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Introduction

Let E be an elliptic curve defined over a number field K, and let Ko,/K be a Zj,-extension. Denote by A
the Iwasawa algebra Z,[I'], with I' = Gal(K/K). Given any topological generator v of I', write I for the
ideal (y — 1)A of A. Let E(K), = lim E(K)/p"E(K) denote the p-adic completion of F(K). When E has

n
good ordinary reduction at the primes above p which are ramified in K /K, there is a canonical symmetric
pairing
() ) B(K), x B(K), — /1%,

called the p-adic height pairing (for a definition, see for instance [MT1] or [Scl]).

Unlike the Néron-Tate canonical height, the p-adic height pairing can be degenerate in certain cases, and
the phenomena associated to this degeneracy are poorly understood. This paper is devoted to the study of
these questions.

One of the main results of this paper, theorem 2.18, states the existence, for 1 < k < p — 1, of a sequence of
canonical pairings, called derived p-adic heights,

(3 Di s S x S = I e Q,

where S’,(,l) = lim Sel» (£/ K) is the inverse limit of the p"-Selmer groups with respect to the multiplication

n
by p maps, and for k£ > 2 S}gk) denotes the null-space of {( , Ng—_1.
We show that these pairings are either symmetric or alternating, depending on whether & is odd or even,
and the space of universal norms of 5'1(71) is contained in their null-space. We also show that the restriction

of {(, )1 to E(K), is equal to (, ). We give an alternate description of the null-spaces 5‘,‘,’“’ in terms of the
A-module structure of the Selmer group of E/K . See thm.2.18 and thm.2.7.
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The product of the discriminants of the above pairings (viewed as defined on (S’;()k) / 5‘,(,“1))) provides a
generalization of the notion of p-adic regulator. This derived regulator is useful in all instances where
the p-adic height {( , )1 is degenerate (i.e. the classical p-adic regulator vanishes) as a way of describing
in a convenient manner the leading coefficient of the p-adic algebraic L-function associated to the data
(E, Ks/K). See thm.2.23 for the precise statement.

When F is defined over QQ, the anticyclotomic Z,-extension of an imaginary quadratic field K provides a
prototypical example of the above situation, since the Galois equivariance of { , )1 forces degeneracy if the
“plus” and “minus” part of 5}(71) under the action of complex conjugation have different ranks. This case
is analyzed in detail in the third part of the paper where, inspired by conjectures of Mazur ([Mal], [Ma2])
we predict that the null-space of the second derived height consists exactly of the subspace of universal
norms (cf. §3.2). We also explain how this fits into a (partly conjectural) picture describing the behaviour
of Heegner points over the anticyclotomic tower.

1 Preliminary results
1.1 Notations and assumptions

We keep the notations of the introduction. For n > 1, let K,,/K denote the subextension of K, of degree
p™. Given a place v of K, let K, be the completion of K at v. If F' is any finite extension of K, we write

FU = @wh}Fw’
where the sum is taken over all places of F' above v. Functors on abelian categories will always be additive,
e.g.,

H{(F,,M) =&, H (F,, M),

wlv
if M is any Gal(K /K )-module.
We make the following assumptions on (E,p, Koo /K).

1. pt2#(E/E"), where E/E° denotes the group of connected components of the Néron model of E over
Spec(Ok).

2. E has good reduction above p.

3. The image of the Galois representation p, : Gal(K/K) — Aut(E,) contains a Cartan subgroup of
Aut(E,) ~ GLo(F,).

4. The local norm mappings Norm, : E((K,),) — E(K,) are surjective for all primes v of K and for all
finite subextensions K, of K. /K.

Proposition 1.1

Assume that for all primes v ramified in Ko, /K, pt #E(F,) and v is ordinary for E. Then assumption 4 is
satisfied.

Proof: This is proved in [Ma3], §4.

Using prop.1.1, it is easy to construct Z,-extensions satisfying conditions 1-4, once E/K is fixed. First,
almost all primes p of Q satisfy conditions 1-3, by Serre’s “open image theorem” [Se] and the theory of
complex multiplication. Given a prime v of K above p where E has good reduction, let a,, and 3, denote
the eigenvalues of the Frobenius at v. Assume for simplicity that £ does not have complex multiplications,
and that K, has residue field F,, (the set of such v’s has density 1). The conditions that E be ordinary at v
and p { #FE(F,) translate into a, # 0,1 (mod p), where a, is the rational integer a, = v, + 3,. If p > 7, this
is equivalent to a, # 0,1 in Z by the Hasse bound a, < 2,/p. Now choose a rational prime [ # p lying below
primes of good reduction for E£. The integer a, is equal to the trace of F'rob, acting on the Tate module T} F.
By [Se], we may assume that Gal(K(Ej»)/K) is isomorphic to GL2(Z/I"Z) for all n > 1. The Chebotarev
density theorem applied to the extensions K (Ej»)/K for n — oo implies that the set of v as above such that
a, # 0,1 has has density 1.

In conclusion, any Z,-extension K., /K such that p lies below the primes v considered above satisfies condi-
tions 1-4.



1.2 The duality formalism

In this section let L/K denote any finite subextension of K.,/K. We review some duality theorems for the
Galois cohomology of an elliptic curve, together with results of [BD] built on them. (In effect, these results
hold more generally for finite abelian p-extensions.)

1.2.1 Duality (Reference: [Mi], chapter 1)
Let v be a finite prime of K and m be a positive integer. Recall the local Tate pairing
(,Voym : HY (Ly, Epy) x HY(Ly, Ey) — Z/mZ,

defined by composing the cup product with the Weil pairing. (In view of our conventions, H*(L,, E,,) =
@wlvH YLy, Ep), thus (, )1, m is actually a sum over the primes of L dividing v of the local Tate pairings.)
The local Tate pairing is non-degenerate, symmetric and Galois-equivariant. The submodule of local points
E(L,)/mE(L,) is the orthogonal complement of itself under ( , )p,.. Hence there is also an induced
non-degenerate pairing

[, loym: E(Ly)/mE(Ly) x HY(Ly, E) — Z/mZ.

Later we shall need the following compatibility formulae for the local Tate pairings, which are consequence
of standard properties of the cup product.

(1) (coresy, /., (a),b) i, .m = (a,resy, /k, () L,m, Va€ HY(L,,En),Vb € HY(K,, Ey,).
(2) [coresy,, /i, (a), bk, m = [a,resy, /i, (D)L, m, Va € E(Ly)/mE(L,),Vb € HY Ky, E)pm.

Let ¥ be a finite, possibly empty, set of non-archimedean primes of K. The local Tate pairing gives rise in
the obvious way to non-degenerate Galois-equivariant pairings

(Voo s @oesH (Lo ) X @,exH (Lo B) — L/ miL.
[+ oot @oes BL)/ME(L,) X @, H (Lo, ) — Z/mL.
Define the ¥-Selmer group of E//L to be
Sel” (E/L) = {s € H'(L, Ey,) : resy(s) € E(Ly)/mE(Ly) Yw | v, v € $}.
When ¥ is the empty set, one finds the usual Selmer group Sel,,(E/L). By definition, there is a map
Seln (E/L) = @,esB(Lv)/mE(Ly).
By passing to the Pontryagin dual, we obtain a map
6 =0y : @,esH (Ly, E)n — Sely, (E/L)!,

where HY(L,, E),, is identified with (F(L,)/mE(L,))%% via the local Tate duality. The following, known
as the Cassels dual exact sequence, plays a key role in our construction.

Proposition 1.2
There is an exact sequence

0 — Sel,(E/L) — Sel (E/L) — @, .« H(Ly, E)m — Sel,,(E/L)dual,

VEX
where the first map is the canonical inclusion and the second one is induced by the natural map
HY(L,E,,) — H'(L, E),, followed by localization.

Proof: [Mi], lemma 6.15, p.105.

The non-trivial point in the proof of 1.2 is to show the exactness at the third term of the sequence. Rephrased,
this means that a #¥-tuple of local classes of P, 5, H YLy, E)m pairs to zero with all the elements of the
Selmer group Sel,,,(E/L) under the local Tate pairing if and only if it comes from a global class of Sel, (E/L).
Half of this statement, namely, that the image of Sel” (E/L) in Sel,,, (E/L)% is zero, follows from the global
reciprocity law of class field theory. (More precisely, given global classes a and 3 of H(L, E,,), their cup
product composed with the Weil pairing gives an element « - 3 in the m-torsion Br(L),, of the Brauer group
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of L. The local invariant at v of «- 3 is equal to the local Tate pairing (res, (), res,(8)) L, m- But the sum of
the local invariants is zero by class field theory.) The other half follows from Tate’s global duality theorem
[Mi], ch.I, thm.4.10. Write G for the Galois group of the extension L/K. The Z/mZ|G)-valued pairing we
introduce next will be an ingredient in the construction of the derived heights. Define

() @uesH (Lo, Em) X @yes H (Ly, Em) — Z/mZ[G]
by the rule

<$,y> = Z<xvyg>L,m . gil
geG

Write € : Z/mZ[G] — Z/mZ for the augmentation map. Let A — A\* denote the involution of Z/mZ[G]

defined on group-like elements by g — ¢~ *.

Proposition 1.3

1. The pairing ( , ) is non-degenerate. It is Z/mZ|G]-linear in the first variable and *-linear in the second
variable, i.e. for all A € Z/mZ[G] we have (Aa,b) = A a,b), (a,A\b) = A*(a,b).

2. {a,b) = (b, a)*.

