COHOMOLOGY AND OBSTRUCTIONS: COMMUTATIVE
ALGEBRAS

MICHAEL BARR

Introduction

Associated with each of the classical cohomology theories in algebra has been a theory
relating H? (H? as classically numbered) to obstructions to non-singular extensions and
H' with coefficients in a “center” to the non-singular extension theory (see [Eilenberg &
Mac Lane (1947), Hochschild (1947), Hochschild (1954), Mac Lane (1958), Shukla (1961),
Harrison (1962)]). In this paper we carry out the entire process using triple cohomology.
Because of the special constructions which arise, we do not know how to do this in
any generality. Here we restrict attention to the category of commutative (associative)
algebras. It will be clear how to make the theory work for groups, associative algebras and
Lie algebras. My student, Grace Orzech, is studying more general situations at present.
I would like to thank her for her careful reading of the first draft of this paper.

The triple cohomology is described at length elsewhere in this volume [Barr & Beck
(1969)]. We use the adjoint pair

G

CommAlg CommAlg
Sets
for our cotriple G = (G, ¢,d). We let

£ = GGG G,
5i — Gz(Sanz Gn+1 . Gn+2 and
e =%(-1)e"G"" —G".

It is shown in [Barr & Beck (1969)] that the associated chain complex

GRS ... S5 G*R—>GR-—>R—0

is exact. This fact will be needed below.
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More generally we will have occasion to consider simplicial objects (or at least the first
few terms thereof)

X Xn ---:>>X24>X1:>>X0

with face maps d: X, — X, _;, 0 < i < n, and degeneracies s X, ,—=X,, 0 < i <
n — 1 subject to the usual identities (see [Huber (1961)]). The simplicial normalization

theorem!, which we will have occasion to use many times, states that the three complexes
K, X, T X and N,X defined by

K, X =(ker(d: X, —X, )

i=1

with boundary d induced by d°,
T X=X

with boundary d = "7 (—1)'d’, and
N, X = Xn/ Y im(sh X, —X,)
i=0

with boundary d induced by Y ,(—1)‘d" are all homotopic and in fact the natural inclu-
sions K, X C T, X and projections 7, X — N,_X have homotopy inverses. In our context
the X, will be algebras and the d* will be algebra homomorphisms, but of course d is
merely an additive map.

We deliberately refrain from saying whether or not the algebras are required to have
a unit. The algebras Z, A, Z(T,A), ZA are proper ideals (notation A < T') of other
algebras and the theory becomes vacuous if they are required to be unitary. On the other
hand the algebras labeled B, E, M, P, R, T can be required or not required to have a unit,
as the reader desires. There is no effect on the cohomology (although G changes slightly,
being in one case the polynomial algebra cotriple and in the other case the subalgebra of
polynomials with 0 constant term). The reader may choose for himself between having a
unit or having all the algebras considered in the same category. Adjunction of an identity
is an exact functor which takes the one projective class on to the other (see [Barr &
Beck (1969), Theorem 5.2], for the significance of that remark). (Also, see [Barr (1968a),
Section 3])

Underlying everything is a commutative ring which everything is assumed to be an
algebra over. It plays no role once it has been used to define G. By specializing it to the
ring of integers we recover a theory for commutative rings.

L(see [Dold & Puppe (1961)])
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1. The class E

Let A be a commutative algebra. If A < T, let Z(A,T) = {t € T | tA = 0}. Then
Z(A,T) is an ideal of T'. In particular ZA = Z(A, A) is an ideal of A. Note that Z is
not functorial in A (although Z(A,-) is functorial on the category of algebras under A).
It is clear that ZA = AN Z(A,T). Let E = EA denote the equivalence classes of exact
sequences of algebras

0—>ZA—>A—>T/Z(A,T)—T/(A+ Z(A,T)) —0

for A < T. Equivalence is by isomorphisms which fix ZA and A. (A priori it is not a set;
this possibility will disappear below.)

