proof of the nilpotency of Hecke operators, using the results about T35 and T5. We present
their argument.

Theorem 3. Let T}, be a Hecke operator with p # 2. Then

Tp(Ak) = ZaiAi, a; € Fo.
i<k

Proof. The function AF is the reduction modulo 2 of a modular form of weight 12k, and the
same is true of T,(A¥). Hence the degree of T),(A¥) is bounded above by k. From the previous
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section, we know that 7,(AF) € Fpk, which implies that in fact

T,(A%) = > aAl
i<k
i=pk mod 8
If p=3,5,7 mod 8, this directly implies that the degree of Tp(Ak) is strictly smaller than k.

Now suppose that p =1 mod 8. If T,(A) = A, then 71(p) = 1, which contradicts the fact
that 7 (n) # 0 only for odd squares. Now suppose for contradiction that there exists k such
that Tp(Ak) is a polynomial of degree k, and let kg be the smallest such k. By the above,
ko # 1. By the minimality of kg, we have that for any j < ko,

Tp(Aj) = ZaiAi, a; € Fo.
1<j

Since ko # 1, then the code of kg is not [0, 0]. It follows that there is Ty, with ¢ € {3,5} such
that Ty(A*0) £ 0. Consider

(Tp) Rt Ty (AM) = Ty(T,) o (AR),
On one hand, by either proposition 4.3 or 4.4 (cf. sections 5-7 of this article),

Ty(AR) = Y ad’ = (T)RrT(A%) = 0.

i<ko—2

However, since the largest exponent of Tp(AkO) is kg, it is also the largest exponent of
(T,,)ko+1(Ako), which implies by the choice of Ty that

Ty(Tp)*t (A%) =T, | AP + > " ;AT | #0.

i<ko

This is a contradiction, so T}, is nilpotent. O

3.3 Structure of the Hecke algebra

In the sequel [7], Nicolas and Serre use the results about the action of T3 and T5 to determine
the structure of the Hecke algebra T acting on F. For each n, let F(n) be the space spanned
A, A3 AL Let A(n) be the subalgebra of End(F(n)) generated by the 7},. Let e be the
element of the dual A(n)* that maps a polynomial f(A) to the coefficient of ¢ in its Fourier
expansion. The authors show F(n) can be identified with .A(n)* by way of the map

Ty, — eoT,.
Furthermore, they show that there is a surjective morphism

Y Faolz,y] — A(n), Y(z) =13, Y(y) =1Ts.
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The maps A(n) — A(n— 1) given by restriction of the action make the A(n) into a projective
system; its inverse limit is the algebra A of Hecke operators acting of F. In the limit, the
morphism 1 becomes injective, since given a polynomial p(z,y), there is a k such that the
order of nilpotency of A is larger than the degree of p(x,y). It follows that A is isomorphic
to Fa[[x, y]]. Thus for any p,

T,=u(f), f= 3 aypaiy
ij=1°

The values of a; j(p) have been computed by Nicolas up to fairly large values of p. They can
be obtained by calculating the value of Tp(A[i’ﬂ). According to the authors, the assignment
p — ai;(p) is Frobenian. It only depends on the value of the Frobenius at p in a certain Galois
extension of Q unramified outside of 2 and whose Galois group is a 2-group. This led Serre
to ask whether or not this could be used to construct an irreducible representation of Gg in
G Ly (A) with the property that the traces of Frobenius elements at p would be the T,. In [1],
Bellaiche constructs this representation.

4 The code of an integer

We now give proofs of propositions 4.3 and 4.4 from “L’ordre de nilpotence” [6]. We begin
by introducing Nicolas and Serre’s definition of the code of an integer.
4.1 Definitions

Let k be an integer, and let
k=Y B:i(k)2, Bi(k) €{0,1}
i=0

be the dyadic expansion of k, where the ;(k) are of course all 0 for i large enough.
Definition 10. [6] The support of k, denoted S(k), is the set of 2¢ such that 3;(k) = 1.
Definition 11. /6]

(i) The code of k is the pair of integers [n3(k),ns(k)] defined as follows:

ns(k) = > Baipa(k)2' = 3 Bik)2'F (4.1)
=0 1=1
i odd

i—2

ns(k) =Y Baira(k)2 = Y Bi(k)277 . (4.2)
=0 =2

i even

Following [6] we will denote this by k ~ [n3(k),ns(k)].
(ii) The height of k is the integer h(k) = ng(k) + ns(k).

Remark
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e If S(k) only contains odd powers of 2, ng(k) = h(k). Likewise if S(k) only contains even
powers of 2, ns(k) = h(k).

o If k is odd, [ns(k), ns(k)] = [ns(k + 1), ns(k + 1)].

e The map k — [n3(k),n5(k)] is a bijection between the odd positive integers and N x N.
In Figure 1, this bijection is illustrated and the odd powers of A are arranged in a grid
where the coordinates of A* are [n3(k), ns(k)].

&?‘5-_1 A&T ___.AFJS A‘.);’} All?&ll.‘]&lZ-’JAlET
ABL ASS AR ASL ALLS ALLS Al21 ;”_\123
&Ei.‘] ATI .-"_\TT A'F‘J All]l Ql[}liﬂl[?.‘]ﬂlll
Afi-_l ‘_.3(57 .-’3?:5 ATO A.‘]T &.‘J.‘J 31[?-’1&1{]7
&21 ‘_.-3‘23 __,._\Q.l] A.‘-{l ‘ﬁi_j:; __,._\-'J-'J ,-"_\Gl A[i!i
&17 ‘_.3113 Azﬁ AZT A-l‘.! ___.3-'11 A_’T Ai_J.l]
&\"} AT ___-_\lli &l& AIST ___-_\HFJ ;"_\'1"-* A-l}" &1:13&13&

A ;'33 ___._\.[J All A:ili ;_.AH-J ‘ﬂ-‘ll ﬁ-lli AIQHAIJH‘"

FIGURE 1: The odd powers of A arranged according to their code.

We use this bijection to define a new ordering of the integers.

Definition 12. [6] If k and ¢ are odd integers, we define the relation < as follows:

. | h(k) < h(£) or
k<Y Zf {h(k) _ h(g) and n5(l{7) < n5(€)

This, along with the standard equality, is a total order relation on the odd integers. In terms of
the table, the heights correspond to the diagonals of slope ™\, with the arrow pointing towards
greater integers.

4.2 Properties

The map k& — [n3(k),ns(k)] is not linear. However, it satisfies certain properties which we
make explicit in this section. We first introduce the notion of a code with negative coefficients.
This will account for the fact that addition of positive integers can result in an negative
variation in the code.

Definition 13. Let k be an integer, and let d be a representation® of k as a finite sum of
powers of 2

Z Bi(d)2' =k
=1

2Here, the word “representation” is used as “way to represent” and not to describe a group morphism whose
image is a linear group.

17



where this time, B;(d) € {—1,0,1}. Note that this representation is no longer uniquely deter-
mined by k.

