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ABSTRACT

This article is the first in a series devoted to Kato’s Euler system arising
from p-adic families of Beilinson elements in the K-theory of modular
curves. It proves a p-adic Beilinson formula relating the syntomic regulator
(in the sense of Coleman—-de Shalit and Besser) of certain distinguished
elements in the K-theory of modular curves to the special values at integer
points > 2 of the Mazur—Swinnerton—Dyer p-adic L-function attached to
cusp forms of weight 2. When combined with the explicit relation between
syntomic regulators and p-adic étale cohomology, this leads to an alternate
proof of the main results of [Br2] and [Ge] which is independent of Kato’s

explicit reciprocity law.
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1. Introduction

This article is the first in a series devoted to Kato’s Euler system arising from
p-adic families of Beilinson elements in the K-theory of modular curves. In
a simple but prototypical setting, Kato’s construction [Kato], [Colz2] yields a
global class x in H'(Q, V,,(E)), where V,,(E) is the p-adic Galois representation
attached to a modular elliptic curve E/Q. Kato’s reciprocity law implies that
k is crystalline, and hence belongs to the p-adic Selmer group of E, precisely
when the Hasse-Weil L-series L(E, s) vanishes at s = 1. In this case, Perrin-
Riou [PR1] conjectures that the image res, () in H}(Qp, V,(E)) is non-zero if
and only if L’(F,1) is non-zero, and predicts a precise relation between the
logarithm of res,(x) and the formal group logarithm of a global point in E(Q).

The ultimate goal of this series is the proof of Perrin-Riou’s conjecture, which
will be described in [BD3]. One of the cornerstones of our strategy is a proof
of a p-adic Beilinson formula relating the syntomic regulators (in the sense
of Coleman—de Shalit and Besser) of certain distinguished elements in the K-
theory of modular curves to the special values at integer points > 2 of the
Mazur—Swinnerton—-Dyer p-adic L-function attached to a cusp form f of weight
2. This proof is independent of Kato’s reciprocity law, and will in fact be used in
[BD2] to re-derive it. It is based instead on the direct evaluation (Theorems 4.4
and 5.1) of the p-adic Rankin L-function attached to a Hida family interpolating
f introduced in Section 3.1. The p-adic Beilinson formula then follows from the
factorisation of this p-adic Rankin L-function into a product of two Mazur—
Kitagawa p-adic L-functions (Theorem 3.4).

In the complex setting, the connection between regulators and values of
L(E,s) at integers ¢ > 2 was described in the work of Beilinson [Bei], and in
prior work of Bloch [B]] for elliptic curves with complex multiplication. The first
p-adic avatar of this formula was obtained by Coleman and de Shalit [CodS] in
the CM setting considered by Bloch. The work of Brunault [Br2] for £ = 2 and
Gealy [Ge| for £ > 2 extended this p-adic Beilinson formula to all (modular)
elliptic curves as a consequence of Kato’s general machinery. Our approach,
which is somewhat more direct, relies instead on Besser’s description ([Besl]
and [Bes2]) of the Coleman—de Shalit p-adic regulator and on the techniques
developed in [DR] for relating p-adic Abel-Jacobi images of diagonal cycles
to values of Garrett—Rankin triple product p-adic L-functions. The results of
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[DR]—and, by extension, of the present work as well as of [BDR]—were in-
spired by the study undertaken earlier in [BDP], which the reader may consult
for an analogous formula in the setting of Heegner points (resp. “generalised
Heegner cycles”) on modular curves (resp. on products of Kuga—Sato varieties
with powers of CM elliptic curves).

After this paper was submitted, the authors’ attention was drawn to the
earlier work of Maximilian Niklas [Nik] which also provides a direct proof of the
p-adic Beilinson formula based on a description of the rigid syntomic regulator
given in [BK]. The principal novelty of the present work—and, arguably, its
main interest—Ilies in the explicit connection that it draws with

(1) the results of [DR] relating the p-adic Abel-Jacobi images of diagonal
cycles on triple products of Kuga—Sato varieties to special values of
Harris—Tilouine’s p-adic L-functions attached to the Garrett—Rankin
convolution of three Hida families of cusp forms;

(2) the results in [BDR] relating the syntomic regulators of Beilinson-Flach
elements in higher Chow groups of products of two modular curves
to special values of Hida’s p-adic L-functions attached to the Rankin—
Selberg convolution of two cusp forms;

(3) the results in [BDP] relating the p-adic logarithms of Heegner points on
modular curves to special values of the p-adic L-functions attached to
the Rankin convolution of a weight two cusp form and a theta series of
an imaginary quadratic field, based on a formula of Waldspurger.

The authors’ strategy for proving Perrin—Riou’s conjecture is based on a com-
parison between Kato’s Euler system and those arising in the above settings.

ACKNOWLEDGEMENTS. The authors thank Victor Rotger for numerous ex-
changes related to this article, and Frangois Brunault and Pierre Colmez for
helpful advice on improving its presentation. They are also grateful to the
anonymous referee for a number of suggestions which helped them to clarify

the exposition, and for drawing their attention to the related work of M. Niklas
[Nik].

2. Complex L-series

This section provides explicit formulae (see equations (20) and (23)) for the spe-
cial values of the complex Rankin L-functions associated to the convolution of
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cusp forms and Eisenstein series, based on Rankin’s method and the reducibility
of the Galois representations of Eisenstein series. These formulae are crucial in
the definition and study of the Rankin p-adic L-functions of Section 3. Along
the way, we briefly recall the application of Rankin’s method to the proof of the
original complex Beilinson formula (cf. Proposition 2.3).

The Poincaré upper half plane of complex numbers with strictly positive
imaginary part is denoted H, and the variable on H is written as z = x + iy
with z € R and y € Ry.