Let E’ denote the set of \: A— E where E is a subalgebra of Hom 4(A, A) which
contains all multiplications Aa: A —= A, given by (Aa)(da’) = ad’.

PROPOSITION 1.1. There is a natural 1-1 correspondence E = E'.

ProoOF. Given A < T, let E be the algebra of multiplications on A by elements of T
There is a natural map T'— E' and its kernel is evidently Z(A,T). If T'> A < T’, then
T and T” induce the same endomorphism of A if and only if T/Z(A,T) =T'/Z(A,T") by
an isomorphism which fixes A and induces T/(A+ Z(A,T)) =T /(A+ Z(A,T")).

To go the other way, given \: A— F € E’, let P be the algebra whose module
structure is £ x A and multiplication is given by (e,a)(e/,a’) = (e€’, ea’ 4+ €'a + ad’). (ea
is defined as the value of the endomorphism e.) A— P is the coordinate mapping and
embeds A as an ideal of P with Z(A, P) = {(—=Xa,a) | a € A}. The associated sequence
is easily seen to be

0—>ZA—>A2oF "o M—>0

where 7 is coker\. n

From now on we will identify E with E’ and call it E.

Notice that we have constructed a natural representative P = PFE in each class of E.
It comes equipped with maps d°,d': P —= E where d°(e,a) = e + Aa and d'(e,a) = e.
Note that A = kerd' and Z(A, P) = kerd°. In particular ker d° - ker d' = 0.

P = P(T/Z(A,T)) can be described directly as follows. Let K —=T be the kernel
pair of T—=T/A. This means that

K T

T

T/A

is a pullback. Equivalently K = {(¢t,t') e T xT |t+ A =1t + A}, the two maps being
the restrictions of the coordinate projections. It is easily seen that A, = {(z,2) | z €

Z(A,T)} < K and that K/A, = P.
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Let d°,d', d*>: B— P be the kernel triple of d°,d': P—= A. This means that d°d® =
d°d', d'd' = d'd?, d°d®> = d'd°, and B is universal with respect to these identities.
Explicitly B is the set of all triples (p,p/,p”) € P x P x P with d% = d%/, d*p’ = d'p",
d’p" = d'p, the maps being the coordinate projections.

PROPOSITION 1.2. The “truncated simplicial algebra”,

0 B P E M 0

is exact in the sense that the associated (normalized) chain complex
0— kerd' Nkerd* — kerd' —= E —= M —=0

is exact. (The maps are those induced by restricting d° as in K,.)
The proof is an elementary computation and is omitted. [

Note that we are thinking of this as a simplicial algebra even though the degeneracies
have not been described. They easily can be, but we have need only for s°: E — P,
which is the coordinate injection, s%¢ = (e, 0). Recall that d: B— P is the additive map
d® — d' + d?. The simplicial identities imply that d°d = d°(d® — d* + d?) = d°d* = d'd° =
dY(d° — d* + d?) = d'd.

Finally note that ZA is a module over M, since it is an EF-module on which the image
of A\ acts trivially. This implies that it is a module over B, P and E and that each face
operator preserves the structure.

PROPOSITION 1.3. There is a derivation 0: B— Z A given by the formula
Or = (1 — s°d")dr = (1 — s°d")dz

PROOF. First we see that 9z € ZA = kerd® N kerd', since d'0x = d'(1 — s°d")dx(d" —
dYdx = 0 for i = 0,1. To show that it is a derivation, first recall that ker d® - ker d' =
Z(A,P)-A=0. Then for b,,b, € B,

Ob, - by + by - Oby = (1 — s°d")db, - d°b, 4 d"b, - (1 — s°d°)db,
= d’b; - d°by — d'by - d°by + d?b, - d°by — $°d°d®b, - d°b,
+d'by - d°by — d'by - d'by + d'by - d*by — d'by - s°d°d?D,