(i) We define the code of k associated to d as for the standard code:

n3(d) = > Prni (@2 = Y Bi(d)2'7 (4.3)
=0 iodd

7”L5(d) = Zﬁ2i+2(d)2i = Z Bz(d)Q% (4.4)
=0 =2

This is denoted k ~ [n3(d),ns(d)]*.

(ii) The order relation < is defined on the set of all codes associated to k exactly the way it
s on usual codes.

The following lemma borrows heavily from proposition 2 in [8].
Lemma 1. Let k and £ be integers with £ even.

(i) We have
h(¢+ k) < h(f) + h(k).

(ii) If equality is achieved, then S(k) N S(f) only contains even powers of 2, and if 2% €
S(k)NS(¢), then 2%+ ¢ S(k) US(¥) and

ns(k+0) =ns(k) +ns(0) — Y 2%
22ieS(k)NS(£)

(iii) In particular if k is odd and m is the odd integer such that
m =~ [nz(k) + n3(£),ns(k) + ns(0)],

we have
k+0=<m

with equality precisely when S(k)NS(1) = 0.

Proof. Part (iii) immediately follows from parts (i) and (ii) and the definition of the order
relation <. We will first prove part (i) and (ii) when ¢ = 2°.

Let 2¢ ~ [a, b]. If 2¢ ¢ S(k), then S(k + 2¢) = S(k) U {2¢} so
[ng(k‘ + 2i),n5(k + 2Z>] = [ng(k) + CL,TL5(/€) + b]

If 2¢ € S(k), consider the set of all possible codes 2¢ ~ [a, B]*, allowing negative entries. The
only possible representations of 2¢ are all of the form

n—1
dO _ 21 dl — 2’i+1 o 2Z dQ — 2i+2 _ 2i+1 o 21'7 dn — 2i+n _ Z 21
=0
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One of these representations correponds to the change in the code. Indeed, starting from 2,

there is a finite collection o ‘
S = {20, 21 9ttnT1l © S(k)

such that S’ contains the maximal list consecutive powers of 2, in the sense that 207" ¢ S(k).
Doing the addition with carries in binary arithmetic shows that

S(k+2) =S(k) + {271\ 8.
Thus if the code associated to d,, is denoted by [a,, 5,]%, effect of addition of the code is
[n3(k + 2),n5(k + 29)] = [n3(k) + an, ns(k) + Ba).
The claim (i) is that in this setting,
h(k +2") < h(k) + h(2") = h(k) +a +b.

Part (ii) states that there is equality if and only if n = 1 and i is even, in which case
ns(k) + 81 < ns(k) + b. Given that

h(k +2%) = h(k) + an + B
it suffices to show that
an+6n<a+b

and that if equality is reached, then 5, < b. For this we show that the sequence oy, + 3, is
decreasing. Let

=21t Z 2 ~ any 571

The representation d,, is obtained from d,_1 by replacing the largest term 2771 by 2i+n —
2171 We compute the effect of this substitution on the code.
- If i + n is even, then

1+n 2 z+n 1

>Bn 1+27 2 } [Oénf 7ﬂn 1+22 ]

dp, ~ [amﬂn]* = [Oénf

SO
o + Bn < op—1 + Bn-1.

- If i +n is odd we have

i+n—1 i+n—3 i+ 'L+n 1
2

=1 = B —2E )

dn ~ [anaﬂn]* = [Oén,1 +2

Here, a;, + Bn =Qp-1+ anl but ﬁn < anl-

Combining the even and odd cases we find that (i) holds and if a + b = a;, + By, then i is
even,n = 1 and 8 = b — 22 which proves (ii). This completes the proof when ¢ = 2°. When
¢ # 2, (i) holds if one successively adds all powers of 2 contained in S(£). Likewise, (ii) holds
inductively, since in order to preserve equality at each step, 2! € S(¢) must satisfy that i is
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even and 21 ¢ S(/). O

Corollary 1. In particular, if the integer k is in the interval 0 < k < 2¢, then h(k + 2%) =
h(k) + h(2").

The last lemma explicits the relation between k& mod powers of 2 of and its code mod
powers of 2.

Lemma 2. Let k, { be odd integers. Then

(1) | | |
kE=/¢ mod 2*" o ng(k) =n3(f) mod 2° and n3(k) = n3(¢) mod 271,

(i1) | | |
k=/¢ mod 22"? & n3(k) =n3(f) mod 2° and n3(k) = nz(¢) mod 2.

Proof. In both cases, this follows directly from the definition of the code. If
0 .
k= Bi(k)2
i=0

then

1—1 i—2

na(k) = > Bi(k)2Z,  ns(k)= ) Bi(k)27 .
=1 =2

1=
i odd i even

4.3 The code of a polynomial

We extend the definition of the code to certain polynomials. Recall that F C F[A] is the
subspace of polynomials whose terms all have odd exponents.

Definition 14. Let f € Fo[A] be a polynomial whose exponents are all odd. Then
FA) =A%+ L+ A, e = ... > ey
We define the code of f to be the code of its highest exponent:
[n3(f), ns(f)] = [n3(e1),ns(e1)]-
The height h(f) and support S(f) are likewise defined as h(e1) and S(ey).

Remark With this definition, it is immediate that if f, g are two polynomials, h(f + g) <
max h(f), h(g).

Lemma 3. Let f € F. Then h(AZ f) < h(f) + h(2)). If equality is reached, then either
20 ¢ S(f) ori is even, 2t € S(f) but 27+ is not. In this case,

[n3(A% f),n5(A% f)] = [na(f) + 22, n5(f) — 22].
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Proof. Let k be the highest exponent of f. If k + 2° is the highest exponent of A? f, then
this is an immediate consequence of Lemma 1. If this is not the case, then there is another
exponent j < k such that j + 2* >~ k + 2'. However, Lemma 1 still gives us the bounds

h(j +2') < h(j) + h(2') < h(k) + h(2").

5 The action of T3

5.1 The recurrences

In their study of the action of Hecke operators on F, Nicolas and Serre determine the following
recurrence formula for the action of T3. Suppose k > 4, then

T3(AF) = AT3(A3) + AT (A1), (5.1)

This recursive linear relation for the action of T3 is the central tool for the proof of our result.
We first generalize it to recurrences involving higher powers of 2 (that is, higher than the
initial formula where we considered 2°.)