3. €(a,b) = —(coresy, /i (a),coresy /(b)) K,m-

4. The image of @, E(Ly)/mE(Ly) in @, . H' (Ly, Ey,) is isotropic for (, ).

5. The image of Sel” (E/L) in @, . H"(Ly, Ex,) is isotropic for { , ).

Proof:

1. follows from the fact that (, )z, is non-degenerate and G-equivariant.

2. follows from the symmetry and G-equivariance of { , ) m.

3. is a consequence of formula (1) above.

4. follows from the isotropy of the local points with respect to the local Tate pairing.
5. follows from the global reciprocity law of class field theory.

VEX

1.2.2 Descent theory
From now on, we shall work with p-groups (notationwise, replace the positive integer m with p™).

Lemma 1.4
For any choice of 3, the restriction map induces an isomorphism
res : Sel”.. (E/K) — Sel..(E/L)%.
Proof: The Hochschild-Serre spectral sequence gives
HY(G,H°(L, Epn)) — HY(K, Eym) — HY(L, Epm )Y — H*(G, H*(L, Eym)).

By assumption 3 of §1.1, E,(L) = 0. Hence we get an isomorphism H'(K, Eym) — H*(L, Epm)¢. Tt follows
that Sel?m (E/K) injects into Sel?m (E/L)Y. Let s be an element of this last group. Then s is a class
of HY(K, Epn) whose image in H'(L,, E)“ is trivial for all v not in . To conclude the proof, observe
that restriction induces an isomorphism H(K,, E) — H(L,, E)® for all v. For this, by the Hochschild-
Serre spectral sequence, it suffices to check that HY(G, E(L,)) and H2(G, E(L,)) are both trivial. This is
equivalent to H°(G, E(L,)) = H(G, E(L,)) = 0 ([CF], thm.9, p.113). The first group is trivial by our
assumption on the local norms. As for the second group, it is dual of the first by the compatibility formula
(2) of §1.2.1, combined with the non-degeneracy of the local Tate pairing.

Definition 1.5

We call admissible set for (E, L/K,p™) any finite set ¥ of primes of K such that for all v in X:
1. res char(v) # p and v is a prime of good reduction for E;

2. v is split in L;

3. E(K,)/[p"E(K,) ~ (Z/p" L)

4. Selym (E/K) injects into @, v E(K,)/p™ E(K,) under the natural restriction map.

The existence of admissible set of primes for (E, L/ K, p™) (infinitely many, indeed) is proved in [BD], lemma
2.23. Tt follows from a standard argument based on the Chebotarev density theorem applied to M/K, M
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being the extension of L(E,m) cut out by the elements of the Selmer group Selym (E/K). The same argument
shows that one can assume that the cardinality of ¥ is equal to dimp, (Sel,m (E/K) @ Fp).

Proposition 1.6
Let ¥ be an admissible set for (E,L/K,p™). Then there is an exact sequence

HY(Ly, E)pm —2 Selym (E/L)%el — 0.

Proof: By prop.1.2 and duality, we only need to show that the map Sel,m (E/L) — @, 5, E(Ly)/p™ E(Ly)
is injective. Assume the contrary, and denote by s a non-zero element of the kernel. Then we can find a
non-zero element s’ of the Z/p™Z|G]-module Z/p™Z|G]s fixed under the action of G. s’ is in the kernel of
the above map. Since by lemma 1.5 s’ comes from Sel, (E/K), this contradicts the hypothesis that ¥ is
admissible.

0 — Sel,m (E/L) — Seln (E/L) — @, cx,

Lemma 1.7

Let X be an admissible set for (E, L/K,p™).

1. The modules @, cxE(Ly)/p™E(Ly), @pesH (Lo, E)pm and @, H (Ly, Epm) are free Z/p™Z[G]-
modules of ranks 243, 2#3 and 4#3, respectively.

2. We can identity @, 5, E(L,)/p™ E(L,) and Sel?m (E/L) with submodules of @,cxH* (L, Eym) via the
natural maps. Then, their intersection is equal to Sel,m (E/L).

Proof: 1. follows immediately from the definition of admissible set and the local Tate duality. As for 2., the
only non obvious thing is to show that the natural map Sel?m (E/L) = @, cxH (Ly, Epm) is injective. Its
kernel contains the elements of Sel,m (E /L) mapping to zero in @, v FE(Ly,)/p™E(L,). Since X is admissible,
the kernel is 0.

VEX

When X is an admissible set, the descent module Sel,m (E/L) has a simple and “predictable” Galois structure.
This fact will play an important role in the construction of the derived heights.

Proposition 1.8
Let ¥ be admissible for (E, L/K,p™). Then Sel?m (E/L) is a free Z/p™Z|G]-module of rank 2#%¥.

Proposition 1.8 is proved in [BD], thm.3.2. The proof consists in a counting argument, which exploits the
exact sequence of prop.1.6 and the information on the Z/p™Z[G]-module structure of @, xH'(Ly, E)pm
contained in lemma 1.7.

vEX

2 Derived p-adic heights
2.1 Derived heights for cyclic groups

In this section we define a sequence of canonical pairings associated with finite cyclic p-extensions. The
first pairing turns out to be equal, when restricted to the points, to the pairing of [Scl] (adapted to finite
extensions as in [KST]) and of [MT1]: see §2.2. The successive pairings are each defined on the null-space
of the previous. This generalizes results obtained in [BD] for cyclic extensions of prime degree.

The notations are as follows. Let L = K,, for some n > 1, and G = Gal(L/K) ~ Z/p"Z. Fix any generator
~ of G. Write A for the group ring Z/p"Z|G] and I = (y — 1)A for its augmentation ideal. (Note: the order
of G is the same as the order of the ring of coefficients Z/p™Z.) Given a A-module M, let

N:M— M¢

denote the norm operator. We identify N with the element gec 9 of A.

Lemma 2.1

There exist operators D) ... D®=1) ¢ A such that:
1. D = N;

2. (y=1)D® = D= for 1 <k <p—1.

In particular (y — l)kD(k) =Nfor0<k<p-1.



6

Proof: Let

p—1 .
DW= (—1)kyk ")
(DM ()
=0
The claim follows from a direct computation (cf. also [D], §3.1).

Lemma 2.2
For 0 < k < p— 1, the module I*/I**! is isomorphic to Z/p"Z equipped with the trivial G-action.

Proof: By induction on k, the case k = 0 being trivial. Let 1 < k < p — 1. Consider the exact sequence
0 — O — IF=1/1F 223 [k Tt g,
Given a € Cy, let  be any lift of o to I*~!. Then there exists y € A such that
(v =Dz =(y -1y

Le., z = (y— 1)*y + z, where z € A®. Since A® = NA, there exists w € A such that Nw = z. By lemma
2.1, we may write N = (y — 1)*D®)_ Thus

z=(y—1)*y+ DFw),

We have proved that Cy, = 0 for 1 < k < p— 1. By the induction hypothesis, I*~!/I*¥ ~ 7 /p"7Z. This proves
lemma 2.2.

Lemma 2.3
Let M be a free A-module of finite rank. For 0 < k < p — 1, we have ker((y — 1)**1) = D®®) M, where we
identify (v — 1)**! with the operator on M defined by left multiplication by (v — 1)*+1.

Proof: We may reduce to prove the lemma for M = A. We reason by induction on k. Note that by lemma
2.1

D®A C ker((y — 1)F+1),

We have the exact sequence

k1 (=DM e
0—ker((y—1)) - A""— It 0.
By lemma 2.2, I**! ~ (Z/p"Z)p"*k*1 as an abelian group. Thus
ker((y — 1)) ~ (Z/p"Z)"*.

For k=0, DQA = NA = A% is isomorphic to Z/p™Z, hence the claim is true. In general, there is an exact
sequence

0—Q, — D®A Y pe-np g,

By the induction hypothesis, D*~DA ~ (Z/p"Z)*. Since A® = NA ¢ D®A by lemma 2.1, we deduce
Qr = A% and DA ~ (Z/p"Z)*+'. This concludes the proof of lemma 2.3.

Corollary 2.4
Let M be a free A-module of finite rank. Given x € MY, assume that there exists y € M such that
(y —1)ky = 2, with 0 < k < p — 1. Then there exists z € M such that D®)z = y. In particular, Nz = .

Proof: y belongs to ker((y — 1)F*1).
Corollary 2.5

Let M be a free A-module of finite rank. For 0 < k < p—1 we have ker D®) = I 0\, where D) operates
on M by left multiplication.

Proof: We may assume M = A. By lemma 2.1, T¥*! C ker D*). The exact sequence

k41
0—DRA AL e 0,
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which is a consequence of lemma 2.3, gives # (D™ A)#(I*+t1) = #(A). By combining this with the exact
sequence

0 — ker D®) — A — DA — 0,
we get #(ker D)) = #(I*+1). The corollary follows.

Recall the involution * : A — A defined on group-like elements by g* = g~ 1.

Corollary 2.6
For0<k<p—1, (D®¥)* =uD® where u is a unit of A.

Proof: We have (D")*A C ker(y—1)**! = DA, since (y—1)*"'D® = 0 implies ((y—1)*)*1(D")* =0,
and (y —1)* = —y7(y —1). But #(D®)*A) = #(D®A), since  is an automorphism of A. Hence
(D")*A = DA, The corollary follows.
Let Sel := Selyn (E/K). By lemma 1.4 (applied to the empty set) the restriction map

Sel — Sel,n(E/L)¢

is an isomorphism. Hence we may abuse notation somewhat and identify Sel with its image in Sel,»(E/L)
under restriction. We define a filtration on Sel

Sel = Sel™ 5 8el® 5 ... 5 8el® > ...

by letting

Sel® := {5 € Sel : 35 € Selyn (E/L) s.t. (y—1)""15 = s}
:= Sel N (y — 1)**Sel,» (E/L).