To this we add (d?b; — d'by)(d?b, — s°d°d*b,) and (s°d°d*b, — d*b,)(d°b, — s°d°d>b,), each
easily seen to be in ker d° - ker d! = 0, and get

d°b, - d°, — d'b, - d'by + d2b, - d*b, — s"d°d%b, - s"d°d%b,
= d’(byby) — d' (byby) + d*(byby) — s°d°d(b1Dy)
= (1 — s°%d%)d(b,by) = O(byb,) .
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2. The obstruction to a morphism

We consider an algebra R and are interested in extensions
0—A—T—R—0

In the singular case, A?> = 0, such an extension leads to an R-module structure on A.
This comes about from a surjection T'— E where F € E, and, since A is annihilated,
we get a surjection R — F by which R operates on A. In general we can only map
R— M. Obstruction theory is concerned with the following question. Given a surjection
p: R— M, classify all extensions which induce the given map. The first problem is to
discover whether or not there are any. (Note: in a general category, “surjection” should
probably be used to describe a map which has a kernel pair and is the coequalizer of
them. ) Since G R is projective in the category, we can find p,: GR— E with TPy = PE- If
do d: P — F' is the kernel pair of 7, then there is an induced map u: P — P such that
du = dl i = 0,1 which is easily seen to be onto. The unlversal property of P guarantees
the existence of a map p;: G2R — P with d'p, = pye’, i = 0,1. Projectivity of G*R
and the fact that u is onto guarantee the existence of p;: G*R — P with up, = p;, and
then d'p, = d'up, = cﬁﬁl = pye’, © = 0,1. Finally, the universal property of B implies
the existence of p,: G*R — B with d'p, = p,e’, i = 0,1,2. Then 9p,: G?’R — ZA is
a derivation and dp,e = (1 — s%d%)dp,e = (1 — s°d°)p,ee = 0. Thus Ip, is a cocycle in
Der(G®*R, ZA).

PROPOSITION 2.1. The homology class of dp, in Der(G*R, ZA) does not depend on the
choices of py, py and py, made. (py actually is not an arbitrary choice.)

PROOF. dp, = (1 — s%d")p,e and so doesn’t depend on p, at all. Now let 0y, oy be
new choices of py, p;. Since mp, = ep = 7p,, there is an h%: GR — P with d°h° = p,,
d'h® = o,. Again, since u is onto, there ex1sts hY: GR—> P with uh® = A%, and then
d°h® = p,, d*'h° = o,. Also 7d’p; = 7pye® = 10y’ = 7d’0; = wd'o, and by a similar
argument we can ﬁnd v:G*R — P with d°v = d°p, and dlv = d'o;. Now consider
the three maps py,v, W GPR— P. d°p; = d%, d'v = d'o, = o,e! = d'h%! and
d°hPe! = p,e' = d'p,, so by the universal mapping property of B, there is h°: G*R— B
with d°h° = p,, d*h° = v, d>h°® = hPe'. By a similar consideration of hoe v, 0,: GPFR—=P
we deduce the existence of h': GQR% B such that d°h! = h%d°, d'h! = v, d*h' = o,.
The reader will recognize the construction of a simplicial homotopy between the p, and
the o;. We have
(00 — ahM)e = (1 — §°d° d( hh)e
— SOV (R — AR+ RO — dOh + d'h — d?hY)e

)
)(d
Odo)(d — d*h' + hO%' — hPe°)e
)
)

— —
C/a

1—5"d°)(p, — o, + h%)e = (1 — s°d")(p, — o))e

(
=
=(1-
=
= (

1 —sd")d(p, — 0,) = dp, — Doy
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This shows that dp, and do, are in the same cohomology class in Der(G3R, ZA), which
class we denote by [p] and which is called the obstruction of p. We say that p is unob-
structed provided [p] = 0. "

THEOREM 2.2. A surjection p: R —= M arises from an extension if and only if p is
unobstructed.

