Math 726: L-functions and modular forms Fall 2011
Lecture 11 : Hecke Operators and Hecke theory

Instructor: Henri Darmon Notes written by: Celine Maistret

We begin with an aside on Question 1 of assignment 1 :

Ifp=1 nd%l x then we have the following facts :

e p can be identified with the permutation representation of Gg acting on Hom(K, Q)
which is a finite set of cardinality d = [K : Q).
It can therefore be viewed as the permutation representation of G acting on the roots of
the polynomial F,(z), where F,(z) is the monic characteristic polynomial of any primitive
element o € K.

e If p is prime, we can choose o € K such that F,(z) € Q[z] N Z,[z] has p-integral
coefficients and Z,[z]/ F,(z) = Ok ® Z,

Now, in the ring of integers, factor F,(z) mod p :
F, = F{'...Fe with deg(Fy) = f;, (p) = p5'....0% and N(p;) = p/i. This determines
the factorisation of p in Ok

Using this, we can see how the inertia group at p permutes among themselves the roots of
F,, that reduce to a common root mod p. Hence V!» can be identified with the permutation
representation of G, acting on the roots of Fy....F, mod p.

Therefore, det(1 — zFrob,) = (1 — z/1)(1 — x/2)...(1 — 2/7) so that the Euler factor at p
of L(s,p) is
(1—p M)A —p*)(1—p7)
but N(g;) = p/i hence
L(s, ) = Typp(1 = )™

©

Q.E.D.



Back to Hecke Operators in case of Modular Forms of Level 1.

A Modular Form of weight k can be viewed as a homogeneous function on II , the space of
lattices in C, in the following way :

f e Fr(A) = wy*f(wi/ws)

where wq,ws are a set of integral generators of the lattice A, and were chosen such that their
ratio belongs to the upper half plane.

Note that we want such functions F to be Modular/Cuspidal homogeneous functions
on II, ie we want to control the growth conditions such that when we consider the other
direction we have :

F fr(t)=F(Z+17Z)

with fr holomorphic at 7 and has the right behavior at oc.
Once these conditions hold, we get a bijection between the two sets.

We can now define the Hecke Operator more naturally in terms of homogeneous functions
on II :

DEFINITION 1. For all n > 1, the Hecke Operator T,, acting on the space of homogeneous
functions of weight k on II is defined by :

(T,F)(A) =nF"" > FA)

A'CA
[A/A]=n

It is clear from this definition that the image of a homogeneous function of weight k on
lattices is still a homogeneous function of weight k on lattices.
But we want to check that T, F' preserves the image of the space of modular forms and hence
that T, F' induces an action on modular forms.

In order to do this, we make a previsional definition of 7, acting on My (SLy(Z)) and
Si(SLy(Z)) -

DEFINITION 2. Fr,y =T, F}

Using Definition 2 we derive a precise formula :
T.f(z)=n*" > fyR)(cz+d)*
YESLa(Z)\Mn

Where M,, is the set of matrices in Ms(Z) of determinant n, on which SLy(Z) acts by left
multiplication.



This is motivated by the fact that, in order to produce all the sublattices of (1,z) of index
n, we apply to z various mobius tranformations corresponding to matrices of determinant n.

It is now clear that T), preserves holomorphicity, it remains to show that it also preserves
the growth properties.

THEOREM 3. 1) If f =>""_ a(m)q™ belongs to My(SLy(Z)), then

To(f Z Y dla q" (1)

m=0 d|(m,n)

In particular if n = p prime, then

=Y a(mp)q™ +pF Y alm)g™
m=0 m=0

2)
Z dk len

d|(m,n)
In particular, 1) shows that T;, preserves Modular and Cusp forms, and 2) implies :
T. T = Tom if (myn) =1
Tprt = Tpt+1 +pk_1Tpt—1
In order to prove Theorem 3 we need the following lemma :

/ b/
LEMMA 1. Ewvery orbit SLo(Z) (a

, d’) € SLy(Z) \ M, has a unique representative of the
c

form <g Z) with ad=n ; a,d>0;0<0b<d.

*

g

/ /
o (Z, 2,) = (; :) with determinant =n

a * .
(0 d) with ad = n;ad > 0

Proof : Let ged(d', ') = g, and let a = ( :/) € SLy(7Z)

Q|

Then



-1 0
Here we can assume by eventually multipying by ( 0 1) that a,d > 0

Also since 1 ¢ a b\ [(a b+td
0 1 0 d) \o d

there exists a unique ¢ € Z such that b+ td € [0, d)

Hence SLy(Z) (Z, 2,) = SLy(Z) (g Z) withad=n;a,d>0;0<b<d. O

Proof of theorem 3 :
1) We can rewrite (1) as

1 . .az+b
To(f)(z) = n" > (ez+ ) ()
y= (a b) GSLQZ\Mn
c d

which, using the lemma :

= az+b
AP I

a,d>0 b=0

ad=n

By bringing in the Fourier expansion

_ nk—l Z io: d—ka(m>62ﬂim(%+b)

_ nk—l Z Z d—ka(m)qma/d(€27rim/d)b

if we rearrange

oo d—1
_ nk—l Z d—k Z a(m>qma/d( (627rim/d)b)
a,d>0 m=0 b=0

Here we note that
d—

Z((e%im/d)b) =dif dlm and 0 otherwise

b=0

[y



hence

:nk—l Z dl—k f: qam/d

a,d>0 dlm=0
ad=n
by changing variables m — md
[o.¢]
— § : ak—l a(dm)q“m
a,d>0 m=0

finally we group terms

2) Exercise
0J