Since the operator v — 1 is nilpotent, Sel™ =0 for k sufficiently large.

Theorem 2.7
For 1 < k <p—1, there exists a sequence of canonical pairings

() Vg : Sel®) x Sel®) — pk/ph+1

such that:

1. (51,820 = (—1)**1(sg,51)), for all 51,55 € Sel(k)7

2. Sel**Y) s the null-space of { , ),

3. the norm space coresy, /g Selyn (E/L) is contained in the null-space of all the pairings.

Proof:

Definition of { , )i

Let ¥ be an admissible set for (E,L/K,p™). Let X = X», Y = Y5, denote the free A-modules of lemma 1.7
DP,exE(Ly)/p"E(Ly) and Selfn (E/L), respectively. Given s; € Sel ™, i = 1,2, let 3; € Sel,»(E/L) be such
that (y — 1)*715; = s;. Lemma 1.7, 2. allows us to view §;, resp. 35 as an element of X, resp. Y. By cor.2.4
we can find z1 € X, yo € Y such that

D*=Dgy = 5y,
D(k_l)yg = S9.
In particular, coresy, /g1 = s1, coresy,/gy2 = S2. Let
< ) > : @veEHl(vaEp") X @ueEHl(vaEp") — A

be the A-valued pairing defined in §1.2. Recall that ( , ) is A-linear in the first variable and *-linear in the
second (prop.1.3, 1.). We have (z1,y2) € I*. This follows from cor.2.5 (applied to M = A) and cor.2.6, as

(DF=DY (21, y0) = (21, DF~ D)

= <$1; §2> = 07
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where the last equality comes from prop.1.3, 4. We define
(51,82)% := (z1,72) (mod I*+1).
We have to check that (, )i is well-defined. To this end, let 7 € X and y5 € Y be such that
DE=Dgh =31 coresy /g Ty = 51,
DF=Uyl =3, coresy /xyh = s,
with &) and &, elements of Sel,» (E/L). Then,

coresy /i (x1 — x7) = 0, coresy/k(y1 — 1) = 0.

Since X and Y are free A-modules, there exist £ € X and € Y such that ;1 — 2} = (v — 1)*¢ and
y1 — vy} = (v — 1)*n. It is enough to show that (z; — 2}, y2) € I**! and (z1,y2 — vb) € I*1. We have

(DW)*(wy — 2y, y2) = (€, (v = )DWyo)
= <€7 §2> =0

by prop.1.3, 4., and

S

(81,m) =0,

the last equality being consequence of 1.3, 5.

The pairing ( , ) is also independent of the admissible set . For, if ¥ is another admissible set, ¥ U X’ is
also admissible. The modules X5, and Xy inject into Xyyy/, and similarly for Y. Moreover, the restriction
of the A-valued pairing on @, cv s H' (Ly, Epr) to @, cx. H' (Ly, Eyn) coincides with the A-valued pairing
on @, s H'(Ly, Eyn). Thus, the above calculations also show that (, ) is independent of . Finally, (, )i
is visibly independent of the choice of the generator v of G.

Proof of 1. Let s1,s5 € Sel®™ . There are 51, 82 € Selyn (E//L) such that (y — 1)k=15, = s;, i = 1,2. As above,
we can find z; € X, y; € Y for i = 1,2 such that

D(k_l)l‘i = 5, D(k_l)yi = 35;.
Hence
D*ED(g; —y) =0, i=1,2.

By lemma 1.7, Z = @, H(Ly, Epr) is a free A-module and we can view X and Y as submodules of Z.
Then, cor.2.5 implies the existence of z; € Z such that

(v = DFzi =2 — yi.

It follows from cor.2.5, applied to M = A, that (z; — y1, 22 — y2) belongs to I**1. By the isotropy of X and
Y with respect to (, ) (prop.1.3) we find

(x1,92) = —(y1,2) (mod Ik+1)~
Since the involution * acts as (—1)* on I*/I*+1, prop.1.3, 2. gives
(1,92) = (1) (29, y1) (mod I"F1).
In view of the definition of our pairings, this concludes the proof of 1.

Proof of 2. By induction on k. By 1., it is enough to prove that the right null-space of { , ) is equal to
Sel(k“)7 for1<k<p-1.

Case k = 1. Let s3 be in the (right) null-space of (, )1. Let yo € Y such that coresy,xy2 = s2. Then (x1,y2)
belongs to I? for all z; € X mapping by corestriction to Sel. By cor.2.5 and 2.6, we get



0= (D(l))*<$17y2> = <$17D(1)y2>~

Let 8 be the image of DMy, in @Ueng(Lm E),» under the natural map. Since, by lemma 2.1,
(v = 1)DWys = sy, then B belongs to (D,csH (Lo, E)pn )¢ = @, cx H (Ko, E)pn. By the compatibility
formula (2) of §1.2.1 we find immediately

(x1, DWys) = —[s1, Bk pr - N

for all s; in the Selmer group Sel, where [, |k is the local pairing introduced in §1.2.1 and N = D(®)
denotes the norm operator. Hence [s1, 8]k p» = 0 for all s; € Sel. By prop.1.2, there exists a global class «
in Sel?n (E/K) mapping to 3 under the natural map. Thus, DMy, — a belongs to Sel,»(E/L), and

(v = D)(DWyy —a) = (v — 1)DWy, = ss.

In other words, s2 belongs to Sel(2), and this concludes the proof of the case k = 1.

Claim
1. Let y» € Y be such that DYy, belongs to Selyn(E/L). Then yy induces a homomorphism ¢ in
Hom(Sel, I* /I**+1) by the rule

¢(s1) = (x1,y2) (mod I*+1)
where, given s € Sel, x1 denotes any element of X such that coresy,/gr1 = s1.
2. If the element sg = coresy /g y2 € Sel®) belongs to the right null-space of { , )i, then we can view ¢ as a
homomorphism in Hom(Sel/Sel® , ¥/ 1F+1).
Proof of the Claim: (z1,ys) belongs to I*. For, in view of cor.2.5,

(D(kil))*<xl7y2> = <(E1, D(kil)y2> =0.

The last equality follows from prop.1.3, 5. Note that ¢ does not depend on the choice of 1. For, given another
r) € X such that coresy /x| = s1, by the freeness of X we can find £ € X such that x; — 2] = (y —1)*¢.
Then

(D(k))*<$1 — 2, Y2) = <faD(k71)y2> =0.

Hence (z1,15) = (z},y2) (mod I¥+1). Finally, if s, is in the null-space of { , )z, then ¢(Sel™) c I¥+1. This
concludes the proof of the claim.

Now let k be at least 2. By the induction hypothesis, for 1 < i < k—1 the pairings (, ); induce identifications
Sel® /Sel ™) = Hom(Sel™ /Sel ) 17/ 1it1).

By lemma 2.2, multiplication by (y — 1)¥~# identifies Hom(Sel® /Sel®+1) 1?/17+1) with
Hom(Sel® /Sel™* ) 1% /1+1) Thus, we can find y™, ... ,y*=1 in Y such that:

1. coresL/Ky(i) =50 ¢ Sel(i)7

2. DDy =50 ¢ Sel,n (E/L),

3. (w1, 1y2) = (x1, (v — DFyWy 4o (2, (v — Dy®*=D) (mod I*+1) for all z; as above.
Let o =92 — (v — DF 1y — .. — (v = 1)y*=1. By lemma 2.1,

(i) COTeSL/KZ/z = S2,

(i) DF= Nyl = DDy, — 51 ... 5= ¢ Sel n (F/L).

By definition of y4, (21,y5) = 0 (mod I**1) for all z; € X such that cores;,/xx1 belongs to Sel. Hence, by
cor.2.5 and 2.6,

0= (D®)*(z1, yh) = (x1, DWyp).
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Let /3 be the image of D®)y) in @, 5yH' (L, E),» under the natural map. Since (y —1)D®y} = D=1 y)
belongs to Sel,»(E/L), then § belongs to (@, cx,H' (Lv, E)pn )¢ = @, essH (Ko, E)pn. By formula (2) of
§1.2.1, we find (z1, D®¥)yh) = —[s1, Bl ,pn - N for all s in the Selmer group Sel. It follows

[Sla ﬁ]K,p" =0

for all s; in Sel. Then, by prop.1.2 there exists o € Selfn (FE/K) mapping to # under the natural map. Hence
DWyl — o belongs to Sel, (E/L). Moreover,

(v = D¥DWyh — a) = s,

i.e. so belongs to Sel* 1) This concludes the proof of 2.
Proof of 3. It follows from the factorization in A of coresy,/x as (v — DED® for 1 <k <p—1 (lemma 2.1).

2.2 Comparison of pairings
We keep the notations of §2.1. The first pairing of thm.2.7 induces on points a pairing
E(K)x E(K) — I/I?,

which, by an abuse of notation, we still denote by { , 1. We show that it is equal to the “analytic” height
pairings of Schneider [Scl] (as formulated by K.-S. Tan [KST] for finite extensions) and of [MT1].
For the convenience of the reader, we recall the definition of (, );. Fix an admissible set X for (E, L/ K, p"),
and denote by X, resp. Y the free A-modules @, 5, E(L,)/p" E(Ly), resp. Selfn (E/L). Given P, resp. @ in
E(K), we write @, resp. b for its image in X%, resp. Y“. Choose a € X, b € Y such that cores;x(a) = a,
coresy, /i (b) = b. Recall the A-valued pairing ( , ) of §1.2.1. The element (a, b) belongs to I. Equivalently by
lemma 2.5, D) (a,b) = 0. But D (a,b) = (a,b), and this is zero by prop.1.3, 4. The image of (a,b) in I/I?
depends only on P and @ : this is proved, in greater generality, in the course of constructing the pairings
(, ) in the proof of thm.2.7. By definition

(P,Q)1 := (a,b) (mod I?).

