Math 726: L-functions and modular forms Fall 2011
Lecture 23 : Applications of Rankin-Selberg

Instructor: Henri Darmon Notes written by: Jason K.C. Polak

We shall describe the following two applications of Rankin-Selberg:

I For a suitable ¢, the set {T,,Ex_¢Fy : n € N} spans M (SLy(Z)), and

ITIf f =5 a,g" is a newform of weight k, level N, and character x then > |a,|?p~*
converges for $(s) > k, and

s 1
Z |a,|p™* < log (ﬂ) +0(1).

Before proving II we will first look at the simpler case of Zp p°.

THEOREM 1. Y- p~* =log (5) + O(1).

Proof. Recall
o) =JJa-p)"  R(s)>1
p

and ((s) has a simple pole at s = 1. Taking logarithms and using the Taylor expansion for
the logarithm gives

log((s) = Y ~log(L—p™) = Y D

p

—ms

where g,,(s) = >, E-— and the last equality is due to switching the order of summation.
Since ((s) has a simple pole at s = 1 with a nonzero residue

lim (s — 1)¢(s) # 0,

s—1t

taking logarithms gives

lim [log(s — 1) + log ((s)] = O(1).

s—1t



Rearranging gives

lim log C(s) = log (L) +0(1)

s—1+ s—1

soas s — 1T,

a(s) + mi:;gm(s) ~log (ﬁ) L o).

We claim that the summation Y, g,,(s) converges for s = 1. Indeed,

IFACED I IS

p m=2
B & p—2m/s p—2(m’+1)s
_Xp:mZ:;( om 2m’+1)
OO p—2m/s
RN
= log ((2s)

where the inequality comes from the inequality

p—2m/s p—2(m/+1)s

< 2 —2m'82 /.
om oyl =P mn

Now we prove the more general theorem. We restate it for convenience.

THEOREM 2. If [ = > a,q" is a newform of weight k, level N, and character x then

D pIN lay|*p™ converges for R(s) > k, and

1
2, —s
;N: la,|*p™* < log (ﬂ) + O(1).

Note that in this Lecture, we show the convergence, and in Lecture 24 we will show the
estimate.

Proof. We have already seen that

|a,| < en®/?



for some real ¢ > 0. Thus

converges for R(s) > k/2 + 1. Let
LN(f®T75) = HLP(f@)TvS)
PIN

where

2

Ly(f®f,s)= H (1= ap @0 )"

i,j=1

Here the «; ; are the roots of 22 = a,z + x(p)p*~* and f = > a@,q" € Si(N,X). Define

(n,N)=1
Then Ly(f ® f,s) = Dn(f, f,5)(n(25 — 2 — 2k) where
—s\—1 = ‘a'pTP
() =1]a-p) " =11 D5
ptN D n=0 p
is the partial ¢ function. Now let

|an|2
—.

D(f.F.) =)

n
Recall that for normalized Hecke eigenforms f, g € Si.(SLs(Z)),

L(f ®g,s) = D(f,g,5)C(25 — 2 — 2k)

extends to a meromorphic function and has a unique simple pole at s = k if and only if
(f,g) # 0. In particular, this means that D(f, f,s)((2s+ 2 — 2k) extends to a meromorphic
function with a unique simple pole at s = k because (f, f) # 0.

Note that

H(k) =10 =) JTQ ~laplp™) # 0

p|N p|N

by our bound |a,| < k/2. Since Ly(f ® f,s) has a simple pole, D(f, f,s) extends to a
meromorphic function holomorphic for R(s) > k + 1, and hence via the Lemma below, a
holomorphic function for R(s) > k by looking at the product Ly (f ® f), s). O

3



LEMMA 1. Let ® be a meromorphic function satisfying ®(s) = > 7 % for R(s) >0 € R
for some ﬁxed o, ¢, > 0. If ® is holomorphic at s = o then there exists a 6 > 0 such that

D(s) =D 07, % for R(s) >0 — 6.

Although we will not prove this lemma, we shall use this lemma to prove that

z o[

converges absolutely for R(s) > k, where f = > a,q" is our newform of weight k. Indeed,
2
suppose that > |a7;;| diverges at s = o for some 0 € R with k <o < k+ 1. Let

2
rozsup{reR:k<r§k+1,E ] diverges}.
nT

By definition of the supremum ) %L‘Q converges for R(s) > ro. We already know that
D(f, f,s) is holomorphic at s = ry because it is holomorphic except for a simple pole at
s = k and by hypothesis 7y > k; and so by Lemma 1, there is a § > 0 such that ) |‘;LJ2
converges for R(s) > rp — ¢, and this is a contradiction!

Note, the Weil conjectures imply that |a,| < 2p% for k > 2.