A Dirichlet character of modulus N is a homomorphism ¢: (Z/NZ)* — C*,
extended to a function on Z by the convention that ¢(n) = 0 whenever
ged(n, N) # 1. The conductor of ¢ is the smallest positive integer M for
which there is a Dirichlet character of modulus M agreeing with v on the inte-
gers that are relatively prime to N. A Dirichlet character is said to be primitive
if its conductor is equal to its modulus. If N = N; N, is a factorisation of NV
into co-prime positive integers N7 and Nj, frequent use will be made of the fact
(following from the Chinese remainder theorem) that a character ¢ of modulus
(resp. conductor) N can be uniquely expressed as @) = 9112, where 1; is of
modulus (resp. of conductor) Nj.

We denote by Si(N,x) C Mg(N,x) the spaces of holomorphic cusp forms
and modular forms of weight k, level N and character x, and by S2"(N, x) C
M?™ (N, x) their real analytic counterparts consisting of real analytic func-
tions on H with the same transformation properties under I'g(V), and having
bounded growth (resp. rapid decay) at the cusps for elements of M2"(N, x)
(resp. S™(N,x)). Likewise, for any congruence subgroup I' of SLg(Z), the
spaces Si(I") € My(I') and Sp™(I') € MP™(T") are given their obvious meanings.
The only cases arising in this article are where I" is one of the standard Hecke
congruence groups I'o(N) or 'y (V).

2.1. EI1SENSTEIN SERIES. The non-holomorphic Eisenstein series of weight
k, level N attached to the primitive character x : (Z/NZ)* — C* is the
function on H x C defined by

(1) Ekyx(z,s) = Zl X~ () 4

(mmyevzxz M2+ )T ma+nfE

S

where the superscript ’ indicates that the sum is taken over the non-zero lattice
vectors (m,n) € NZ x Z.
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The series defining Ej (2, s) converges for R(s) > 1 — k/2 but admits a
meromorphic continuation to all s € C. A direct calculation shows that

_ b . b
B <a2+ 75) = x(d)(cz + d)* By (z,5), for all ( Z J ) e To(N),

cz+d

ie., E;“X(z, s) transforms like a modular form of weight k& and character x on
I'o(N) when viewed as a function of z, and hence belongs to M*(N,x). In
particular, if k& > 2

Ejr(2) := Eg(2,0) belongs to My (N, x).

(The same conclusion holds for & > 1, provided that y is non-trivial.) Assume
from now on that y satisfies the parity condition

(2) X(=1) = (=1,
which guarantees that Ej, () is non-zero. We introduce (cf. [Hi93], p. 128) the
normalised Eisenstein series Ej (), related to Ej ,(z) by the equation

1 (=2mi)k

3) Bix() = 2N 707 0 T

E, x( )
where

T(x) = Y x(a@)e®™ /N, N, = cond(x)

is the Gauss sum attached to x, and the g-expansion of Ej ,(z) is given by

(4) Brx(2) =27'L0 1~ k) + Zak ()", o1y () =Y x(d)d* .
d|n

The Shimura—Maass derivative operator

s L (d ik
M ori \dz T 2y

sends Mp"(N,x) to Mpt,(N,x). A direct calculation (see also loc. cit.,
page 317, formula (13)) reveals that

5) beBin(z9) =~ T By (s - 1),

Denoting by 0f := Ogyoi—2 - - Op+20; the t-fold iterate of the Shimura—Maass
derivative, it follows that

5L By (2,8) = ((;;))tt (s+k)(s+k+t—1)Epio(z,5—1).
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Replacing k by k — 2t and setting s = 0 in the above equation, we find

(k — 2t — 1)!

(]{ 4 1)| (_47T)t61272t’Ev‘k—2t,X(2)‘

(6) Epx(z,—t) =

In particular, if 0 < ¢t < k/2 — 1, then the Eisenstein series Ek,x(z, —t), while
not holomorphic, is an example of a nearly holomorphic modular form in
the sense of [Sh2].

We will also have a need for the more general Eisenstein series Ex(x,,X,) €
M (N, x,x,), attached to a pair x, and yx, of Dirichlet characters of modulus
N7 and Na, respectively, with Ny No = N. Recall that condition (2) is in force,
ie., X, Xo(—=1) = (=1)%. Then, for k > 1 and (x;,,) # (1,1), the g-expansion
of Fr(x,,x,) is given by

(7) Bre(X, Xa)(2) = 0y LOGT Xan L= K) + Y o130 x0) ()",
where 6, = 1/2if Ny =1 and 0 otherwise, and

Ok—1 X13X2 ZXI n/d X2 dkil'

Thus, Fr(1,x) is equal to Ej . Note that Ex(x,,x,) is a simultaneous eigen-
vector for all the Hecke operators, and satisfies

(8) L(Ek(X1aX2)7S):L(les)L(szsfk+1)'
2.2. RANKIN’S METHOD. Let

f= Zan(f)qn € Sk(N’ Xf)

be a cusp form of weight &, level IV and character x ¢, and let

g:= Z an(g)q" € My(N, xg)
n=0

be a modular form of weight ¢ < k and character x,. We do not assume for
now that f or g are eigenforms. Let

f’g5 Zan 71 -
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denote the Rankin L-series attached to f and g. Recall the Petersson scalar
product defined on S§*(N, x) x ME™(N, x). It is given by the formula

(9) Gt = [ SRR

To(N)\H

and is hermitian linear in the first argument and C-linear in the second. Let
X = inlxg_l, and denote by f* € Si(N, inl) the modular form satisfying
an(f*) = an. Since the forms f*(z) and Ej_s. (2, s)g(z) belong to S (N, inl)
and M2"(N, X;l) respectively, it is natural to consider their Petersson scalar
product.

PROPOSITION 2.1 (Shimura): For all s € C with R(s) >> 0,

(f*(2), Ekf&x(zvs) 'g(z)>k,N
_T(s+k—1)

(47)s+h—1 L(X%, 2s+k—0) x D(f,g,8s+k—1).

Proof. See formula (2.4) of [Sh1], where this result is proved by an application
of Rankin’s method. See also [Hi93], page 317, formula (1), for a statement in
the form given here.