In [KST] an “algebraic” definition of height is introduced, and shown to be equal to the analytic pairings of
Mazur-Tate and Schneider. Hence it suffices to show that ( , ); is equal to the algebraic pairing of [KST],
whose definition we now recall.

Tan defines a homomorphism
¢k E(K)® E(K) ® Hom(G,Z/p"Z) — Z/p"ZL

as follows. Let P,Q € E(K) = H°(G,E(L)), and v € Hom(G,Z/p"Z) = H*(G,Z). The cup product of P
and 9 gives an element P U € H?(G, E(L)). We have H2(K, E) = 0 by [Mi], cor. 1.6.24, p.111, since p is
odd. Then the Hochschild-Serre spectral sequence defines a surjective homomorphism (transgression)

HY(L,E)¢ % H2(G, E(L)) — 0.

Let v € HY(L,E)® be such that trg(y) = P U1. For all v, since restriction induces an isomorphism
HY(K,,E) ~ HY(L,,E)¢ (see the proof of lemma 1.4), there exists a, € H'(K,, F) which maps in
HY(L,,E)€ to the localization at v of 7. Let [ , |k, : E(K,)/p"E(K,) x H' (K, E)pn — Z/p"7Z
denote the local Tate duality of §1.2.1. Define

Pr/k(PRQ®Y) =3 [Qu, ]k, pr-

One can check that this is independent of the choices made. Identify I/I? with G and G with its bi-dual, in
the usual way. Then @,k defines a pairing

(,Vks: E(K)x BE(K) — I/I*.

Theorem 2.8
We have (P, Q)1 = (P,Q) ks for all P,Q € E(K).
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Proof: By definition

p"—1 _
(P,Q)1 = Z (a,b Vg pn -~ (mod I?)
i=0
pt—1

=~ > {a,b" ) i(y — 1) (mod I?)
1=0
= <a,D(1)b>L,pn -(y—1) (mod I?) ,

where (, ) p» denotes the local pairing of §1.2.1, a and b are chosen as above and DM = — Zf:gl iyt is
the derivative operator of lemma 2.1. Let 7 be the image of Db in HY(L, E). Since (y — 1)DM) = DO
is the norm operator, n belongs to H'(L, E)“. Let v € Hom(G,Z/p"Z) be the homomorphism such that
P(y) =1 (mod p"Z).

Lemma 2.9

We have trg(n) = Q U .

Clearly (a, Dby o = 3, [Py, o] i, pn, Where n, € H'(K,, E) corresponds to the localization of 1 under
the isomorphism H'(K,, E) ~ H'(L,, E). Then, in view of the definition of the height pairings, lemma
2.9 implies that (P,Q)1 = (@, P)ks for all P,Q € E(K). Theorem 2.8 follows from the symmetry of { , )1
(thm.2.7, 1.).

Proof of lemma 2.9: We make use of the explicit formula for computing the transgression homomorphism on
cocycles given in [KST], proof of lemma 3.2. Let Gx = Gal(K/K), G = Gal(K/L). Let f : G — E(K)
be a 1-cocycle representing n. Then

7f(r7tor) — f(o) = ol(T) — (1) Vo € Gyr, V7 € Gk,

for some [(7) € E(K). The point I(7) is determined modulo elements in E(L). Fix R € E(K) such that
p"R = Q. It is easy to see that we can choose {(7) = iR + e(7), where e(7) € Epn and 0 <4 <p" —1is an
integer such that 7 maps to 7% in G. With this choice of I(7) we have

1. (o) = f(o) for all o € Gy,

2. l(to) =1l(1)+7l(o) for all 0 € G, T € Gk.

This follows from an explicit computation, observing that Epn (L) = 0 by assumption 3 of §1.1. Then a
well-defined 2-cocycle g : G x G — E(L) representing tr(n) is given by the formula

9(v*y2) =U(m) +nl(r2) = Unime) 0 <y, iz <p' — 1,
where 7;, j = 1,2 is chosen so that it maps in G to v%. We find

0 fori;j+io<p"-—1
Q for iy +ig >p" — 1.

9(y*,7") = {
But this is precisely a representative for () U 1), as one can see by describing explicitly on cochains the cup
product ([CF], pp.106-7) and the identification via coboundary Hom(G,Z/p"Z) = H?(G,Z). This concludes

the proof of lemma 2.9.

Remark 2.10

The definition of the pairings ( , )1 and (, ) ks works equally well when L/K is a finite abelian p-extension,
not necessarily cyclic. The two pairings still coincide in this more general setting, as a consequence of
their norm-compatibility (combined with thm.2.8). More precisely, given a tower K C Ly C L, write
v:I/I? — I, /I? for the natural projection, I; being the augmentation ideal of Z/p"Z[Gal(L,/K)]. Then a
computation gives the identities (where we use the obvious notations)

L v((P,Q)1,/x) = (P,Q)1,, /K for all P,Q € E(K),
2. v((P,Q)ks,/x) = (P,Q)ks,n,/k for all P,Q € E(K).



12

2.3 Compatibility of the derived heights
We shall define the p-adic derived heights by compiling the derived heights corresponding to the finite layers
of the Z,-extension K, /K. To do this, we need to study the compatibility of the derived heights for finite
cyclic groups under change of extension, and this is the goal of this section.
Recall that K, denotes the subextension of K.,/K of degree p". Write G,, for the Galois group Gal(K,,/K),
A, for the group ring Z/p"Z[Gy), and I, for its augmentation ideal. Let Sel,, := Sel,n (E/K). Let

Sel,, = Sel(V 5 8el® 5 ... 5 8elH) 5 ...

denote the filtration of Sel,, defined by

Sel®) .= {5 € Sel,, : 35 € Seln (E/K,) s.t. (yn — 1)* 15 = s}
:= Selyn (E/K) N (v, — )" 'Selyn (E/K,).
Let
(o Y Selif? x el — 1%/ I+
be the derived height pairings defined in §2.1. By abuse of notation we shall write m,, for any map induced
in cohomology by Epn+1 2, Ep». In particular, we have a map

my, : Selp41 — Sely,.
Since E,(K) = 0 by our assumptions, Sel,, injects into Sel,,1 under the natural map, and m,, is induced by
the multiplication by p on Sel, ;1. The next proposition contains the compatibility result we need. Let
Up A1 — Ay
denote the natural projection of group rings, and also, by abusing notation, the induced map I* 11 Ifiﬂ —
IF I+ for any k.
Proposition 2.11
1. For 1 <k < p, the map m, respects the filtrations on Sel, 1 and Sel,, i.e. mp(Selgizl) - Selglk).
2. For 1 <k <p-—1, we have
Un (81, 82)knt1 = (MpS1,MpS2)k,n

for all 51,52 in Selgﬂl.

Proof of Part 1.
Fix any topological generator v of Gal(K /K), and let v, be the generator of Gal(K,,/K) corresponding
to v under the natural projection. Denote by
D e, 0<k<p—1
the operators defined in the proof of lemma 2.1 (with -, replacing ). Write
Gn + Z/p" M [Gryr] — Z/p" LGy,

T Z)p" N ZG] — Z/p"Z[G )

for the natural projections. Thus their composite 7, ¢q, is equal to v,.

Lemma 2.12
For 0 <k < p—1 there exists D,(lk) € Z/p"tZ|G,] such that:
k k
1. anfl_al = p’D,(l ),
2. m, D = D).
Proof: By definition of Dflk), we reduce to show that for all 0 < i < p™ — 1 the equality

i+ i
= <k<p-1
() el o

j=0
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holds in Z/p"*1Z. This follows from an easy induction argument.

We conclude the proof of part 1.
Let s € Selgizl. Let ¥ be an admissible set for (E, K, +1/K,p"!). Then by the results of §2.1 there exists
Y€ SelEnH(E/KnH) such that

(1) DY My =3¢ Selyns1(E/Kni1), (yni1 — D 15=5s.
Then

mps = my(coresg, | /kY)
= coresg, /i (mpcoresg, . /x, Y)

= (vn — 1)k*1D£Lk*1)(mpcoreSKn+1/Kny).
Let y' := mycoresk, , /x,y. We claim that
DF Yy € Sl (E/K,).

For, DYy € Sel?n (E/K,) since y' € Sel§n+1(E/Kn)[p"] = Sel?n (E/K,), where the equality follows, for
example, from prop.1.8 and E,(K,) = 0. Moreover, by lemma 2.12

Dgﬁfl)y/ = ppflkfl)coreSKnH/Kny

_ pk=1) .

= DnJrl coresg, ., /K, Y
_ (k—1)
= COT€SK, /K, DnJrl Y

= coresg, ., /K, 5 € Selpn1(E/Ky,).
Thus, DYy’ € Selynsr (B/Ky,) N Sels (E/Ky) = Selyn (E/K,). We find
(2) DDyl = 5 € Selyn (E/K,), (Y — 1715 = mys.

In particular, m,s belongs to Sel%k), as was to be shown.

Proof of Part 2.
We begin with a couple of lemmas.