PROOF. Suppose p arises from
0—A—T—R—0

Then we have a commutative diagram

0 K T R 0
Yo 11 p
0 B P E M 0

where €%, e': K —= T is the kernel pair of T — R and t°:T — K is the diagonal
map. Commutativity of the leftmost square means that each of three distinct squares
commutes, i.e. with the upper, middle or lower arrows. Recalling that £ = T/Z(A,T)
and P = K/A, we see that the vertical arrows are onto. Then there is a 0, GR —T
with vy,0, = p,. Since K is the kernel pair, we have o,: G*R —= K with e'o, = 0,¢’,
¢t = 0,1. Then v,0, is a possible choice for p; and we will assume p; = v,0;. Then
Opy = (1 — s°d°)pe = (1 — s°%d°)v 006 = v (1 — t%%)o,e. But (1 — t%°)oe = 0 and
el(1 — t% )0 = (' — e)oe = oy(e! — e%)e = oyee = 0, and since €, e! are jointly
monic, i.e. define a monic K —=T x T, this implies that v;(1 — t°e®)oe = 0.

Conversely, suppose p, py, P, Py are given and there is a derivation 7: G2 R—=Z A such
that dp, = 7e. Let p;: G?R—= P be p, — 7 where we abuse language and think of 7 as
taking values in P O ZA. Then p, can be easily shown to be an algebra homomorphism
above p,. Choosing p, above p; we have new choices p, p,, p;, P, and

0Py = (1 — 8°d")dpye = (1 — °d")pe = (1 — s°d")(p; — 7)e
= (1—5"d)pe — (1 — s°d")re = Op, — 76 = 0,

since (1 — s°d°) is the identity when restricted to ZA = kerd® Nkerd'. Thus we can
assume that p,, p;, p, has been chosen so that dp, = 0 already.

Let
Q q1 P
g dt
GR E

Po
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be a pullback. Since the pullback is computed in the underlying module category, d*
is onto so ¢, is onto. Also the induced map kerq, — kerd! = A is an isomorphism
(this is true in an arbitrary pointed category) and we will identify ker g, with a map
a: A—= (@ such that ¢;a = kerd'. Now let u°, u': G*R— Q@ be defined by the conditions
qu’ = s°d°py, guu’ = €% qut = p,, gu' = €. In the commutative diagram

0
A A
GRR——=Q—1—>T
(IL ¥
G*R——=GR———R
0 0

the rows are coequalizers and the columns are exact. The exactness of the right column
follows from the commutativity of colimits. We claim that the map a is 1-1.

This requires showing that ima Nker ¢ = 0. ker ¢ is the ideal generated by the image
of u =u® —u'. Also ima = ker g,. Consequently the result will follow from

PROPOSITION 2.3. The image of u is an ideal and imwu N ker g, = 0.

PRrROOF. If x € G?R, y € Q, let 2’ = §g,y. We claim that u(z2’) = uz - y. To prove
this it suffices to show that qu(zz’) = gq;(ux - y) for i = 1,2 (because of the definition of

pullback). But
qu(rz’) = e(za’) = "x - % — elw - et/
=0 qyy — €1 gy = gp(u’z - y) — go(u'z - y)
= ¢y(uz - y)

Next observe that our assumption is that (1—s%')p, is zero on ime = kere. In particular,
($°d*~1)p,6 = 0. (6 = e%5—e'd = 0.) Also (s°d°—1)p,z-(s°d*—1)q,y € ker d°-ker d* = 0.
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Then we have,
qu(zr’) = (qu’ — qu')(ez’) = (s"d°p; —p;)(za)
= "d"p,x - $°d°2’ — p,x - p,a’

= (s"d°pyx — py2)s’d°pya’ + pya - (s°d°pya’ — pya’)

»
o
SH
o
|
—
S
=
8
X
)
NS
_|_
—~
»
o
SH
o
|
—_
~—
S
=
8
—
»
o
SH
—
|
—_
~—
X
)
<

Now if ux € ker gy, then 0 = gyuzr = ez, * € kere = ime, and 0 = (s%d° — 1)p;x = quz.
But then uz = 0. n

Now to complete the proof of 2.2 we show

PROPOSITION 2.4. There is a 7: T — E which is onto, whose kernel is Z(A,T) and such
that pp = 7.