Replacing s by s — k 4+ 1 in Proposition 2.1 and rearranging the factors, we
obtain

(10)
1(4m)®
L 25— k—42)D(fg.9) = 5 )

— S Biradeis k1))

kN

Assume now that the modular forms f and g are normalised eigenforms of level
N. We do not assume that they are new of this level, but we do assume that they
are simultaneous eigenvectors for the Hecke operators T, with ged(r, N) = 1
as well as the operators U, attached to the primes r dividing N. For each
prime p, let a,(f) and S,(f) be the roots of the Hecke polynomial

2?2 — ap(f)z + xs(p)p*', choosing (ay(f), Bp(f)) = (ap(f),0) when

p|N. Similarly, we let a,(g) and B,(g) denote the roots of the polynomial

2% — ap(g9)z + x4(p)p" .
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Then the coefficients of the L-series D(f,g,s) are weakly multiplicative and
hence D(f, g, s) has an Euler product factorisation over the rational primes p:

(11)
D(f,g,s) HD(p) f,9,8), where Dy, (f,g,5) Zap p°.
Let
L(f®g,s) ::HL(p)(f ®g,s), where
P

Lyp)(f®yg, s) =1~ ap(f)ap(g)pis)il(l - ap(f)ﬁp(g)pis)il
x (1— ﬁp(f)ap(g)pis)il(l - ﬁp(f)ﬁp(g)pis)il-

The calculation of the Euler factors D, (f, g,s) — a mildly tedious exercise in
manipulation and rearranging of infinite series — shows that, for all primes p,

(12) Dipy(fi9,8) = (L=x""0)p" 272 L) (f ® g, 5),
so that
(13) L(f®g,s)=L(x ", 2s—k—(+2)D(f,g,s).

By combining (10) and (13), we find that

1) L=, 10 (£ Bl k1) 90)

EN

Choose integers m and t satisfying
k=/0+4+m+ 2t,

and set
_k+l+m—2
- 2

By specialising equation (14) at s = ¢, we find

2 oy (7). Buan =) 0(2)

=k—-t—1

(15) L(f®g,c) =

kN
If m > 1 and ¢ > 0, then replacing k& by k — £ in equation (6), we obtain

(m—1)!

(16) Br—px(z,—t) = (mtt— 1)!(—47r)t6fnﬁm,x(z).
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Combining (15) with (16) gives
(17)

L(f®g,c) = ;(_1)16(4#)0“ (m —1)!

A A CRANORTO)

BN

Furthermore, in light of equation (3), we have

(18) L(f®g,c)
(—1)f2E=t@m)Etm =t GN) T (x ) ¢
_ “(2), 6 B, (2) - .
(m+t—1)e—1)! @) 0nBinx(2) - 9D
Equation (18) is equivalent to Theorem 2 of [Sh1]. Note that the normalisations
of Eisenstein series used in loc. cit. are different from those adopted here.

2.3. A FACTORISATION OF CRITICAL VALUES. Let now g be the Eisenstein
series Ey(x,, X,) of equation (7), and assume that

Xo (=xx)=x;'x "

In light of (8), the left hand side of (18) becomes

(19) L(f® Ei(X,,X,),¢) = L(f, x5 0) - L(f, Xy e = £+ 1),
Assumption 2.2: The following assumptions on (k,£,m) and (f, x,, x,) will be
enforced for the rest of the paper:

(1) £=m,

(2) xy=1,so0 that f*=f and x = X, ),

(3) x is primitive, so that |7(x)|* = N,

(4) (N1,N2) =1, so that N, = Ny and N, = Na, and

T(X) = T(XI)T()62)X1 (NQ)X2 (Nl) = T(Xl) T(X2)X(_1)X1 (NQ)Xz (Nl)

Under the above assumptions, f is an eigenform on I'g(IV) of even weight
k = 20+ 2t. If furthermore ¢ > 0, then ¢ = k/2+ ¢ — 1 is a critical point for the
L-functions L(f ® E¢(x,, X,),s) and L(f, x,,s), and (19) becomes

(20) L(f®EZ(X1aX2)’k/2+£_ 1) = L(faXUk/Q—’—g_ 1)'L(faX2’k/2)'

Note that k/2 is the central critical point for L(f, x,,s). We choose complex
periods Q}" and €y as in Proposition 1.1 of [BD1]. These periods satisfy

(21) QFQy = @2m)* (f, i s
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and, for 1 <j < k-1,

\ N G=Dir) ,

(22) L (fa/l/}aj) T (—277@)3_1Q;L(f’w’]) belongs to Qf,wv

where ¢ is any Dirichlet character, ¢ = ¢(—1)(=1)?~! and Qg is the field
generated by the Fourier coefficients of f and the values of 1. (See Proposition
1.3 of loc. cit., where ¢ = ¢).) By combining equations (18), (20) and (22), we
find

(23)

k/2—t .
<fa (62 E@,X) EZ(X13X2)>]€7N

L*(f,Xl,k/2+£_1)'L*(faX2’k/2):Cf’XI’XZ. <f f>kN )

where
,L'2k—1
(24) Cf7X17X2 = NeE-1 XI(N2)X2 (Nl)
2.4. BEILINSON’S FORMULA. We now focus on the case k = ¢ = 2 (so that ¢ = 2
and t = —1) and deduce a complex Beilinson formula for the non critical value
of L(f,s) at s = 2.
By equation (15) with g = E2(x,, X, )s

(25)  L(f @ Bl ), 2) = (47 (£(2), Bonlz1) - Bal x,)(2))

2 2N
By specialising equation (5) to the case k = 0 and s = 1, and invoking (3), we
obtain
(26) Ld Eoy(z,1) = — ' B, ((2) = 2N 27 (x ) Eay (2).
2midz 7 ’

Given a field F, let Eisy(T'1(N), F) denote the subspace of My(T'1(N),F)
spanned by the weight ¢ Eisenstein series with coefficients in F. Let Y1 = Y7 (V)
denote the usual open modular curve of level N over Q whose complex points
are identified with T'y(N)\H, and let Y; = Y;(N) denote its extension to Q.
The logarithmic derivative

1 v/(2)

dlog(u) := omi u(z)

gives a surjective homomorphism

_ dlog
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Take F to be a finite extension of Q containing the values of all characters of
conductor dividing N. Let u, and u(y,, X,) be units satisfying