Lemma 2.13
Let F be a local field. Let p, : Z/p"*'Z — Z/p"Z be the canonical projection. Then for all z,y in
H'(F, Epn+1), the local Tate pairing satifies

(T, Y) Fpr1) = (MpT, MpY) Fpr.

Proof: Recall that the local Tate pairing is defined by composing the cup product with the Weil pairing
Wy, : Epn @ Epn — ppn. The lemma follows from the explicit definition of the cup product on cocycles ([CF],
pp.106-7) combined with the relation wy,41(§ ® )P = w,(p§ @ pn) for all {,n € Eyn+r.

Given an admissible set ¥ for (E, K,/ K, p™) we let

< ) >(n) : @yezHl((Kﬂ)vaP") X @yezHl((Kn)vaP") — A,
denote the non-degenerate pairing defined in §1.2.1.
Lemma 2.14

Let ¥ be an admissible set for (E, K, 11/K,p"*"). For all 2,y € @, cx H' ((Kn41)v, Eyns1) we have

Vn<x7y>(n+1) = <mp(coresKn+1/Knm)’mp(coresKn+1/Kny)>(n) .



14

Proof: Note that ¥ is also admissible for (E, K,,/K,p"*!) and for (E, K,,/K,p"). The formulae (1) and (2)
of §1.2.1 and lemma 2.13 give

I/’I’L<x7y>(n+1) = Z 7T’I’L<x7 (CoreSKn+1/Kny)o>Kn+1,p""+1 ' U_l
oeGn

Z Tplcoresy, ., /K, T, (coresg, /i, Y)7 ) K, prtt - ot
ocGy,

= (mp(coresKnH/Kna:), mp (CoreSKn+1/Kny)>(n) .

We conclude the proof of part 2.
Let ¥ be an admissible set for (E, K,1/K,p"!). Let s € Sel,(ﬁ)_l. Then there exists = belonging to
@vezE((Kn—H)v)/pn+1E((Kn+l)v) such that

(3) DY Ma =5 e Selynii (E/Knt1), (1 —1)F5=s.
Let 2’ := mycoresg, ., /K, ©. With the formal argument of the proof of part 1., we can show that
(4) DY Vg = e Selyn (E/K,), (yn —1)F718 = mys.

In view of the definition of our pairings (thm.2.7), the claim follows from lemma 2.14, and the equations
(1)-(4).

2.4 Derived p-adic heights

By prop.2.11, we may compile the pairings ( , )k via the maps m,, in order to define pairings on the
inverse limit of the modules Selff). We may use thm.2.7 to obtain the properties of these new pairings,
once we know that the modules Selglk) can be recovered from their inverse limit in the natural way. This is

proved in prop.2.17, after a few preliminary definitions. The properties of the p-adic pairings we construct
are summarized in thm.2.18.

Definition 2.15
1. We define the pro-p Selmer group of E/K, Sp(E/K,) = limSel,n(E/Ky), where the inverse limit is

m
with respect to the maps m,.

2. In view of prop.2.11, we define a filtration on Sy(E/K)
Sy(E/K) =S8 58 5.5 8% 5 g
by letting S,()k) :=lim Selglk), the limit being taken by means of the maps m,,.

Since E,(K,) = 0 by our assumptions, we have that E(K,), is equal to E(K,) ® Z,, and it injects into
Sp(E/K,). They coincide if and only if the p-primary part III(E/K,)pe of the Shafarevich-Tate group of
E/K, is finite.

Given s = (sp)n>1,t = (tn)n>1 € S’,(,k) with 1 <k <p—1, prop.2.11 allows us to define canonical pairings

< ’ >k . S;z(;k) % S;z(;k) N Ik/[k+1

by the rule
<Sa t>k = (<3n; tn>k,n)n21-

Definition 2.16
Let N C M be an inclusion of free Z,-modules of finite rank. Define the p-adic saturation Saty (N) of N in
M to be the maximal submodule of M containing N with finite index.
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The theory of elementary divisors guarantees the existence of Sat (N). To ease notations, we shall often

write N instead of Satps(N). In particular, we write 5,1(71@) for Sat (S,()k)), 1 <k <p. Thus 5',(,1) = S’;()l). Let

)
SP

USy(E/K) = (") coresg, /i (Sp(E/Kn))

n>1

denote the universal norm submodule of S,(E/K).

The next proposition is the key to relate the p-adic pairings ( , )5 to the pairings for the finite layers of
K. /K.

Proposition 2.17

For 1 < k < p the cokernel of the natural map S;()k) — Selglk) is bounded independently of n.

Proof: By induction on k. For k = 1, the cokernel in Sel,, is (HI(E/K)/Div(II(E/K)))[p"], where Div
is the functor which to every abelian group associates its divisible part. Assume that Sl(jk) — Sel,(lk) has a

cokernel whose order is bounded independently of n. Choosing an identification of I*/T**! with Z,, we may
view the pairing (, )i as taking values in Z,. By the structure theory of pairings over Q,, there is a finite

index submodule T,Sk) of Sék) such that the pairing ( , )x restricted to Ték) has the form

pd

. . !’ !’
relative to a basis e1,... €5, €541, " ,€r, (r€SP. €1,€1,... ,€5,€,€541,...,6€.), where J = (1) (resp. J =

(_01 (1))) if {, ) is symmetric, i.e., k is odd (resp. { , )i is alternating, i.e., k is even). Let z be an

element of Sel!/

*1) By the induction hypothesis, the cokernel of the natural map T,gk) — Selff) is bounded

independently of n, by p#, say. Then y = p*z belongs to the image of T,Ek). We have
<y7 §>k,n = 07

for all £ in Selff), hence for all £ in the image of T,Ek). Let ¢ be any element of T,gk) mapping to y, so that,
by definition of { , ),
(7,€)r =0 mod p",

for all £ in ngk). This implies that g is of the form
g=Mp" Mer+ -+ A" e + Asprsr1 0+ Arey
is k is odd, or
J=Mp T e + D" ey - AP T e D" ey Asr1€att o ey,
where \; and ; are scalars in Z,. Let B denote the maximum of the a;. Write
zZ= pB(/\s+1es+1 + 4 Aey).

Since Z is in the null-space of { , )i resricted to T,gk), it follows that pZ belongs to the null-space of
(, ). Hence pA*+5% belongs to S,()Hl). On the other hand, letting z be the image of Z in Selffﬂ), we have
z = pA*tBx. Hence p?4+2B
the claim.

x belongs to the image of S,(,kﬂ). Since A and B do not depend on n, this proves
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Theorem 2.18
For 1 <k <p—1, there exists a sequence of canonical pairings

€5 D S x 8B — 1R/ T @ Q

such that:

L (s1, 820K = (~1)FT (52,5105 Vs1,82 € S5,

2. S s the null-space of { , Wi,

3. USp(E/K) is contained in the null-space of all the pairings,

4. the restriction of {( , )1 to E(K), is equal to the p-adic height relative to (E, K /K) (as defined in
[MT1] or [Scl]),

5. pA((, Wi takes values in I® /T*+1 where pA* denotes the exponent of the finite group S /S5".

Proof: Define (( , )), by extending ( , ) to S‘,S’“’ in the natural way.

1. Tt follows directly from thm. 2.7.

2. Observe that 5’;()“1) is contained in the null-space of {( , )),. As for the reverse inclusion, let y be in
the null-space of (( , ),. Then there exists A > 0 such that p“y belongs to the null-space of (, ). By

proposition 2.17, there exists B > 0 such that pA*t8y maps to Sel,(lk“) for all n, and hence pA+By belongs
to S,(,kH). This proves 2.

3. By thm. 2.7, 3., it suffices to observe that US,(E/K) is contained in lim(coresy, /xSelpn (E/Ky)), where
the limit is taken with respect to the maps m,,.

4. The homomorphisms ® . /x of §2.2 satisfy the compatibility relation [KST]
@i, k(PRQRY) =Pk /k(POQpLY),

where, for n > m, p?, : Z/p"Z — Z/p™Z denotes the canonical projection and, given any homomorphism
in Hom(Gal(K,,/K),Z/p"Z), p},y is viewed as a homomorphism in Hom(Gal(K,,/K),Z/p™Z). Tan defines
a p-adic height pairing by means of the homomorphism

Pr/x =lmPr, E(K), ® E(K), ® Hom(T',Z),) — Z,,

where the tensor products and the homomorphisms are are of Z,-modules. He shows that this coincides
with the p-adic height of Mazur-Tate and Schneider. Statement 4. follows from thm.2.8 and the definition

of {(, )y

5. We have ((s,t)), = p~24r(pArs, pArt), for all s,t € S',(,k). Let s = (sp),t = (tn). It is enough to show that
(p™* sy, pA*t, ) k.n belongs to pAk(I¥/I5+1) for all n. By the claim in the proof of thm.2.7, 2. there exists a
homomorphism ¢ : Sel, — I¥/I*+1 such that

(P 80, DM )k = S 50) = M P(55).

This proves 5.

Definition 2.19
We call the canonical pairing {( , ) of thm.2.18 the k-th derived p-adic height pairing.

It is possible to use the derived heights to generalize the notion of p-adic regulator. Choose a basis s1, ... , s,
for the free Z,-module S,(E/K) compatible with the filtration

Sy(E/K)=58" 587 5...5 8P,

This is possible because, by definition of p-adic saturation, the successive quotients 5’,(,]“) /S’,()Hl) are free
Z,-modules. Say that the projection of sj, 41, ... ,$j,+a, to S5° /SF™) is a basis for S5 /5. Define
the k-th partial regulator, 1 <k <p—1,
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R® = det({(si, 8 )k)ju+1<i,<jntd-

Notice that R*) depends on the choice of the basis, and is well defined up to multiplication by a p-adic unit.
Given t > 0, we let (I'/I""!' ® Q)/Z) denote the quotient of the multiplicative monoid I*/I**! @ Q by the
action of the group of p-adic units Z,*. Let

k Gk k
pb = ranks, (S3Y), ppi= Y0, o).
Observe that if 5',(,1’) =0 (i.e., by thm.2.18, {(, )p—1 is non-degenerate) then p, = EZ;% kd,.