Lemma 4. For alli >0, if k > 2712, then Ty can be expressed as :
Ty(AF) = AV Ty(AF32) 4 AYZ Ty (A4, (5.2)
Proof. The proof is by induction. The base case ¢ = 0 is Nicolas and Serre’s initial recurrence:
T3(AF) = AT3(AF3) + AFATy (AR,

Then suppose that we have T3(AF) = AZTy(AF32") 4 AY2'Ty(AF42Y) for k > 20 and
suppose k > 211 We simply compose the i*" identity with itself to get:

Tg(Ak) _ AQiTg(Ak_S‘Qi) +A4'2iT3(Ak_4'2i)
— Azi(A?Tg(Ak*“i) +A4'2iT3(Ak*7'2i)) +A4'2i(A2iT3(Ak*7'2i) —|—A4'2iT3(A’“*8'2i))
_ A2~2iT3(Ak—6~2i) +A5‘2iT3(Ak_7‘2i) —|—A5'21T3(A’“_7‘2i) +A8~2iT3(Ak—8~21')
_ A2i+1T3(Ak_3'2i+1) +A4-2i+1T3(Ak—4-2i+1)

The key point is the fact that the middle terms cancel out since we are working over Fo. [J

5.2 Proof of proposition 4.3
Proposition 4.3 in [6] states that the operator T3 lowers the ns part of the code by 1.

Proposition 3 (Proposition 4.3, [6]). Let f € F have highest term [a,b], and let [c,d] denote
the highest term of T5(f). Then:

(i) c+d<a+b-1
(ii) If a # 0, then [c,d] = [a — 1,b].
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We use the following notation for T5.

Definition 15. Let k ~ [a,b] be odd. Then Tiap denotes Tg(Ak). Similarly, let Ti, p)—gi+2
denote T3(A*=2""") and let Tiqp)—3.2i denote Ty(AF—32Y),

Lemma 5. If proposition 8 holds for monomials with odd exponents, then it holds for all

ferF.
Proof. Assume the proposition holds for monomials and let f € F. It can be written:
=A%+ L+ A e = -ey e~ [a, b
We now apply T3 and get that:
T3(f) = Tiay p1] + Tlagpe] + -+ + Tiay bn)-

- If a1 # 0, then the highest exponent of Tj,, ;) has code [a; — 1,b1]. For all i > 1, the
highest exponent of Tj,, ] is [c;, di] and satisfies

G +d; <a;+b,—1<a;+b —1.

If both inequalities are equalities, then a; + b; = a1 + b1, which implies, since e is the
highest term, that
b; < b = [ai—l,bi] < [al—l,bl].

- If a; = 0 then for all i > 1, a; + b; < b1. So if [¢;, d;] is the highest exponent of Tj,, 5, it
satisfies
G +d; <a;+b—1<b —1

which is all that had to be shown.

Proof of Proposition 3.

The proof is by induction, using the recurrence of Lemma 4:
Tl = A% Ty p-z0i + A Ty g0

This formula tells us that the behavior under T3 of A* is essentially the same as the one
of monomials whose exponents are smaller but congruent to k£ ~ [a, b] modulo large enough
power of 2. The proof is split in three cases. Case 0 is concerned with [a,b] where a = 0, in
which case the only statement to prove is (i). Case 1 deals with all the [a,b] for which the
highest term will appear in A4'22T[a7b],4_21-. Finally case 2 takes care of the integers for which

highest term comes from A2iT[a’b]_3.2i.

Case 0 : k ~[0,b]

22



Let i be such that 2¢ < b < 27*1. Then [a,b] > 22+2 and we use the 22" iteration of the

recurrence:
_ A2% 92i+2
T[O:b} =A T[O,b]f3-22i +A T[07b},22i+2.

By our first remark on heights of polynomials and by Lemma 3 on multiplication by Azi, we
have that

h(To) < max{h(A¥ Tio yy_g.02), (AT Tig 4y_geise)}
< max{27" 4 h(Tjo )—3.221), 2" + h(Tpo p)—22i+2)}-
We first compute h(Tjgp_g2i+2). Since 2272 € S([0,0]), then 2%2 ¢ §([0,b] — 2%*2) and
R([0,0]) = h(]0,b] — 2% 2) + R(2%F2) = K([0,b] — 2%"%) = h([0,D]) — h(2* %) = b — 2°.
We apply the induction hypothesis to Ty ;) _g2i+2 and find that
h(Tjg py—o2i+2) < h([0,0] — 2%F%) —1=b—2" — 1.

It follows that '
PAE h(T[O’b],22i+2> <b-1.

We now consider the term A2*'T 0,5)—3.22¢- Here we use ideas introduced in the proof of
Lemma 1. All the possible ways in which subtracting 3 - 2% from [0,b] could affect the code
correspond to all admissible dyadic representations of the negative integer —3 - 22, where one
allows both positive and negative coefficients. These depend on the binary expansion of [0, b].
Note that 2¢ < b < 201 and so 2272 < [0,b] < 2%73. Tt follows that the maximal power
of 2 that can be subtracted from [0,b], that is, the maximal one that can appear in these
representations, is 2272, Moreover, since a = 0, no odd powers of 2 can be subtracted. This
gives us 2 possible representations :

dy: —22H2 4 92+l 92i _[9i i  gi-ljx dy : —2%+2 | 92 — o, _9i~1]*.
This gives us two possible cases:
AzZiT[o,b}—w?i = AQ?iT[Qi,b—zi—zifl] or AZ%T[O,b]—SQQi = A22Z.T[o,b—zifl]-
We apply the induction hypothesis and use Lemma 3:

h(Tigi poni—gi-1) = b— 14 (2" = 27) — 27" = h(AzmT{w,bﬁin—l]) <b-1
MTigp9i-1) <b—2"1—1 = WA T, giay) <b— L.

We find that both terms in the recurrence have height less than b — 1, which completes the
proof.

Case 1 : k ~ [a,b] such that a is not a single, mazimal power of 2.

Let i be the integer such that 2+2 < [a, b] < 2°+3, and assume that a # 2% We will prove
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the proposition using the table introduced in Figure 1. We first partition the odd integers
(0,213) in two subsets which we refer to as boxes. Let

Bi={k; k€Zoaq, 0<k <2} and By = {k; k € Zoaq, 27 < k < 2073},

Here B; and By each contain representatives of the residue classes mod 212, If one considers
the code [n3(k), ns(k)] as system of coordinates indicating how to arrange the odd integers in
the plane, then the sets B and By are indeed rectangular. Moreover, the pictorial counterpart
of the statement of Lemma 2 is that addition of 2/*2 translates B; to B while preserving the
arrangement of integers inside each box. Thus two integers k ~ [¢,d] € By and k¥’ ~ [/, d'| € Bs
will be said to be in the same position inside their respective boxes when k = k& mod 2:2.
Figure 2 provides an illustration.

ﬂ?‘i-’; ;\87 ___._\.‘Jli ﬂ‘.}& AI]T__,._\I 1.‘]312-’1&127
&2‘;1 ‘_.3&'5 .-"Aﬁ'l] &‘.}1 &11.‘1{311:—: ‘_.3121 All’{
&Ei.‘l ;'L\Tl ___._\”r"f &T‘J Allll ___._\1[}:5 ﬂl[?.‘lﬂlll
&fi-l ‘_i\‘(i'a' .__.A"r'li &T."} &.‘]T .__.AFJ.‘J ;i\l[:'_JA“]T
ﬂzl ﬂ‘i.‘{ ___._\2.‘] ﬂ.‘%l Ai’:.‘{ ;,-A-_J-_J ;i\ﬁl A[i:i
&l"r’ ‘_i\‘l‘.i AZ.‘J &ZT &-1‘.3 .__-A-Jl A':T Ai_.'i.l]
ﬂ"—’ ;\T ___._\13 ﬂl"—‘ A:i'a' __,._\H.‘J ‘-i\'i"_‘ A-l? ﬂlliliﬂl.‘ia

A ‘_i\li .-"A” All &Zi.’i .__.AH-'J ‘_i\-‘ll A-L:i &12.‘1&131

FIGURE 2: The two boxes B; (in red) and Bs (in blue) in the case ¢ = 3.