(28) dlog(ux) = E27X’ dlog(u()ﬁ ) X2)) = Es (XI’XZ)‘

It can be shown that u(,, x,) belongs to the y,-eigenspace (O(Y;)* @ F)X for
the natural action of Gg on the space of modular units. The unit u, is only
determined up to a multiplicative constant. It can be shown (see for example
[Brl], Section 5) that u, can be normalised in such a way that the equality

(29) Eo(2,1) = 2N "27(x ") log [uy (2))]

holds. Note that equation (29) is consistent with (26). By combining (25) with
(29) and (28), we obtain

(30)

L(f@Ea(x,5X,),2) =167 N7 (x ") (f(2), log uy (2)] - dlog(u(x; , X2 ) (2)))a v

)

Extend definition (22) of L*(f,,j) to integers j lying outside of the critical
range. By the formulae in Section 2.3, we may rewrite (30) as
(31)

Crx x .
L*(fix,,2) - L*(f, x5, 1) = (f ;fgx /F (N)\Hf~10gluxl~d10g(U(X1,x2))d$dy-
’ 2,N 0

Define the anti-holomorphic differential attached to f to be

ah . f(Z)dZ
(32) TS o

Up to the constant Cf,y. , , the right-hand side of (31) is the value on the class

ah

of n§" of the complex regulator rege{uy, u(x,, X,)} attached to the symbol

{x, u(x,, X2)} € K2(C(Y1(N)).

We obtain the following proposition, which generalizes slightly the explicit ver-
sion of Beilinson’s theorem proved in [Brl].

PROPOSITION 2.3:

L*(f’ X1’2) 'L*(fa X2 1) = Cf7X17X2 'regC{UX’U(XUXQ)}(T/?h)-

This is the formula whose precise p-adic counterpart is obtained in Corollary
5.2 below.
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2.5. ALGEBRAICITY. The modular form

(33) Zre(s xa) = (6,2 Euy) - Be(x xa)

belongs to the space M ,?h(N ; Qy Xz) of nearly-holomorphic modular forms de-
fined over Q, , in the sense of Shimura (cf. Section 2.3 of [DR]). Hence, its

image

(34) E};?él (Xl ) Xz) = H?\/E)I(Ekl (X1 » X2 ))

under the holomorphic projection ITE! of loc. cit. belongs to Mj(N, Qx, x,)-
The ratio appearing in the right-hand side of (23) can then be re-written as

) <f, Ek,e(xl,xz)>k7N B <f, E}éf}}(xl,xz)%w

(f, e (f, e ’
and hence belongs to Qf y y,.- One recovers Shimura’s approach [Sh1] to the
algebraicity of L*(f,1, ), which differs from the approach based on modular
symbols followed in [BD1].

For the purposes of making the connection with p-adic regulators, it is use-
ful to describe the right-hand side of (35) more algebraically, in terms of the
Poincaré duality on the de Rham cohomology of the open modular curve with
values in appropriate sheaves with connection (as described in Section 2.2 of
[DR]). More precisely, let Y, resp. X be the open modular curve Yy(NV), resp.
the complete modular curve Xo(N), and let K be any field containing Q. y, -
Denote by &€ — Y the universal elliptic curve over Y, and by w the sheaf of
relative differentials on £ over Y, extended to X = X((N) as in Section 1.1 of
[BDP]. Recall the Kodaira—Spencer isomorphism w? = Q% (log cusps), where
QL (log cusps) is the sheaf of regular differentials on Y with log poles at the
cusps. A modular form ¢ on I'o(N) of weight k = r+ 2 with Fourier coefficients
in K corresponds to a global section of the sheaf w™?2 = w” ® Q% (log cusps)
over Xg.

The sheaf w” can be viewed as a subsheaf of £, := Sym" £, where

L:=R'm. (£ —Y)

is the relative de Rham cohomology sheaf on Y, suitably extended to X,
equipped with the filtration

(36) 0—w—L-—w'!—0
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arising from the Hodge filtration on the fibers. The sheaf L, is a coherent sheaf
over X of rank r+1, endowed with the Gauss—Manin connection

V:L, — L, ®Q%(logcusps).

Let Hz(Yk, L, V), resp. Hle,C(YK, L, V) be the de Rham cohomology, resp.
the de Rham cohomology with compact support of £,.. These two groups are
related by the perfect Poincaré pairing

(37) () ey Hig (Y, £, V) x Hig (Y, £,, V) — K.

There are exact sequences
(38)
0— H'(Xg,w" @ Q) — Hig (Y, Ly, V) — H' (Xg,w " ®I) — 0,

0 — H°(Xg,w" ® Q% (logcusps)) — Hig (Y, L, V)
39
(39) — H'(Xg,w™") — 0,
where Z is the ideal sheaf of the cusps (cf. Sections 2 and 3 of [Col94]). The
left-most terms of these two sequences are mutually isotropic, and hence (37)

induces a perfect pairing
(40) (, y  H'(Xk,w " ®7I) x H(Xk,w" ® Q (log cusps)) — K,

which is denoted by the same symbol by a slight abuse of notation.

The antiholomorphic differential n?h of equation (32) gives rise to a class in
Hjg (Ye, £, V), whose image 1y in H' (X¢,w™"®T) belongs to H' (X, w™"®T)
(cf. Corollary 2.13 of [DR]). Recalling the concrete definition of (40) via complex
integration given in (9), we find that the right-hand side of (35) is equal to

<f, 2% (s x2)>

4D o Pen

SN = (0, ER 06 X))y

3. p-adic L-functions

This section defines the Rankin p-adic L-function associated to the convolution
of two Hida families of cusp forms and Eisenstein series (cf. equation (46)).
Furthermore, it shows that this p-adic L-function factors as a product of two
Mazur-Kitagawa p-adic L-functions (cf. Theorem 3.4).