Definition 2.20
If {(, )p—1 is non-degenerate, we define the derived regulator Rge, € (177 /1°»T1 @ Q)/Z, to be the product
of the partial regulators R\ - .- R®=1  Otherwise, we let Rger = 0.

By thm.2.18, Rge, is non-zero when {(, )),—1 is non-degenerate. We say in this case that p, is the order of
vanishing of Rger. On the other hand, if US,(E/K) is non-trivial, then thm.2.18 implies R4, = 0.

Remark 2.21

If III(E/K)pe is finite, then S,(E/K) ~ E(K) ® Z, has a natural basis coming from an integral basis
Py, ..., P, for the Mordell-Weil group E(K). Let M € M, (Z,) be an endomorphism sending P,... , P. to
a basis compatible with the filtration on S,(E/K). Using this compatible basis, define the partial regulators
R®) as above, and define the generalized regulator by the formula:

Ryer = det(M)_QR(l) e R(P—l).

This is well-defined in I°» /IP»*! (not just up to a p-adic unit) and does not depend on the choice of M.

In the next section we shall relate R4 to the leading coefficient of the characteristic power series of the
Pontryagin dual of Sel,(E/K ). Here we content ourselves with proving a parity statement for the order
of vanishing.

Proposition 2.22

Assume that {( , )p—1 is non-degenerate. Then the order of vanishing of R4, has the same parity as the
rank of the pro-p Selmer group S,(E/K).

In particular, if II(E/K )y is finite, then the order of vanishing of Rge, has the same parity as the rank of
the Mordell-Weil group E(K).

Proof: With notations as above, we have
rankz, (Sp(E/K)) =dy + - +dp_1.

For k even, by thm.2.18 (( , ))x is a non-degenerate alternating pairing on the free Zy-module of rank dj
S‘,S"’/S‘,(,’““). Hence dy, is even and

rankz, (Sp(E/K)) =dy +d3+ -+ dp_2 (mod 2).
On the other hand, the order of vanishing of R, is equal to
di +2dy+3ds+---+(p—1)dp—1 =di +ds + - - - + dp_2 (mod 2).
2.5 Refined Birch Swinnerton-Dyer formulae
We keep the notations of §2.4. Let
Xoo = Homgz, (Sely (E/Ko), Qp/Zy)

denote the Pontryagin dual of the Selmer group of E/K . The main result of this section relates the order
of vanishing and the leading coefficient of the characteristic ideal of X to the derived regulator R4, defined
before. Assume that X is a torsion A-module. (Otherwise, both R4, and the characteristic ideal vanish,
since US,(E/K) # 0.) Let Lo denote a characteristic power series of Xoo. Loo is determined up to a unit of
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A. Let 0, > 0 be the smallest exponent such that £, belongs to I°7, and let L, denote the image of Ln
in (I /1°7%1)/7,,. Write char(X,,) for the characteristic ideal of X,. Clearly o, and L, depend only on
char(X), and therefore we may call them the order of vanishing and the leading coefficient of char(X).

Theorem 2.23
The order of vanishing o, is greater than p,, and we have:

HI(E/K)p~

Lo = # DI (B/K)y )

' Rder

in (If» /17T @ Q)/Z,™, where Div denotes the divisible part.

Corollary 2.24

1. Assume that {, ))p—1 is non-degenerate. Then o, is equal to p,.

2. Let pP be the order of the finite group II(E/K )y /Div(IL(E/K)p).
Then p® Ry, belongs to (I°»/IP»T1)/7,,*.

Remarks

1. When ((, )1 is non-degenerate, then R4, is equal to the usual p-adic regulator, and thm.2.23 contains
as a particular case the Birch Swinnerton-Dyer formulae of Schneider [Sc2], [Sc3] (cf. also [PR2], [PR3]).
On the other hand, when ( , )); happens to be degenerate, the order of vanishing of char(X) is strictly
greater than the order of vanishing of the classical regulator, and one needs the refined Birch Swinnerton-
Dyer formula of thm.2.23 to capture the order of vanishing and the leading coefficient of char(X,). See ch.
3 for an illustration of this.

2. If ((, )p—1 is degenerate, i.e. Rger is zero, the order of vanishing of char(X,) is stricly greater than p, by
thm.2.23. It is tempting to hope that the null-space of {(, )),—1 reduces to the p-adic saturation US,(E/K)
of the universal norms for almost all primes p. It would follow that {( , )),—1 is non-degenerate if and only if
X is a torsion A-module. In this case, by cor.2.24, the order of vanishig is precisely p,. See the next chapter
for the formulation of stronger conjectures of this sort, when K, /K is the anticyclotomic Z,-extension of
an imaginary quadratic field.

Proof of Thm.2.23: Given n > 0 fix an admissible set ¥ = X, for (E, K, /K,p"). Let t = 2#X. Fix any
bases (z1,...,7¢) and (y1,...,yt) for the free A,-modules of rank ¢, X = @, E((Kn)v)/p"E((Ky)y) and
Y = Sel?n (E/K,), respectively. By lemma 1.7, we can view X and Y as submodules of the free rank 2¢
Ay-module Z = @, .. H' ((Ky)w, Eyr ). Thus, by restricting the pairing (, ) = (, )(n) of §2.3 to X x Y we
find a pairing

(%) (,): X XY = A,

(denoted in the same way by abusing notation). The next two lemmas, by relating char(X ) to (, ), provide
a the bridge beween char(X,,) and the derived heights and regulator. The reader may find all the facts about
the theory of Fitting ideals we need below in [MW], Appendix.

Lemma 2.25

The Fitting ideal Fitt, (Selyn (E/K,,)) of the Pontryagin dual of Sel,» (E/K,) is a principal ideal, gen-
erated by the discriminant det((z;,y;)1<i j<¢) of the pairing (x).

Proof: Let W = @, . H* ((Kp)v, E)pn. By the properties of the local Tate pairing, (, ) : ZxZ — A, induces
anon-degenerate pairing [, | : X xW — A,,. Let . be the image of y; in W, and let =} be the basis of W which
is dual to z; with respect to the pairing [, |. By lemma 1.7, the exact sequence of prop.1.6 gives a presentation
of the A,-module Sel,~(E/K,)% with t generators and ¢ relations. Hence Fitty,, (Selyn (E/K,)%) is a
principal ideal, generated by det(a;;), where y; =, aijx). Since a;; = [z;,y;] = (x4,y;), the result follows.

Lemma 2.26
Let p, : A — A, be the canonical projection. Then ji, (char(X)) = Fitta,, (Selyn (E/K,)t).
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Proof:
Step 1
Let J,, be the ideal of A (p™, (y*" — 1)). Then there is a natural identification

Koo ) TnXso = Selp (B/K,,)Mal.

For, by combining the argument in the proof of lemma 1.4 with E,(K) = 0, one can prove that the
restriction map composed with the inclusion Epn C Epe induces a natural isomorphism Sel,»(E/K,) =
Selpe (E/Koo) " [p"], Ty, being the Galois group Gal(Ko/K,). By taking duals, the identification follows.
Step 2

Since A,, = A/J,, step 1 and the theory of Fitting ideals give

pin (Fitta (Xso)) = Fitta, (Selpn (B/ Ky ).

Lemma 2.25 implies that Fitta (X)) is a principal ideal. The next step shows that in this case Fitt (Xs) is
equal to the characteristic ideal char(Xs ), concluding the proof of lemma 2.26.

Step 3

Sublemma

Let T be a torsion A-module whose Fitting ideal Fitt(T) is principal. Then the characteristic ideal char(T)
of T is equal to Fitta (T).

Proof of the Sublemma: We use repeatedly without explicit mention the following fact: given an exact
sequence of finitely generated A-modules

0—- M — M — My —0,
then
Fitta (M1)Fitta (M) C Fitta (M) C Fitta (Ma).
By the classification theorem of A-modules there is an exact sequence
0—-C—T—@A/Afi = Cy —0,
with C7 and Cs finite. Since T is torsion, there is also an exact sequence
0— Dy —@,A/Afi =T — Dy — 0,
with Dy and D- finite. The first sequence implies easily
Fitta (T)Fitta (C2) C Fitta(T/Ch)Fitta(Ca) C Fitta (B, A/Af).
Similarly, from the second sequence we get
Fitta (D, A/Afi)Fitta(D2) C Fitta (B,A/Afi)/D1)Fitta(D2) C Fitta(T).
Since char(T") = Fitta(€D;A/Af;), by combining the two chains of inclusions we find
Fitta (T)Fitta (Co)Fitta (D) C char(T)Fitta (D2) C Fitta (7).

Fitta(C2) and Fitta(D2) are finite index ideals in A. For, Cy and D5 are finite A-modules, and the Fitting
ideal of a finitely generated A-module contains a positive power of the annihilator of that module. Hence
there is a finite index ideal I (equal to Fitts(C2)Fitta(D2)) such that

Fitto(T) - I C char(T)

with finite index. By hypothesis, Fitta(7') = (6) is a principal ideal. Let §; and d2 be non-zero elements of
I with no common irreducible factors. Since char(T") divides §16 and 26, we conclude that char(T") divides
0 and Fitta(T) is contained in char(7") with finite index. Let char(T) - (o) = Fitto(T"). Then the finite
module char(T')/Fitta (T) is isomorphic to A/(«). Thus o must be a unit of A. This finishes the proof of the
sublemma, and also of lemma 2.26.