By construction, [a,b] € Bz. Our induction hypothesis will be that the proposition is
proved for all monomials whose leading exponent is in By. We will show that the leading term
of A21+2T[a7b]_2¢+2 is [a — 1,b]. Let [d/,b] = [a,b] — 2iT2; we have that [a/,b] € By occupies

the same position as [a,b] € By. Moreover, a’ # 0 since a # 9%, Thus it follows from the
induction hypothesis that

Ty p) = [a' — 1,b] + lower monomials.

We now compute the leading exponent of AT la—b]—2i+2. Multiplication by A" translates
Bi to Bs. Lemma 2 tells us that since [a/, V] = [a,b] mod 2!72, then [¢' — 1,V] = [a — 1,b]
mod 22, Tt follows that [a — 1,b] appears in A2i+2T[a,b],2i+z as the translate of [’ — 1,b'].
Given any other term of Tj,_p)_gi+2 with exponent [c,d], then by Lemma 1,

hlleyd) +2%2) = hle, d)) + h(2*?) < h([a,b]) + h(272)
and in case of equality,
ns([e, d] + 2772) = d + n5(2°72) < b+ h(2772).

To complete this section we only need to show that AziT[a’b},g_Qi is a sum of monomials
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[ci, d;] which are all lower than [a — 1,b]. For this, we refine our partition by splitting each B;
into four smaller boxes. This gives us eight boxes Bj, ..., Bg:

Bp={k; k€ Zogq, 2'(n—1) <k <2m}, 1<n<8.

Each B; contains a unique representative for each odd residue class in Z/2'Z. Lemma 2 still
holds and we say that [c,d] and [¢”,d"] are in the same position inside their respective boxes
when [c,d] = [¢,d"] mod 2°.

By construction, [a,b] € B, for 5 < n < 8. So the induction hypothesis is that the
proposition holds for boxes B; through By. Let [a”,b"] = [a,b] — 3 - 2¢ as integers. Here we
have two different cases, depending on whether 7 is even or odd.

&?‘.)-J ‘_-_\87 __.‘_\FJIS &‘.}J QHT 311511_.-_\12.3‘3127
6 Aéél ;'_\83 __J_\H.l] A‘Jl ﬁl]'{gllﬁalzlﬁlzli 2
Aii.‘l ‘_._\‘Tl ATT &T‘.J &lill AI[H&I[F.‘J&H]
5 &fi:l ;L\GT __.‘_\’r’li &T& &.‘JT ___.'_\.‘J.‘l al[?-ﬁall]? 7
Au ‘_._\z:; __4_\2!] A'{l ﬁ;’:l{ ;_A-_J-l ‘_ﬁ(il ,ﬁ[’.:;
2 Al"r' ‘_-_\1‘.3 __’\‘2.'3 &ZT &-1‘.) ___.’_\‘-'Jl A':T ﬂﬁ!] 4

AP ‘_-_\T Al3 Al &:i? A9 AT a-lT AL133 A135

A ‘_._\.‘{ __J_\FJ All AI{.’{ ;_4_\:{.'. ‘_ﬁ-ll iﬁ-l:i QIZHAI!{I‘"
1
3

FIGURE 3: An example of a partition into 8 boxes for i even (here i = 4).

- If 4 is even, the arrangement of the boxes is indicated in figure 3. Depending on in which
box [a, b] is contained, the values of [a”, V"] are the following:

[a,b] € Bs or By = [a”, V"] = [a,b—3-2°7] (5.3)

[a,b] € Bg = [a",b] = [a+22,b—3-27] (5.4)

[a,b] € Bs = [a",b] = [a—22,b— 22 |. (5.5)

In each of those cases, induction tells us that each term [¢”, d"] of Tj, ) will be at most
[a” —1,b"]. By Lemma 1(iii),

e, d] = [C”,d”] +920 < [C”,d” _{_2%]'
By comparing this maximal possible increase with each of the codes of [a”,b"] in equa-
tions (5.3)-(5.5), we find that [c,d] < [a — 1,b]. So in this case, [a — 1,b] is not an
exponent of A% T[a,b] — 3 -2

- If 7 is odd, the arrangement of boxes is the following.
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FIGURE 4: An example of a partition into 8 boxes for ¢ odd (here i = 3).

The possible values of [a”,b"] = [a,b] — 3 - 2¢ are the following:

[a,b] € Bs or By = [a", "] = [a—2% +2% b =[a—27,b] (5.6)
[a,b] € Bg = [d" V] =[a—3-22 ,b+-27] (5.7)
[a,b] € Bs = [d" V] =[a—27 ,b— 27 (5.8)

By the induction hypothesis, each term [¢”, d"] of Tj,» y) is lower or equal than [a”—1, b"].
To bound the possible height of [¢”, d”] + 2¢, we use Lemma 1:

le,d] = [, d"] + 2" <[ +2"%,d". (5.9)

By comparing this increase with the decrease of (5.7) and (5.8), we see that if [a, b] € Bg
or Bg, [¢,d] < [a — 1,b]. However things are different if [a,b] € Bs or By. The maximal
possible increase in the code in 5.9 is equal to the decrease in (5.6). Since [a” — 1,b] is
the leading term of T'[a”,b”], this implies that if

h(la” —1,b"]+ 2% = h([d" — 1,b]) + h(2")

and
ns([a” — 1,0"] + 2°) = ns([a” — 1,b]) 4 n5(2")

then [a — 1, b] appears in AQiT[a//’bu]. We now turn to the table to understand this max-
imal increase.

Multiplying to by A% preserves positions inside each box, but sends B, to By,,i. So
the increase in the code is determined by the box in which [a” — 1,b”] is contained. In
particular, the maximal possible increase of (5.9) occurs when 2¢ ¢ S([a”,b"]) and cor-
responds to translating a box to the one immediately to its right. This occurs precisely
when [0 — 1,b"] € B, for n = 1,3,5,7. Only 1 and 3 are of interest to us. Recall
that [a”,b"] is assumed to be in By (or By if [a,b] € B7). Also note that [a” — 1,b"] is
the monomial which is immediately to the left of [a,b]. It follows that [a” — 1,b"] € B;
(resp. Bs) is the image of [a”, V"] € By (resp By) if and only if [a”, V'] was in the leftmost
column of By (resp. By). Since [a,b] and [a”,b"] have the same respective positions in
their boxes, this happens only if [a, b] is in the leftmost column of Bj (resp. B7). This
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happens if and only if [a, b] is in the leftmost column of Bs, which is equivalent to

[a,b] = a sum of even powers of 2 mod 272 < ¢ =0 mod 2%

This last criterion corresponds to the case that we are excluding by assumption. We
conclude that all terms [, d] of AQZT[a//7b//} are strictly lower than [a — 1, b], which com-
pletes the proof for this case.