A similar p-adic L-function, associated to the convolution of two Hida families
of cusp forms, has been constructed by Hida [Hi93]. For the sake of brevity,
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we follow here the approach of [DR], which constructs the p-adic L-function
associated to a triple product of Hida families of cusp forms, referring to the
calculations of this article whenever possible.

3.1. RANKIN’S p-ADIC L-FUNCTIONS. Let p > 3 be a prime, and fix an embed-
ding of K into C,. From now on we will be working under the following

Assumption 3.1: The eigenform f is ordinary at p, and p{ N.

The f-isotypic part of the exact sequence (38) with K = C, then admits
a canonical unit root splitting, arising from the action of Frobenius on the
de Rham cohomology. Let 77" be the lift of n; to the unit root subspace
Hig (Ye,, Lr, V)£ur. The right-hand side of (41) is then equal to

(42) (7, 20 06 X))y = (L ERT 06 Xa)) 4y -

After viewing Ezoél(xl ,X,) as an overconvergent p-adic modular form, Lemma

2.10 of [DR] identifies its ordinary projection eordE}gf’él(Xl , X,) with a cohomology
class in Hz (Yk, L, V)°"d. By Proposition 2.11 of loc. cit., the right-hand side
of (42) can be re-written as

(43) P ERS O xa)) oy = (s oraZR 06 Xa ) )y -

By Proposition 2.8 of loc. cit.,

(44) Ezf? (X1 ) Xz) = eOTdE}l;,OZIOG ) Xz) = eord((dk/QilE&X) - Ey (Xl ) X2))’

where d = qjq is Serre’s derivative operator on p-adic modular forms.

Note that the ordinary p-stabilisation of E¢(x,,X,) is the weight ¢ speciali-
sation of a Hida family of Eisenstein series denoted E(x,,X,). Likewise, let f
be a Hida family of eigenforms on I'g(N), indexed by a weight variable k in a
suitable neighborhood Ut of (Z/(p — 1)Z) x Z,, which is contained in a single
residue class modulo p— 1. For k € UgNZ>9, let fi, € Sp(N) = Si(N, 1) be the
classical modular form whose p-stabilisation is the weight k specialisation of f.

Given a p-adic modular form g = >_ b,q", let

= S b
pin

denote its “p-depletion”. The family of p-adic modular forms

(45) EP (0 Xs) = eora (2 EP ) - By, x,))
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has Fourier coefficients which extend analytically to U x (Z/(p — 1)Z X Zy), as
functions in k and ¢. See for example [Hi93] and [DR], Section 2.6.

PROPOSITION 3.2: Let ey, be the projector to the fy-isotypic subspace
HYa(Yi, L, V). Forallk>2 and 2 < (< k/2,

—ord, E(fkvx » X 56) —
et (60 Xs) = 5(}k)2 e Z0 (6 X0)s

where

E(frrXar Xar ) =(1 = Bo(fi)xa (0)p >~ (1 = By (fi)x (p)p~ /2T 1)
X (1= By (fr)x. (P)p™"*) (1 = By (fr)x, (P)p™?),
E(fr) =1—Bp(fr)’p "

Proof. This follows from Corollary 4.13 of [DR], in light of Proposition 2.8 of
loc. cit.

Set
EX(fr) == 1—Bp(fr)?p" "

Proposition 4.6 of loc. cit. shows that the expression

L 1 ur —ord,p
(16)  Ly(f Bl k0 = g, (I E0600)),

defined for k in U N Z>2 and 2 < ¢ < k/2 extends to an analytic function
L,£,E(x,,x,)) on Us x (Z/(p — 1)Z x Z,), which we refer to as the p-adic
Rankin L-function attached to f and E(x,, x,)-

3.2. FACTORISATION OF p-ADIC L-FUNCTIONS. Let L,(fx,,s) be the Mazur—
Swinnerton—Dyer p-adic L-function attached to (fx,%), with % equal to x, or
X, (cf. Section 14 of [MTT]). We normalise L,(fx, 1, s) so that it satisfies the
interpolation property for 1 < j <k —1:

(47) Lp(fr: ¥, 5) = 1=v(0)Bp(fu)p ) x (L= (0)Bp(fr)p~ ¥ )X L* (fi, 1), 5).

Note that the values L, (fx, x,,7) and Ly(fx, X,,J +¢—1) depend on the choice
of periods Q;E and QJf that was made in Section 2.3, but their product does not,
in light of the normalising condition imposed in (21), since x, x, (—1) = (=1)*.
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PROPOSITION 3.3: For all k € Ug N Z>5 and for all 2 < £ < k/2, we have

Lp(f’E(XUXz))(k’[)
= (Cfmxl,ng(fk)g*(fk))_l X Lp(frs Xa k/2+0=1) X Lp(fi, X, k/2).

Proof. We have the sequence of equalities:

= 1 ur —ord,p
Lp(ny(X17X2))(k7£) 75*(.]%) <77fk7‘—‘k,é (X17X2)>k,y by (46)
g f ’XUXza[ ur —or
- é(;k)g*(fk)) <nfk":‘k,?(X1aX2)>k,Y by PI‘Op. 3.2
g f 5X1’X2)£ —ho
= é(;k)g*(fk>) <nfka:}];,él(X1aX2)>k7Y by (43) and (42)

_E(fr s Xar 0) <fk’Ek,é(X1aX2)>
E(fr)E*(fr) (Fres Fidon

By (23), the last term can be re-written as

g(fka X15X27€)
g(fk)g*(fk)cfmxl X

so that Theorem 3.3 follows by combining (47) with the exact shape of

BN by (41) and (35).

L*(fr,x0, k/24+0—=1) - L*(fr, X5, k/2),

E(frk, x> Xo, £) stated in Proposition 3.2.