Recall the filtration S,(E/K) = S5 5 .- 5 8% 5 8 defined in §2.4. It ends with 0, by thm.2.18, if
and only if the pairing (( , )),—1 is non-degenerate. For 1 < k < p, we let Sel™ denote the image of S5 in
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Sel,n (E/K) = Sel’) under the natural map. Since S’ék) is defined as the p-adic saturation in S,(E/K) of
the module S,(gk), the Sélflk) give rise to a filtration of Sel,» (E/K) such that

Sel™ /Sel* )~ (z/przyt, 1<k <p-1,
Sel® ~ (z/prz)d,

where dj, = rankzp(gék)/gz(,kﬂ)) and d, = rankngl(jp). In view of the lemmas 1.7 and 1.4, we can iden-
tify Sel,» (E/K) with the intersection submodule of the free Z/p"Z-modules X¢» = @, . E(K,)/p"E(K,)
and Y& = Selfn (E/K). Choose a basis (Z1,...,%¢), resp. (71,...,7:) for X% resp. Y% compat-
ible with the above filtration. Assume that for 1 < k& < p — 1 the projection of (Zj,41,...,%j,+d,) tO
Sélflk)/Sélflk+l) is a basis for Sélflk)/SElflk+l), and that (Z;, y1,... ,%;,44,) is a basis for Sél;p). And similarly for
(Ujes1s -+ > Ujrrds,)- Let (w1,...,2¢), resp. (y1,... ,y:) be a basis for X, resp. Y such that coresg, /g T = T
and coresk, /kyk = Y. Write r for rankz S,(E/K). Then r =" | d;.

Lemma 2.27

Let € : A, — Z/p™Z be the augmentation map and let (, ) : X XY — A,, be the pairing (*) introduced
before. Then for some unit uw € Z/p™Z we have the equality in Z/p™Z

HI(E/K) e
Div(II(E/K) =)

e(det({zi, yj)rr1<ij<t)) = u-#

Proof: Of course, e(det({xi, y;)r+1<ij<t)) is equal to det(e(z;,y;)rt1<ij<t). By prop.1.3, 3. €(z;,y;) =

—(Zi, Yy pn for 1 < ,5 <t. Since (Z1,...,T,) is a basis for Sélfll) C Selpn (E/K), the global reciprocity
law (see prop.1.2) gives

(@) (@0, 9j)kpn =0, 1<i<r, 1<j<t.

Similarly, since (g1, ... ,%-) is a basis for Sél;l), the isotropy of the local points under the local Tate pairing
(8§1.2.1) gives

(0) (@i, Yj)rpn =0, 1<i<t, 1<j<r

Suppose that the group II(E/K)pye /Div(III(E/K)pe) is isomorphic to Z/p*Z@ - - - PZ/p*:Z. We have
s <t—r. Assume, without loss of generality, that a; < n. The image of Sel?n (E/K) in @, H (Ky, E)pr
is generated by the images of ¢,41,...,%:, and it is isomorphic to the direct sum of ¢ — r summands
Z/p" LB - PZ/p"PL/p" LD - - - PZ/p"Z. Hence, by (a), (b) and the local Tate duality we find

LI(E/K),~
Div(I(E/ K )y~)

det((Zs, Jj) rr1<ij<t) = u1 - #

for a unit u; of Z/p™Z. The lemma follows.

Let p# be the maximum of the exponents of the finite groups Sl(jk)/S,(,k), 1 <k <p. Then for all n > 1 we
have p# - Sélflk) C Sel™. Consider the discriminant det((pAx;, pAy;)1<ij<t). By lemma 2.25, it generates
p?AtFitta, (Selyn (E/K,)%e!). Although the admissible set ¥ = ¥,, depends on n, we may assume that
t = 2#% is independent of n (see the remark after definition 1.5: we may assume that ¢ be equal to
2dimg, (Sel,n (E/K) @ Fp)). In particular, p*4Fitty, (Sely (E/K,)™) is non-zero for n sufficiently large.
For 1 < k < p the elements (pA%;, 11,... , 0% 1dy)s P Tjrt1,--- >0 Tjrtay), belong to Selglk). Choose
(Tet1s- 5T, 1g,) 0 X and (Y), 41, Y, q,) in Y such that:

. / _ A . / _ A .
1. COreSk,, /KTj, +i = P Tjy+is COTESK, /KYj. +i = P Yjr+is

2. D,(Zk_l)x;-kﬂ belongs to Selpn (E/Ky), D,(lk_l)y;-kﬂ belongs to Selyn (E/Ky,).
For r+1 <i <t let o = pAx; and y, = pAy;. Let U and V in M,(A,,) be t xt matrices with entries in A,, such
that (z1,...,2)U = (x},...,2;), and (y1,...,y)V = (y1»-..,y;). Since coresy, kT = coresy, kP T
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and coresg,  ky; = coresKn/KpAyi, we find €(U) = (V) = p?I;, where I is the identity matrix in
M(Z/p"7Z). Thus, we may replace det((p?zi,p*y;)1<ij<¢) by det({z},y})1<ij<¢) in the computation of
the leading coefficient of p?4*Fitt,, (Selyn (E/K,,)%). Observe that for j; + 1 < i < ji + di, (z},y) belongs
to I* for all y € Y. For, D(k 1)< t,yy =0, by prop.1.3, 5. Let op =dy +2d2 + -+ + (p — 1)dp—1 + pd,,. Then

det((a}, yj)1<ij<t) € In”

Thus the order of vanishing of char(X.) is greater or equal than ¢,. This is enough to prove the theorem
when ((, )p—1 is degenerate, i.e. d, # 0. For, o), > pp = d1 +2da + -+ (p — 1)dp—1 and Rger = 0 by
definition. From now on assume that { , )),—1 is non-degenerate, hence p, = 0,. By lemma 2.27 and the
above remarks, we find the equality in [7» /IP»*1

. E/K)
det(<xéay;>1§i,j§t) = Un 'pQA(t ) .#DlV( I _/E'/K H det(( wyj Jret+1<i, ]<]k+dk)

for some unit u,, of Z/p"Z. By the definition of the derived heights ( , )i, we have in I, /L’Z‘H_1
p—1 p—1
LT det((p*zi, g3 im) i s1<ig<inran) = [ ] det((@lhs v))sr1<ig<inran):
k=1 k=1
But
p—1
P pn(Raer) = [ [ det (0" 20, 2G5 km) s 1105 < st ai)-
k=1

Theorem 2.23 follows.

3 Elliptic curves and anticyclotomic
Z ,-extensions
In this chapter K., denotes the anticyclotomic Zy-extension of an imaginary quadratic field K, defined by
adjoining to K values of modular functions at complex multiplication points of p-power conductor. It is the
only Z,-extension of K that is dihedral over Q. We require that (E,p, Koo /K) satisfy the assumptions of
§1.1. We also assume that III(E/K),e is finite. Thus S,(E/K) = E(K),, and we can readily translate
standard analytic conjectures into statements on the rank of the pro-p Selmer group S,(E/K).

The goal of this chapter is to sketch the Iwasawa theory, still largely conjectural, for elliptic curves over Q
with values in the intermediate extensions of K, /K. In this situation the degeneracy of the p-adic height
pairing tends to be the rule, and the theory of derived heights allows a conceptual formulation of the theory.
3.1 The conjectures of Mazur

We begin by recalling some conjectures of Mazur (see [Mal], and also [Ma2]) concerning the null-space of the
p-adic height. Let 7 denote a fixed complex conjugation. Thus, given g € Gal(K,/K), we have g7 = g~ 1.
Write S, (E/K)* for the submodule of S,(E/K) on which 7 acts as £1, and r4 for the Z,-rank of S,,(E/K)*
Write r = ry +r_ for rankg, (S,(E/K)). The following Galois equivariance property of the derived p-adic
heights holds.

Lemma 3.1 o
For all s1,s5 € S,(, ), (51, sk = (—=1)*((s1, 52 ).

Proof: The Galois equivariance of the local Tate pairing implies immediately the equality
<7-$7 Ty> (n) = T<$7 y> (n) 7-717
where (, )(,) denotes the A,-valued pairing of §2.3. Hence by definition

(Ts1,ms2)k = ((s1,52)%s
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where * denotes the involution of A given on group-like elements by ¢* = g—'. The lemma, follows from the
fact that x acts on I*/I**1 @ Q as (—1)k.

In particular, we find that the p-adic height pairing ((, ))1 is trivial when restricted to S,(E/K)" xS,(E/K)*
and S,(E/K)~ x Sp(E/K)~. Hence, the null-space of (( , )1 has rank at least |ry —r_|. Following Mazur’s
terminology we give:

Definition 3.2
We say that E is in the generic case if either E does not have complex multiplications or K is not the
complex multiplication field of E.

Conjecture 3.3 (Mazur)

Assume that E is in the generic case. Then the null-space of ((, ))1 has rank |r; —r_|, i.e. rankg, 5,(,2) =
lry —r—|.

In other words, the anticyclotomic p-adic height should be as non-degenerate as possible. We may reformulate
conjecture 3.3 by saying that the pairing

(s D s Sp(E/K)T x Sp(E/K)™ — I/I?,

obtained by restriction of {{ , )1, is either left or right non-degenerate. Since, by thm.2.18, the universal
norm submodule US,(E/K) is contained in the null-space of {(, ))1, conjecture 3.3 implies that US,(E/K) is
contained in either S,(E/K)* or S,(E/K)~, whichever has the larger rank. The following “growth number”
conjecture gives precise information on the size of US,(E/K).