Case 2 : [a,b] where 2i+2 < [a,b] < 2773 and a =2 .

An immediate upshot of the above discussion is that if 202 < [a,b] < 2*3, where i

is odd and a = 2%, the term [a — 1,b] does indeed appear as the leading exponent of
A?'T, la,b]—3-2¢- This puts us in a situation that is the reverse of Case 1. Indeed, to prove the

proposition, it suffices to show that [a — 1,b] does not appear in AQHQT[ayb],QHz. However,
this is straightforward. We have

[a,b] — 2772 = [0,0].

Let [¢/, d'] be any exponent in Ty, and [¢,d] = [¢/, d’ ]42+2. Then by the induction hypothesis
and by Lemma 1,

d+d<b-1 = c+d<2™P+b-1=a+b-1
This could still be an equality. But note that
[ 0] <2% = [, d] <22 forall terms [, d] of Ty -
It then follows from corollary 1 that
le,d] = A2 [, d] =[d +2%,d].

So ¢ > 2% for all terms in A2i+2T[a/7b/], which implies that d < b — 1, and excludes the
possibility that [c,d] > [a — 1,].

O
6 The action of T;
6.1 More recurrences
For Ty, the authors obtain a similar recurrence when &k > 6:
T5(AF) = AT5(AF2) + AT (AMY) + AST5(AF0) + AT5 (A7) (6.1)

that we generalize identically.

Lemma 6. For alli >0, if k > 6 -2, then Ts can be expressed as :

T5(Ak) _ A2~21'T5(Ak—2~21) +A4‘2iT5(Ak_4'2i) +A6.2iT5(Ak—6.2i) +A2iT5(A"3_5‘2i). (6.2)
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The proof is identical to that for T3: we compose the i*" identity with itself to obtain the
i+ 1th. Mixed terms cancel out since we are in characteristic 2.

6.2 Proposition 4.4 and integers such that ns(¢) =0

Proposition 4.4 is identical to proposition 4.3, except that the decrease is in the ns coordinate.

Proposition 4 (Proposition 4.4, [6]). Let f € F have highest term [a,b], and let [c,d] denote
the highest term of T5(f). Then:

(i) c+d<a+b—-1
(i) If b # 0, then [c,d] = [a,b— 1].

The statements of the two propositions being extremely similar, but the proofs are not.
The reason is that the recurrence formula asks to simultaneously apply induction in 4 different
manners, and that the cancellation between the distinct terms appears unpredictable. Thus
to prove proposition 4.4, we use a tool that we now have at our disposition. When possible,
we will conjugate Ts by T3 and let

Ts(A%) = Ty ' T T5(AF).

Since the leading term of T3 is smaller than k, see [6], we can apply the induction hypothesis
to T3(AF). For example if k ~ [a,b] with a,b # 0, we have

(ns(TsT3(AF)), ng(TsT3(AF))] = [a — 1,0 — 1].
The next step is to use commutativity of Hecke operators and to apply 75 ! to conclude that
[n3 (T3 ' T5T3(A")), na(Ty ' T5T3(AF))] = [n3(T5(A%)), na(T5(AF))] = [a,b - 1].

Of course, even for the highest term, inversion of 73 is not well-defined in general. Neverthe-
less, proposition 4.3 is precise about what the highest term possible preimages of A¥F with
k ~ [a—1,b—1] can be: either it is j ~ [a,b—1] or it is £ ~ [0, d|. However, since ¢ < k, there
are very few possibilities for £. Moreover, the induction hypothesis implies that we would
have

h(T3(A)) = h(T5T3(A%)) = h(k) — 2.
Since T3 lowers the code by at least 1, h(l) > h(k) — 1.
Lemma 7. If ¢ < k and n3(¢) = 0 then h(f) < h(k).

Proof. Simply note that . ' ‘ ‘
221 ~ [2,0] < [0,27] ~ 2742, (6.3)

It then follows by Lemma 1 that
[n3(k), ns (k)] = [n3(k), 0] + [0,75 (k)] < [0, n3(k)] + [0, n5(k)] < [0,n3(k) 4 ns(k)] = [0, h(K)].

O]
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So we find that h(¢) = h(k) — 1. Putting together ¢ < k, n3(¢) = 0 and h(¢) = h(k) — 1,
we find a condition on S(k) for the &k such that Ty *(AF) is not well-defined.

Lemma 8. Let k be an odd integer. Suppose that there is another odd integer ¢ such that
h(€) = h(k) — 1, n3(¢) =0 and £ < k. Then S(k) contains at most a single 2 such that i is
odd. Moreover, if for j even we have 27 € S(k), then j > i.

Proof. We begin with an integer ¢ such that n3(¢) = 0 and consider all possible ways of
constructing a k > ¢ such that h(k) = h(¢) + 1. The two trivial cases that satisfy this are

k~1[0,n5(¢)+1] and k=~ [1,n5(0)].

In the first case, S(k) contains no odd power of 2. In the second case, 2! is the only power
of 2 in S(k) and is trivially the smallest. The other possibilities come from adding a > 1 to
n3(¢) and subtracting a — 1 to ns(¢) to get

k ~[a,n3(¢) —a+1].

In other words, we want the code
[aa 1- (1]

to represent a positive integer. However, if 2¢ is the smallest power of 2 in S(a), then by doing
the binary arithmetic, we find that

S(a—1)=(S(a)\ 29)U{1,2,..., 271}
Let a be

> 2.

27€8(a)NS(a—1)

QI

Then we can decompose [a, (1 — a)] into

[a,1—a] = [a,—a] + | 2%, — 22]

The integer corresponding to the second term is

i—1 i—1
i il o o2i+1 2j+2 2i+1
21,3 9t~ 9B N g2 < 92
Jj=0 Jj=0

This integer is positive. However,

2% [0,27], 2P ~ 27 0] = [27, 2] ~ 2%,
By construction of a, all powers of 2 in S(a) are strictly greater than 4. It follows that
_92i+1

[a,—a] ~n <

So if @ is non-zero, [a, 1 — a] represents a positive number. It follows that in all cases a = 2°
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and a — 1 = Zé«;%) 27. So there is only way to obtain a k satisfying our conditions from ¢: if
S(¢) contains a sequence 22,24, ..., 2% the integer is of the form

i—1
k=1(— 2223' + 9%+l
j=i

So k has the prescribed form. O
The next lemma gives a lower bound on the exponents in the T,(AF).

Lemma 9. The image of A* under T, is a polynomial whose degrees in A all lie in the
interval [%, k—2].

Proof. The upper bound is a direct consequence of the nilpotency of the 7). The lower
bound follows from the fact that the coefficient of ¢" in T,(AF) is 74 (pn) + 7k(3 ), the latter
appearing only if p | n. This second term is zero if % < k = n < kp. The first term is zero

ifpn <k=n< %. Thus both terms are zero if n < % and since the term ¢/ appears in the
g-expansion of A7, we conclude. O

Finally, we show, as we did for T3, that it is sufficient to demonstrate the proposition for
monomials.