Fix ko € UsNZ>2. Recall the Mazur-Kitagawa two-variable p-adic L-function
L,(f,9)(k, s) defined in [Ki]. It is related to L,(fx, %, s) by the equation

(48) Ly(£,9)(k,s) = AE(k) - Lp(fr, ¥, s8), k€ Up N Lo,

where AT (k) € C, is a p-adic period, arising from the p-adic interpolation of

modular symbols, such that A (kg) = 1 (cf. Section 1.4 of [BD1]). In particular,

while we will see that A* (k) need not extend to a p-adically continuous function

of k € U, we nonetheless know that A* (k) # 0 for k in a neighborhood of k.
By combining (48) with Proposition 3.3, we obtain:

THEOREM 3.4: There exists an analytic function n(k) on a neighborhood Ut j,
of ko, such that for all (k,€) in Uy, x (Z/(p — 1)Z x Zy),

Lp(£, B0, Xx0)) (R, £) = n(k) X Lp(f, %) (B, k/2+€=1) x Ly(f, X, ) (k, k/2).

The function n(k) satisfies
(49) (k) = (Chixg o ER)E (fr)AT (R)A™ ()~
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for (k, ) in (Ugk, NZ>2) X (Z/(p — 1)Z X Zy,), and in particular
(ko) = (Cryxq oo E(Fro)E* (Fig))

This is crucial for the calculations of the next sections, where both sides of
(20) will be evaluated at points outside the range of classical interpolation.

Remark 3.5: Equation (49) gives insight into the question raised in Remark
1.6 of [BD1] about the behavior of the periods A*. See also Proposition 5.2
of loc. cit., where the product ATA~ is compared with a less explicit p-adic
period arising from the Jacquet-Langlands correspondence to forms on definite
quaternion algebras.

4. p-adic regulators

We will now describe the values of L,(f,E(x,,X,)) at integer points (ko, o)
outside the range of classical interpolation in terms of certain p-adic regu-
lators in K-theory. Recall that the range of classical interpolation defining
L,(f,E(x,,X,)) is ko € Us NZ>5 and 2 < £y < ko/2.

PROPOSITION 4.1: For all kg € Ug N Z>2 and ¢y > ko /2,
1

o ur :ord,p
(60) Ly B )0 fo) = ) (1, SR 060 0))

Proof. The terms in the defining expression (46) for L,(f, E(x,, x,)) vary ana-
lytically with ¢ € (Z/(p — 1)Z) X Z,.

koY

We will be particularly interested in the case where ko = 2 and £y, corresponds
to an elliptic curve A/Q. Let X; = X1(V) denote the complete modular curve
over Q of level N obtained by adjoining to Y7 = Y7 (V) the finite set of cusps,
and write X1 = X; (V) for its extension to an algebraic closure of Q.

4.1. THE REGULATOR ON Ky. Given modular units u; and ugp in O(Y7)*, let
{ul,’u,g} S KQ(Y:[)

be the associated Steinberg symbol.

We recall Besser’s description [Bes2] of the p-adic regulator reg,{u1,us} €
Hlz (Y1) of Coleman-de Shalit [CodS]. Let ®y, denote the canonical lift of
Frobenius on Y;. It is a rigid morphism on a system {W,} of wide open neigh-
borhoods of the ordinary locus A C Y; obtained by deleting from Y7 both the
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supersingular and the cuspidal residue discs. (See Section 4.5 of [BDP], for in-
stance, for a brief review of the relevant definitions.) Let ®y, xy, = (Py,, Py,)
be the corresponding lift of Frobenius on Y7 x Y7, and let P € Q[z] be any
polynomial satisfying

(1) P(®y,xy,) annihilates the class of dﬁll ® du“; in HZ,(We x W),
(2) P(®y,) acts invertibly on HL (W,).

rig
The choice of P gives rise to a rigid 1-form p, (u1,us) on We x W, satisfying

d d
U1® U2>’

Uy U2

(51) dpp (u1,u2) = P(Pyixv;) (

which is well-defined up to closed rigid 1-forms on W, x W,.. After choosing a
base point x € W, let

0 We S We X We, iy i We = We X {} = We X W,,
Jo i We={a} X We = We x W,
denote the diagonal, horizontal, and vertical inclusions respectively, and set
& (w1, ug) = (8% =i — ) (pp (ur, u2)) € Qi (We).

It follows from the Kiinneth formula (cf. also the argument in the proof of
Lemma 3.5 of [DR]) that §* — i} — j» induces the zero map from HJ, (W x We)

to H, rlig(WE), and therefore that it sends closed one-forms to exact one-forms. In
particular, the natural image of ép’x (u1,uz) in Hj,(We), denoted &, , (u1,us),

does not depend on the choice of one-form p, (u1,us) satisfying equation (51).
Condition (2) imposed in the choice of the polynomial P then allows us to define
the class

gz(“l;”?) = P(éyl)_lgp,z (u17u2) S Hrlig(WE>5

which is independent of the choice of P as above.
The exact sequence

(52) 0 — Hig(X1) — HL (W) — Cp(—1)7"1 — 0,

rig
admits a canonical splitting that respects the Frobenius action. Let £(u1,uq) €
Hjp(X1) denote the image of &;(u1, ug) under this splitting.

LEMMA 4.2: The class &(u1, uz) does not depend on the choice of base point x.
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Proof. Write @y, xy, = P x ®,, where & (resp. ®,) is the rigid endomor-
phisms of W, x W, acting as the canonical lift of Frobenius on the horizontal
(resp. vertical) factor of the product and trivially on the other factor. Following
the proof of Proposition 3.3 of [Bes2], let ¢ > 1 be such that (®/p)’ fixes the
classes of i“ll and i“;, and choose

(53) P(z) = (1 —a'/p*),

so that, after setting g := p®,

i\ Pl P!

P(®y,xv,) = P(®},0}) = (1 B ) Y+ (1 B ) -

q q q

After writing
0 *
u§ )= u‘;/(I)t (uy),

we find that the rigid one-form on W, x W, defined by

1 (0) ¢ d’LLQ 1 du1
- 1 o+ _
Pp (ula UQ) q2 0g Uy Us q w
satisfies equation (51). (Cf., for instance, equation (3.2) of loc. cit.) With this
choice of primitive, we observe that
1 du1 (0) . 1 (0) ¢ d’LLQ
- 1 . = 1 o .
¢ uy 082 (@) Jalpe(uuz))= o, logur () s

The cohomology classes of these one-forms, being multiples of the classes at-

log ugo)

Z; (pp (ulv u2)) =

tached to the logarithmic derivatives of modular units, are in the kernel of the
Frobenius splitting of (52) used to define &(uy, us), and the result follows.