Conjecture 3.4 (Mazur)
Assume that E is in the generic case. If rankz, (S,(E/K)) is even, resp. odd then US,(E/K) = 0, resp.
US,(E/K) =~ Z,.

Equivalently (see for example [B], §II.1) the Pontryagin dual X of Sely(E/Ko) is a torsion A-module,
resp. has rank 1 over A when rankz, (S,(E/K)) is even, resp. odd .

When K is the cyclotomic Z,-extension of a number field K, Schneider [Scl] conjectures that the p-adic
height is non-degenerate. In this case the generalized regulator R4, coincides with the usual p-adic regulator,
and the characteristic ideal of the A-torsion module X, vanishes to order r = rankzE(K) (see thm.2.23).
Moreover, the Mordell-Weil group F(K ) is a finitely generated Z-module, since E(K o )tors is finite under
our assumptions (by [Ma3], §6).

3.2 Applications of the derived p-adic heights
Consider the second derived p-adic height

() N2: 8P x 8% 12/ 2 Q.

Assume conjecture 3.3. Then rankzp(gi(,?)) = |ry —r_| and 5’;()2) is contained in one of the eigenspaces
of 7 acting on S,(E/K). Thus lemma 3.1 does not force any degeneracy of ({ , ))2. On the other hand,
we have the a priori information that the universal norms US,(E/K) are contained in the null-space of
(', D2. Conjecture 3.4 indicates that US,(E/K) need not be trivial (see also §3.2.3 below). Inspired by the
philosophy of conjecture 3.3, we formulate the following:

Conjecture 3.5
Assume that E is in the generic case. Then the null-space of the second derived p-adic height { , ))2 is equal
to US,(E/K), the p-adic saturation of US,(E/K) in S,(E/K).

For the sake of clarity, let us make two separate discussions according to the parity of the rank of S,(E/K).

3.2.1 The even rank case
Assume that rankz S,(E/K) is even. Assuming conjecture 3.4, we may reformulate 3.5 as follows.
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Conjecture 3.6
Assume that E is in the generic case, and that rankz S,(E/K) is even. Then the second derived p-adic
height pairing is non-degenerate.

By theorem 2.18, this is equivalent to 5’,(,3) = 0. Since we are assuming that US,(E/K) is trivial, X is a
torsion A-module. By combining theorem 2.23 with the above conjecture, we obtain a conjectural statement
for the order of vanishing of the characteristic ideal of X.

Conjecture 3.7
Assume that E is in the generic case and that rankz,(S,(E/K)) is even. Then the characteristic ideal of
Xoo vanishes to order r + |ry — r_| = 2maz(ry,r_).

3.2.2 The odd rank case
Assume that rankz S,(E/K) is odd. Assuming conjecture 3.4, we reformulate 3.5 as follows.

Conjecture 3.8
Assume that E is in the generic case and that rankz, S,(E/K) is odd. Then the null-space of the second
derived p-adic height pairing is a free rank one Z,-module equal to US,(E/K).

Conjecture 3.8 provides a characterization of the space of universal norms US,(E/K) (or, rather, its p-adic
saturation) in terms of the second derived height. This brings up the challenge of finding a computational
definition of the derived heights, in order to have a way of approximating numerically US,(E/K).

If US,(E/K) is isomorphic to Z,, then X, is a A-module of rank 1 and, by definition, the derived regulator
Re, vanishes. The theory of derived heights may be used to define a modified derived regulator R/, which

accounts for this situation. By theorem 2.18, conjecture 3.8 amounts to 5’,(,3) = US,(E/K). Hence, with
notations as in §2.3, the partial regulators R*) vanish for 3 < k < p—1. Let d; = rankg, SZ()Z)/S}(,HU, i=1,2.
Then we define

A R(UR@) c (Id1+2d2/jd1+2d2+1 ® Q)/pr-

der

Note that the order of vanishing of R/, is exactly di + 2dz. By the above conjectures, this is equal to
(r=1) 4+ (ry —r—| —1) = 2(maz(ry,r_) — 1). Along the lines of theorem 2.23, one can prove a theorem
connecting the modified regulator R/, to the leading coefficient of the characteristic ideal of the A-torsion
submodule (Xu)tors 0f Xoo. (For reasons of brevity, we do not give details.)

Conjecture 3.9
Assume that E is in the generic case, and that rankz, (S,(E£/K)) is odd. Then the characteristic ideal of
(Xso)tors vanishes to order (r — 1) + (|Jry —r_| —1).

3.2.3 Heegner points (Reference: [B])

Assume that F/Q is a modular elliptic curve and that K satisfies the Heegner hypothesis, i.e. all rational
primes dividing the conductor of E are split in K. Then the analytic rank of E(K), is odd. Assuming
standard conjectures, so is rankz, (S,(E£/K)). There is a collection of complex multiplication points defined
over K, called Heegner points. Let £(E/K,), C Sp(E/K,) denote the cyclic Z,[Gal(K,,/K)]-module
generated by any Heegner point of level K,,. Define the A-modules

E(E/Kx)p = ImE(E/Kn)p,
gp(E/KOO) = 1}_@ Sp(E/Kn),

where the projective limits are with respect to the natural corestriction mappings. Note that £(E/Ku),
is contained in S,(E/K4). One can show that S,(E/K) is a free A-module of finite rank (equal to the
Z,-rank of US,(E/K)) and that £(E/K), is a cyclic A-module (cf. [B], ch. IT). Thus £(E/K), is either
isomorphic to A or 0. Analytic evidence combined with a theorem of Gross-Zagier lead to the natural
expectation that some of the Heegner points of level K,, have infinite order, i.c., E(E/K oo )p 1s isomorphic to
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A. Assuming this, it is proved in [B], §IIL.1 that the conclusion of conjecture 3.4, i.e. US,(E/K) ~ Z,, holds.
This is equivalent to S,(E/K.) being a free A-module of rank 1. In this situation, S,(E/Kx)/E(E/Kso)p
is a cyclic torsion A-module. The next conjecture blends a conjecture of B. Perrin-Riou [PR1] with conj.
3.9. Let char(S,(E/Ku)/E(E/K),) denote the characteristic ideal of Sp(E/Ks)/E(E/Koo)p-

Conjgcture 3.10
char(S,(E/Kwo)/E(E/Kuo)p)? vanishes to order (r — 1) + (jry —r—| —1).
The results of [B], ch. III, based on the ideas of Kolyvagin [Ko], provide evidence for conjecture 3.10.

Bibliography
[B] M.Bertolini, Selmer groups and Heegner points in anticyclotomic Z,-extensions, submitted.

[BD] M.Bertolini, H.Darmon, Derived heights and generalized Mazur-Tate regulators, to appear in Duke
Math. Journal.

[CF] J.W.S.Cassels, A.Frolich, Algebraic number theory, Academic Press, (1967).
[D] H.Darmon, A refined conjecture of Mazur-Tate type for Heegner points, Inv. Math. 110, (1992), 123-146.

[Ko] V.A. Kolyvagin, Euler Systems, in The Grothendieck Festschrift (Vol. II), P. Cartier, et. al., eds.,
Birkh&user, Boston (1990) 435-483.

[Mal] B.Mazur, Elliptic curves and towers of number fields, unpublished.
[Ma2] B.Mazur, Modular Curves and Arithmetic, Proc. Int. Cong. of Math. (1983), Warszawa.

[Ma3] B.Mazur, Rational points of Abelian Varieties with values in towers of number fields, Inv. Math. 18,
(1972), 183-266.

[MT1] B.Mazur, J.Tate, Canonical height pairings via biextensions, in Arithmetic and Geometry, Vol.I,
M.Artin and J.Tate eds., Progress in Mathematics, Birckhduser, 195-238.

[MT2] B.Mazur, J.Tate, Refined conjectures of the “Birch and Swinnerton-Dyer type”, Duke. Math. Journal,
54, No.2, (1987), 711.

[MW] B.Mazur, A.Wiles, Class fields of abelian extensions of Q, Inv. Math. 76, (1984), 179-330.
[Mi] J.S.Milne, Arithmetic duality theorems, Perspective in Math., Academic Press, (1986).

[PR1] B.Perrin-Riou, Fonctions L p-adiques, Théorie d’Iwasawa et points de Heegner, Bull. Soc. Math. de
France 115, (1987), 399-456.

[PR2] B.Perrin-Riou, Arithmétique des courbes elliptiques et théorie d’Iwasawa, Bull. Soc. Math. Fr. Suppl.,
Mémoire 17, (1984).

[PR3] B.Perrin-Riou, Théorie d’Iwasawa et hauteurs p-adiques, Inv. Math. 109, (1992), 137-185.
[Sc1] P.Schueider, p-adic height pairings I, Inv. Math. 69, (1982), 401-409.

[Sc2] P.Schneider, Iwasawa L-functions of varieties over algebraic number fields. A first approach. Inv.
Math. 71, (1983), 251-293.

[Sc3] P.Schneider, p-adic height pairings II, Inv. Math. 79, (1985), 329-374.

[Se] J.P.Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques, Inv. Math. 15, (1972),
259-331.

[KST] Ki-Seng Tan, p-adic pairings, to appear in the Proceedings of the Boston University Workshop on
p-adic monodromy and the Birch Swinnerton-Dyer conjecture, Contemporary Math., AMS.