Definition 16. Let k ~ [a,b] is an odd integer, and £ is an even integer. When used in the
rest of the text, the notations Tj,p) and Tj,p)—¢ will be used to denote Ts(AF) and T5(AFY).

Lemma 10. If proposition 4 holds for monomials with odd exponents, then it holds for all

ferF.

Proof. The reasoning we used for T3 holds here. Assume the proposition holds for monomials
and let f € F. The function f has the form

=A%+ L+ A e == en €~ ag, byl
We apply T5 and get that:
T5(f) = T[al,bl] + T[ag,bz] +ot T[ambn]'

- If by # 0, then the highest exponent of Tj,, 3,) has code [a1,b1 — 1]. For all i > 1, the
highest exponent of Tj,, 1,1 is [c;, d;] and satisfies

ci+di<a;i+b—1<a +b -1

If both inequalities are equalities, then a; + b; = a1 + b1, which implies, since e; is the
highest term, that
b, <by = [ai,bi—l] = [al,bl—l].

- If b1 = 0 then all other exponents [a;, b;] satisfy a; + b; < a;. Otherwise we would have
by < b;, which can’t happen by definition. Thus if [¢;, d;] is the highest exponent of
T, p,) 1t satisfies

cG+di<a;+b—1<a; —1.
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The highest exponent of T],, o) also has height less or equal that a; — 1, so we are done.

O

6.3 Proof of proposition 4.4

We now prove proposition 4 stated in the previous subsection. The proof will be divided in
5 cases. As for proposition 3, case 0 will be concerned with the integers that only satisfy the
assumptions of (i). Case 1 will describe the ideal situation in which T3 can be inverted. Cases
2, and 3 will use the recurrence (6.1) to deal with situations where T3 cannot be inverted.
Finally, case 4 will use the recurrence to show that despite the appearances, T5 can be inverted.

Proof of Proposition 4 . Case 0: k ~ [a,0].

If f = AF and k ~ [a,0], the claim in [6] is that h(T5(AF)) < h(AF). We will need a
slightly stronger result later and will show that

h(Ts(AF)) < a - 3. (6.4)
If k # 1, then a # 0 so by proposition 3, we have
[n3(T3(A")), n5(T3(A%))] = [a - 1,0].

Thus if & is the the leading exponent of T 3(AF) then n5(l;:) = 0. We apply the induction
hypothesis to 73(AF) and find that

h(TsT3(A%)) < W(T3(A%) =3 =a — 4.

We will determine the highest exponent of T5(AF) by considering the possibilities for the
highest exponent of the preimage under T3 of T5T3(AF). By proposition 3, it can be one of
two things. In general it will be integer

=~ [na(T3T5(AF)) 4 1, n5(T3T5(AF))].

In this case,
h(T5(AF)) = h(t) = M(TT5(AF) +1 < h(AF) — 3

and we are done.

The other possibility is that the leading exponent is of the form ¢ ~ [0, d]. In this case, its
exact value is not given by proposition 3. However, it is still possible to show that

h(T5(A%)) = h(f) < a— 3.

By Lemma 7, the only two possibilities are h(¢) = a — 2 and h(f) = a — 1. We will assume
these in turn and derive contradictions.

- Assume that h(¢) = h(k) — 2. This equality also holds modulo 4 by Lemma 2. There
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are four possibilities for the code of ¢ where each entry is taken modulo 4:

ZN[a mod 4,2 mod 4] = ¢=Fk mod 16
~[a+1 mod4,1 mod 4] = (=k+6 mod8

éN[a—}—Q mod 4,0 mod 4] = ¢=k mod38

{~[a+3 mod4,3 mod 4] = ¢{=k+6 mod8

However, we know from [6] all terms of T5(AF) are congruent to 5k mod 8, which is
equivalent to k +4 mod 8.

Assume that £ is the leading term of h(T5(AF)), that h(¢) = h(k) —1, and n3(¢) = 0. By
Lemma 8, this implies that S(k) can contain at most a single odd power of 2. However,
since ns(k) = 0, S(k) only contains odd power of 2. It follows that k = 221 +1 ~ [2¢ 0]
and

(~[0,a—1 = (= Z 27,
J even

We will now use the recurrence 6.1 to show that this specific term never appears in
Ts5(AF).

If k = 221 + 1 ~ [2¢, 0] we use following iteration of the recurrence:
92i—2 92i—2 92i—2 2i—2
T[Qim = A?? T[2i70],2.22i—2 +A12 T[Qi,o],4,22i—2 +A82 T[2i70},6_22i—2 +A? T[Qi’o},5_22i—2

The integers to which we apply the induction hypothesis are

[21‘,0] _9.92%-2 _ 92 | 92i-1 [221'2—272%] [21‘,0] _4.922 _ 92i o 0, 2’;2]
2i—2 2i—2 2i—6

[21’0] 5. 22i—2 — 22i—1 ~ [27’0] [21’0] —6- 221’—2 — 22i—1 + 22i—2 ~ [27’ QT]

We first consider the two terms in the top row for which, by the induction hypothesis,
the codes are the following;:

21—2 2i—2 2i—4

Tloi 0)—2.22i-2 272,272 —1] Tli 0)—4.22i—2 0,277 —1]

So the code of the highest exponent of A2.22i72T[2i70]_2,22i72 is

2i—2 2i—2 2 2i—2 2i—2 2i—2 21—2 24

277,275 — 1]+ 2% 1= 275 4272 2% —1]=[0,2"% +27% —1]=1[0,2% — 1] ~ (.

Likewise, the code of A2.4217211[2i70]_2.42i—2 is

2i—4

[0,2%

24

—1]=1[0,27 —1] ~¢.

—1)+2% =1[0,272

So ¢ appears as the highest exponent of both terms, and the A¢ cancel each other out.
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621'72

Next, £ is not an exponent of A% Tjpi g)—2.62i—2 because it is too small:

24
0= 21 <2¥ 4226272
j=1

J even

Finally, £ is too large to be an exponent of Tjyi gj_5.92:-2 since they are all strictly less
than 2%+ — 5.22-2 S0 all the exponents of A22272T[2i70]_5,22i72 are smaller than

2i
92+l _ 4 92i-2 _ 92i-1 _ p_ Z 9
j=1
J even
This completes the proof that £ is not the leading exponent of T}y o).

Case 1: the general case

Let k ~ [a,b] be an odd integer not of the form

Bais1 (k)2 + > B(k)27.
3>2i+1
J even

In particular this means that a # 0. Then by proposition 3,
Ty(AF) = [a —1,b]
and since the exponents of T3(AF) are smaller than &, by the induction hypothesis we have
TsT3(AF) ~[a —1,b—1].

By Lemma 8, the highest exponent of T5(AF) is not of the form ¢ ~ [0,d]. If follows that
TsT3(AF) has a unique preimage under T3, whose leading exponent is [a,b — 1].