It follows from the proof of Lemma 4.2 above that the differential ny(f, g)
(with f = w1, g = ug) that appears in Proposition 3.3 of [Bes2] represents the
class &, , (u1, uz), up to the addition of logarithmic derivatives of modular units
which are in the kernel of the splitting (52), and therefore that the image of the
class n(f, g) appearing in Proposition 3.3 of [Bes2] in HJg (X1) agrees with the
class of &(u1,uz). We can therefore define, following [Bes2],

(54) reg,{u1, ua} = {(ur, u2).
In parallel with the complex notation of Proposition 2.3, we therefore have
regp{uX7 u(X1 ’ Xz)}(n;r) = <T];r7 regp{uX7 u(X1 ) Xz)}>21y

(where reg,{uy,u(x;,X,)} is viewed as a class in the de Rham cohomology of
Y). We are now ready to state one of the main results of our paper.
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THEOREM 4.3: For all x, and x, as in Assumption 2.2, and setting f = fs,

L6 B ) (2:2) = g 0 v, (g ut ) ).

Proof. By the recipe for the p-adic regulator described before, we have

reg, {uy, u(x,, X)}(F") = (0F", §(ux, ulXes X2)))y y
(55) = (nf", P(®y) 76, (ux, u(Xes Xa))) gy -
For any ¢ € Hjg(Y), note that
(n}", ‘I’Y§>Y72 =op(f)7! (@yn}, @Y§>Y72

= pay(f) " (0 )y = Bo(f) - (0. €) -

Combining (55) and (56), we find
(0} regy {ux, ulxi, Xa)})g y = PBp(F) 7Y, & (i ulx Xa))) gy
(57) = P(Bp() 7 (1f"s ereorab. (ux, u0: Xa))) 5y -
Set
(58)  P(z):=p 'z — x,(0)(& — x,)p*)(z — X, (P)p)(x — X, (P)P)-

Following Besser as in the proof of Lemma 4.2 above, a more optimal choice of

(56)

P would have been to take (z — ¥, (p)p?), as (®y — X, (p)p?) already annihilates
the class of Ea, ® Ea(x,,X,) in cohomology. However, the above choice of P
allows us to directly invoke the calculations that were already carried out in
Section 3.4 of [DR], in the setting where Es, and Es(x,,x,) are replaced by
cusp forms. (In such a setting, it became necessary to work with a degree 4
polynomial.) With our choice of P, and setting z = oo, we have

ereorab, (Uy, u(x,, X,)) = E°(fleseora(d EYL x Ba(x,,x,))

= g*(f)efaordm()ﬁ ) Xz)'
This follows by replacing the cusp forms g and h by the Eisenstein series s

and Fs(x,,X,) in Theorem 3.12 of loc. cit. Combining (57) and (59), and ob-
serving that P(B8,(f)) = £(f, Xy, X», 2), we obtain

(59)

(60) <77?raregp{uxﬂu(><1aXz)}>21y
= g(fv X15X25 2)715*(f) <T];r7 eonrdﬁp(X17X2)>21Y .

Theorem 4.3 now follows from Proposition 4.1.
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4.2. THE GENERAL CASE. Set {o = r + 2, and assume in this section that
r > 0. Let Ey, Ey be weight ¢y Eisenstein series in Eisg, (I'1(NV), Q). Besser’s
description [Bes2] of the p-adic regulator reg,{ui,uz} € Hig(Y1) admits a
natural generalisation to the setting in which the logarithmic derivatives of u
and ugy are replaced by the Eisenstein series Fy and E3. More precisely, note
that (L., V) is equipped with the structure of an overconvergent Frobenius
isocrystal in the sense of Definition 4.15 of [BDP]. In particular, the cohomology
groups Hlg (Y1, L., V) are endowed with an action of the Frobenius lift ®y,.
Let P € Q[z] be any polynomial satisfying

(1) P(®y, xv;) annihilates the class of E1® Ey in Hj,
(2) P(®y,) acts invertibly on H.J\, (We)(r).
The choice of P gives rise to a E;m—valued rigid 1-form p, (E1, E2) on We X Wk
satisfying

(We XWea £T®£’I‘? v)a

Pp (ElaEQ) = P(q)Y1><Y1>(E1 ® EQ)'

Note that p, (F1, E2) is well-defined only up to closed forms on W, x W,. Let
& (B1, E2) € HY (We)(r) denote the class of the restriction of p, (E1, E2) to the
diagonal composed with the pairing

Ly X L, — Oy, (1),

and set

&o(Er, By) := P(®y,) &, (By, Ea) € Hij,(We)(r).
As before, let £(E1, E2) denote the natural image of &(E1, E2) in Hig (X1)(r)
under the Frobenius-equivariant splitting of the exact sequence (52). The p-adic

regulator attached to (F7, E3) is then defined to be
(61) reg,{E1, B2} = §(E, Ea).
The following extends Theorem 4.3 to general £ = ¢y, where as before we have
set

reg,{ Ee.x, Ee(X, x.)}(1f") == (0" reg { Eex, Ee(xi, X2) 1), y -
THEOREM 4.4: For all x, and x, as in Assumption 2.2, and setting f = fs,

LB )20 6) = o 5520 e (Br Bul )Y

Proof. The proof is the same as the proof of Theorem 4.3, using the calculations
of Section 3.4 of [DR].
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5. The p-adic Beilinson formula

5.1. THE MAIN RESULTS. We can now state the main results of this article,
which apply to any pair (x,, x,) of primitive Dirichlet characters with relatively
prime conductors N7 and N, satisfying

N = N1 No, x L= X, X, 1s even.

THEOREM 5.1: For all ¢ > 2,

Ly(fx00) L (Fx20 1) =Cxg oxy (1= Bp (D ()0 ) (L = Bo(f)a ()~ 79)
x regP{ELX’ EE(X17X2)}(77?r)'

Proof. By comparing Theorem 3.4 with kg = 2 and Theorem 4.4, we obtain

Lp(fa X, 4) X Lp(f7 Xa» 1) = Cf,xl ,x25(fa Xos Xas ) X regp{El.,xa EE(XUXQ)}(H?Y)'

The theorem now follows from equation (47), giving the interpolation prop-
erties of the Mazur—Swinnerton—Dyer p-adic L-function, and the definition of
E(fy X,y X5, ¢) given in Proposition 3.2.

For ¢ = 2, Theorem 5.1 relates the value L,(f, x;,2) to the p-adic regulator

regp{EQOO EQ(X1 ’ X2)} = regp{uX7 u(X1 ’ Xz)}

previously defined in terms of modular units.

COROLLARY 5.2:

Ly(f%52) - L (fixo0 1) =Crx, x, (1= Bo(F)x (P)p ™) (1 = Bo(f)x, (p))
x reg, {uy, u(x,; X,) H(nf")-

Note the strong analogy between Corollary 5.2 and the complex Beilinson for-
mula, as stated in Proposition 2.3. The factor L*(f,x,, 1) belongs to the field
Q(f, x,), and x, can be chosen so that this factor does not vanish. Theorem
5.1 then expresses the value L,(f, x,, ¢) of the Mazur—Swinnerton—-Dyer p-adic
L-function at a point outside the range of classical interpolation as the p-adic
regulator attached to two Eisenstein series of weight ¢, times a non-zero alge-
braic number.
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5.2. RELATION WITH THE WORK OF BRUNAULT AND GEALY. We conclude by
explaining the relation between the main results of this paper and the p-adic
Beilinson formulae proved in [Br2] (for the value at £ = 2) and [Ge] (for the
value at general £ > 2).

The syntomic regulators of Coleman—de Shalit and Besser have counterparts
in p-adic étale cohomology, whose definition we first recall for K5(Y7) and for
the eigenspaces (K2(Y1)® F)% under the action of Gg, where F is an extension
of Q, large enough to contain the values of x, and x,. Kummer theory gives

connecting homomorphisms

§:0(V1)* — Hep(Y1,Qp(1)),  0: (O(Y1)* @ F)% — He(Y1, F(1)(x,))-
The p-adic étale regulator of {u1,us} is defined to be

reg. {u1, uz} 1= d(u1) Ud(uz) € HE (Y1, F(2)(x,)) = H'(Q, Hep (Y1, F(2)(x,))),

where the last identification follows from the Hochschild—Serre spectral se-
quence (cf. equation (28) of [Br2]). The restriction of reg.{u1,u2} to Go, =
Gal (Q,/Q,) yields an element res,(regq{u1,us}) of

Hl(QP’Helt(}_/l’F(2)(X1)) = EXt%{epr (@P’Helt(}_/l’F(Q)(Xl)))’

where the group of extensions is taken in the category of continuous p-adic
representations of G, which are cristalline. On the other hand, regp{ul, us }
belongs to

Hip(Y1) = Hig(Y1)/Fil’ Hig (Y1) = Extfy, (Qp, Hig (Y1)(2)),

where the group of extensions is taken in the category of admissible filtered

Frobenius modules. Fontaine’s comparison functor sets up an isomorphism

(62)  Exthep, (Qu HL(VLF(2)(0)) " > Extin, (Qp, Hin (Y1)(2)).

More generally, the Eisenstein series Fq and Es of weight ¢y = r+2 introduced
in Section 4.2 give rise to classes

01 € Hey (Y1, £54(1)), 82 € He(Y1, £7'(1)(x,)),

where £ is the étale p-adic sheaf associated to the local system (£, V) of
Section 2.5 (tensored with the field F' containing the values of the characters
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x, and x,). Imitating the complex treatment of Beilinson [Bei], we define the
p-adic étale regulator of (E1, Fs) to be

reg {E1, Bz} i= 01U82 € HZ (Y1, F(r+2)(x,)) = H'(Q Hey(Y1, F(r+2)(x,))),

where we have used the pairing £&' x £8* — F(r), and as before the last
identification follows from the Hochschild—Serre spectral sequence. Note that
when r = 0, regy {E1, E2} is equal to reg. {u1,us}, with E; = dlog(u;). As
in the case r = 0, there is an isomorphism

(63)

Exthep, (Qp Hy (Y1, F(r+2)(x)) > Ext, (Qp, Hig (Y1)(r +2),

and we have

PROPOSITION 5.3: For all uy,us € O(Y7)™,

regp{ul, Uz} = comp(resp(regy {ui, uz})).

More generally, for all Ey, E5 € Eisy, (T'1(N), Q),

reg,{ L1, Ea} = comp(res,(regy { £1, Fa})).

Proof. See Proposition 9.11 and Corollary 9.10 of [Besl], and the references
therein.

Proposition 5.3 leads to an alternate definition of the p-adic regulator, which is
the one that enters in the p-adic Beilinson formulae of [Br2] and [Ge]. Theorem
5.1 and Corollary 5.2 thus give a different proof of the main results of [Ge] and
[Br2] respectively. The strategy followed in loc. cit. builds on the work of Kato,
in which a collection of norm-compatible elements in the K5 of a tower of mod-
ular curves is used to construct a A-adic cohomology class k € H'(Q, V,(E))
with values in the A-adic representation V,(E) of Gg interpolating the Tate
twists V,(E)(j) for all j € Z. Kato’s reciprocity law relates the image of x in
H'(Q,,V,(E)) to the p-adic L-function attached to E. Both [Br2] and [Ge]
exploit deep local results of Perrin-Riou ([PR2], [Colz1]) to parlay this relation
into a precise connection between the p-adic étale regulator of the Beilinson
elements and the special values at £ > 2 of the Mazur—Swinnerton—Dyer p-adic
L-function. The proof proposed in the present work can be viewed as somewhat
more direct, insofar as it does not rely on Kato’s A-adic classes or on any facts
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about the behaviour of the Bloch—Kato logarithm and dual exponential maps

in p-adic families.
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