Case 2: k ~[0,27].

The integers such that ng(k) = 0 and n5(k) = 2° are the smallest ones such that the
integer [a,b] — [a,b— 1] is of a given form. They are the analogue of the case 2 in the proof of
proposition 3 in the sense that the leading exponent will arise from the A21T5(Ak_5'21) term.
As in case 1, we first apply T5. By proposition 3,

h(T3(A%) < h(k)—1=2"—1.
By the induction hypothesis,

MT3T5(AF)) < h(k) —2=2" —2.
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This bounds the preimages under T3 : by proposition 3, all exponents [c, d] of T5(AF) satisfy
c+d<h(k)—1lorec=0. (6.5)
However, if ¢ = [0,d] then d < 2! since £ < k so h(f) < h(k) — 1 in any case. We will now

show that the highest integer satisfying h(¢) = h(k) — 1, namely

21
0,20 =1~ 0= > 2
j=0

j even

appears in T5(AF), which automatically makes it the highest exponent.

For this, we will show using the recurrence formula that is appears as the leading term
of the fourth term of the recurrence, and that is is absent from all three others. Recall that
k = 2%+2 4 1 ~ [0,2!]. We use the following iteration of the recurrence.

92i—1 92i—1 92i—1 2i—1
T[0’2i] = A?? T[072i},2,22i—1 —|—A4 2 71[0’21'],4_222'—1 +A6 2 T[O’Qi],ﬁgm—l +A2 T[072i],5,22i—1
(6.6)
and
(a) [0,27] —2-2%71 ~ 2 2071 (b) [0,2] —4-2%"1 ~[2°0]
(¢) [0,27] —6-2%"1~]0,2 (d) [0,2°] —5-2%" 1 ~ 201 2071,

We do (d) first. By induction,
Tio,2i)—s22-1 ~ [271, 2771 — 1] = 2771} "2
j=1

Thus the highest exponent of T}y 2i_5.92i-1 is the integer

21—2
m =221 4 Z 2J — ¢ — 9%i~1
§=0

J even

It follows that £ = m + 2%~ is an exponent of AQi_lT[072i}_5,22i—1.

We now need to ensure that ¢ does not appear as an exponent in any of the three other
terms. In this case, the two occurrences of A’ would cancel out. For (b) and (c), notice that

/= Z 2j < 22i+1 —4. 221’—1 <6- 22i—1
jeven

j<i

22i—1

so it is too small to possibly appear in A4.22i_1T[072i]_4,22i—1 or A% Tip,2i]—6.22¢-1 Finally, if
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221'71

¢ appeared in A% Tjo,2i]—2.02—1 it would imply that

(=2 = 3" 2
§<2i—2
j even

appeared as an exponent in Ty oi_g.92i-1. This contradicts the lower bound of Lemma 9 since

. 4 . . 92
0,2 2221 =2 and ) 2< =
<22
j even

We conclude that the exponent ¢ appears exactly once the recurrence (6.6); by our previous
remarks, it must be the leading exponent.

Case 3: k ~ [a,b] where k satisfies the assumptions of Lemma 8

Suppose that k satisfies the assumptions of Lemma 8. Then it is not possible to determine
the preimage under of T3T5(AF) under 73. Luckily, in these cases it is possible to use the
recurrence formula to show that

Ty = [a,b—1].

Although inversion is not well-defined, some information can still be extracted from applying
T5T5, since the reasoning that led to 6.5 in case 2 still applies here. Thus if [¢, d] is the highest
exponent in the preimage of T3T5(A*) under T3, then either

c+d<h(k)—1lorc=0.

Let k ~ [a,b]. We now make the extra assumption that b # 2¢; this will constitute the
fourth and final case. Let 22+2 be the greatest power of 2 in S(k). Then

222 < | < 2P 2P o p= Y B(k)2) 4 2%
j<2i+2
where there is at least one even value of j < 2i + 2 such that 27 € S(k). So we use the 2¢1th
iteration of the recurrence:

92i—1 92i—1 92i—1 2i—1
T[a,b] = A?? T[a7b},2,22i—1 + A*2 T[ayb},4_22i—1 + A%2 T[a7b],6,22i—1 + A? T[ayb},g,_zzi—L
(6.7)

Let ¢ ~ [a,b — 1]. We will first show that ¢ appears an odd number of times in the first
three terms of the above recurrence.

- Suppose b # 2! + 271 je. b # 0 mod 2~!. This implies that to obtain [a,b] from
[a,b — 1], it is not necessary to “borrow” from powers of 2 larger than 2%~!. So the
operations of subtracting 1 from b, and of subtracting and adding large powers of 2
affect disjoint subsets of S(k), which implies that they commute. So for the three first
terms of the recurrence, the quantities subtracted (before applying induction) and added
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(after applying induction) are equal, we find that the exponent
{=1a,b—1]
is the highest exponent in all three terms, two of which cancel out.
- When b = 2! + 271 the above argument only applies to A4.22i_1T[a’b]74,221'—1, whose
highest highest is thus ¢. On the other hand,
[a,b] — 2227t =[a,b— 2071 = [a,2] = Tig p)—2.221 =~ [a, 20 —1].

This implies that
2¢—1 . .
A%? Cr[a,b}f2-22i*1 ~ [a + 2¢, 2i=1 _ 1] < /.

Finally, since ' ‘
[a,b] — 6-2%71 = [a +2°,0]

we use the slightly stronger lower bound (6.4) that we obtained in case 0, and find that
W(Topy-g02i1)) < h(la,b]=6-2%71) =3 = R(A™*" Ty gom-1) < h(k)=3 < h(0).
Again, the exponent ¢ appears only once.
- If k ~ [27,2Y] with j < i then for the first term
[27,20] — 2. 2% = [27 21] — 2% ~ [27, 2171),
So
Tigi giy_poei1 = [20, 2070 1] = A2 Ty, g g o [27, 20714207 1) = [27, 20 1),
So /¢ is the leading term. Next come
(27,21 —4.2%71 = [2721] — 2%FL ~ [27 + 27 0]

So by case 0, the height of Tjy; 5i_g.92i-1 = [c, d] is less than h(k) — 3. Moreover, one of
two things can happen either 2¢ € S(c) or not. If it is the case, then [c,d] + 4 - 2%~! =
[c—2¢,2¢ +d], whose height is strictly less than h(¢). If 2¢ is not in S(c), then the largest
[c,d] can be is [2¢ — 1,2 — 1]

It remains to check that ¢ is not an exponent of A22i71T[a’b]_5,22i—1, nor is any higher integer.
Recall that by assumption, b # 2%, so 2%7*2 is not the smallest even power of 2 in S(k). Since
by Lemma 8, the only possible odd power of 2 in S(k) needs to be smaller than all the even
ones, 221 ¢ S(k). However,

5.2271 = 92l | 9271 g ) — 5227 = [a + 20, b — 27] — 2271,

We now have to check two cases:
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- If 221 € S(k), then ' ' '
[a,b] —5-2%71 = [2°b— 2]

It then follows that
T4p)—5.22i-1 26 —21—1] = A22i71T[a’b]_5,22¢71 ~la4+24b—21—1] < L.

Since 2%~! was not contained in S(Tjqp)—5.92i-1), the exponent of code [a+ 2 h—20 —1]
is the highest exponent of this term, so ¢ is the highest exponent of Tj, .

- If If 2271 ¢ S(k), then
[a,b] =5-2%1 =[a 420427 b —20 — 27 or [a 4271 b — 27].

Then ' ' ‘ ' ‘
Tiap—so2i—1 = [a+2b—2" =27  — 1] orfa + 271, — 2° — 1]

or something of lower height. In both cases, the leading term is lower than /.

We have shown that in all cases, £ ~ [a,b— 1] is the leading exponent of T}, ;. This completes
the proof of this section.

Case 4: k ~[2¢,27], i < j.

Here, the goal will be, as in part 0. We want to show that the integer ¢ such that ng(¢) =0
and h(f) = h(k) — 1 is not an exponent in T5(A¥). The conclusion will be that T5T3(A*) has
a unique preimage under 73, and that the method of case 1 can be applied.

Since k ~ [2%,27] for i < j, then the integer £ which we want to show does not appear is

21
000,27 +20—1] = (=294 "o

r=2
7 even

Since k > 2212 4 921+l — 6. 221 we use the 2i™" iteration of the recurrence
92.921 4.92% 6'22i 921
T[Qi’Qj] == A T[Qi’Qj]_Q_QTL + A ﬂ2i72j}_4,22i + A T[Qi’2j1_6,22i + A 1—‘[2i72j]_5,22i.

We need to show that the exponent £ is absent from each term of the recurrence. We start
Wlth 11[21'72]'}72_221'.
We have o ' ' .
[20,27] — 2220 = [0,27] ~ 2%772,

So by the induction hypothesis, the leading term of Tjyi 9j1_9.02: has code [0, 27 —1]. On the
other hand, we note that if £ was an exponent in this term, then ¢ — 2 - 2% = ¢ — 2%+ would
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be an exponent in Tjyi 5j)_p.92:. However,

- 2541 21 2541 2j j A
(=22 = N 2ty Y= Y2t Y 2 1225 227“ = 1225,21—1] :
s=2i+1 r=2 s=2i+1 2 s=1 s=i

T even s odd T even

So the integer £ — 2%+ is higher than the highest possible exponent of Tioi 2i)—2.92:- 1t follows
that ¢ does not appear in this term.

We adopt the same strategy for T{oi 9i)_4.02:. We will show that £ — 221+2 cannot be not
an exponent in Ty 9j)_4.92:. We first assume ¢ < j and compute:

o ' 4 2j+1 2j+1 J Jj—1
R A YEED WS SR 9 oE)
§=2142 s=21+1 r=2i42 s=1 r=t
s odd r even

Applying the induction hypothesis, we get the following code for the leading term of Tloi 9i]—4.02i
i -1 j -1 i1
s=1 r=1 s=1t r=i+1 t=0
We compare with the code of ¢ — 22+2:

. . _
) 2j+1 2 2j+1 2j J Jj—1
(=272 = Nt Y or= Y 20 ZQ’”:[Z 28,227”].

S

s=2i+2 r=2 s=2143 =i+1 r=0
T even s odd T even

We find that
h(0 — 2%72) = h(Tgi i) _g92) but n5(€ —2%%2) > ng(Tii 1) _g0).-

So £ — 4 - 2% is higher than the highest exponent of Tli 91422 thus £ is not an exponent of
92i
A42 71[22‘72]']_4,227;.

We now consider the third term Ty 55)_¢.92i- Again we compute:

2541 27+1 27 i j—1
1 9J] _ R .92 _ s __ S T~ S T
29,27]—6-2% = Y 20= " 24 ) 2_[§ 2,52].
s=2142 5221('1453 1”74:621‘;;2 s=1+1 r=t
EXo) Ve

We compare with £ — 6 - 2%

2j+1 2j+1 .
LA YESD SRR ST SECS DET) e S SO
s=2i4+3 s=2i+1 t=2i+4 s=1 t=i+1
r even s odd r even t even
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We find that ' o '
h(f—6-2%) = h([2°,27] — 6-2%)

so by induction '
h(ﬁ - 6 . 221> > h(T[Qiij]ie’_QQi).

This excluded the possibility that ¢ —6-2% is an exponent of 7] [27,29]—6.22¢, SO £ does not appear
. 92i
1m AG 2 1_’[2i,21}—6-22i‘

Finally, if ¢ was to appear in the Ty 5j)_5.92¢ term then ¢ — 221 would have to be an

exponent in [y 9j]_5.92:. However,

[29,27] =522 = 2% 4 N 28 < 2WFT <UL N or =y ¥
$=2i+2 r=2

T even

Since ¢ — 2% is larger than the degree of the polynomial to which we are applying 7%, then
it cannot appear as an exponent. This shows that ¢ ~ [0, o) 20 — 1] is not an exponent in
Tigi 251- So we apply T3 and then 75 to the polynomial AF where k ~ [2¢,27]. By proposition
3 and the induction hypothesis, the highest term of the resulting polynomial is [2¢ — 1,27 —1].
Since our discussion excludes £ as the possible leading term of T5(A*), we find by looking at
the possible preimages under T3 that it must be [2¢,27 — 1]. O

7 Possibilities or further research

Analogues of “Nicolas-Serre theory”? have been pursued in different directions, among others
by Bellaiche and Khare for p > 2 in [2] and by Monsky for level N > 1. A third possible alley of
research would be to consider different automorphic forms. A topic could be the study of rings
of Hilbert modular forms mod 2. These are generalizations of modular forms defined on the
product of two copies of H, quotiented by the action of PSLs(O) where Ok is a totally real
quadratic number field. Of particular interest could be the field Q(v/5), for which it is known
that, like in the classical case, there are no systems of eigenvalues for the Hecke operators
mod 2. This corresponds to the absence of an irreducible representation or Gal(Q/Q(+/5)).
One can ask whether or not the nilpotent action of the Hecke operators enjoys properties sim-
ilar to that of classical modular forms, and whether or not these behave according to a “code”.

Other questions concern the algebra A. Let Gga2 be the Galois group of the largest
extension of Q unramified outside of 2 and G its largest pro-2 group. Bellaiche [1] has
constructed a two-dimensional representation of G the with values in A and such that the 7},
are the traces of Hecke operators. An open question about this representation is whether or
not by taking finite quotients of the image, one can obtain the images of the Galois group of
all finite extensions of Q unramified away from 2 and whose Galois groups are 2-groups. The
Frobenian nature of the assignment p — a;;(p) described in section 3 could also deserve further
investigation. Would it be possible, for example, to find a way to compute the extension K/Q
with the property that a;;(p) is determined by the image of the Frobenius at p in Gal(K/Q)?

3A term coined, to my knowledge, by Paul Monsky.
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