PROOF. Let 7 be defined as the unique map for which 7q = d°q,. This defines a map, for
d’qu’ = d°s°d°p, = d°p, = dqyu’. T is seen to be onto by applying the 5-lemma to the
diagram,

0 A T R 0
= l— p
A E M 0

since p is assumed onto. 7rq = 7d’q, = wd'q, = 7pyq, = peq, = ppq and q is onto,
so 77 = pp. Now if we represent elements of @) as pairs (z,p) € GX x P subject to
poxr = d'p, T(x,p) = d°p. Then ker7 = { (z,p) | ®°p =0}. That is,

ker 7 — ker d°
d*| ker d°

GX E

Po
is a pullback. A is represented as { (0,p') | d'p' =0}. Now
Z(A,T) ={(z,p) €Q|d'p' =0 = pp' =0}
={(z.p)c@peZ(AP)}
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It was observed in Section 1 that Z(A, P) = kerd'. Thus Z(A,T) = {(z,p) € Q | p €
kerd'} = kerr. =

3. The action of H!

This section is devoted to proving the following.

THEOREM 3.1. Let p: R—=M be unobstructed. Let 3 = Xp denote the equivalence classes
of of extensions
0—A—T—-R—0

which induce p. Then the group H'(R, ZA) acts on Xp as a principal homogeneous rep-
resentation. (This means that for any ¥ € 3, multiplication by ¥ is a 1-1 correspondence

HYR,ZA) = 3.

PROOF. Let A denote the equivalence classes of singular extensions
0—ZA—U-—-R—0

which induce the same module structure on ZA as that given by p (recalling that ZA is
always an M-module). Then A = H'(R,ZA) where the addition in A is by Baer sum
and is denoted by A; + Ay, A, Ay € A. We will describe operations A x 3 —33, denoted
by (A,X)—~A+ %, and ¥ x ¥ — A, denoted by (3, %) =X — 3’ such that

a) (A + M) +X=A + (A, +X)
b) (21_22)+22221
o) (A+Y)—2=A

for A,A;, A, € A, X,3,,5, € ¥ (Proposition 3.2). This will clearly prove Theorem 3.1.
We describe A + X as follows. Let

0—>ZA—>U-2>R—>0ecA

0—A—->T-2>R—>0eY

(Here we mean representatives of equivalence classes.) To simplify notation we assume
ZA<Uand A<T. Let

V U

T R

be a pullback. This means V = {(t,u) € T x U | ot =t¢u}. Then I = {(z,—2) | z €
ZA}Yy < V. LetT'=V/I. Map A—T" by ar>(a,0)+1. Map T"—=R by (t,u)+ It =
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1u. This is clearly well defined modulo I. Clearly 0—= A—=T" 7 R—0is a complex
and ¢’ is onto. It is exact since ker(V —= R) = ker(T'—= R) x 0 + 0 X ker(U — R) =
Ax04+0x ZA=Ax0+1 (since ZACA). Z(T',A) ={(t,u)+1 € V/I|te Z(T,A) }.
Map T"—T/Z (T, A) by (t,u) + I+t + Z(T, A). This is well defined modulo I and its
kernel is Z (1", A). Since U — R is onto, so is V — T, and hence 7" —T/Z(T, A) is
also. Thus T"/Z(T", A) = T/Z(T, A) and the isomorphism is coherent with ¢ and ¢’ and
with the maps T'<— A—=T". Thus

0—sA—T - R_s0cex

(This notation means the sequence belongs to some ¥/ € 3.)
To define ¥, — X, let ¥, be represented by the sequence

0—A—>T -2+ R—>0, i=1,2

)

where we again suppose A < T;. We may also suppose 1T, /Z(A, 1)) = E =1T,/Z(A,T)

and T LR T, are the projections. Let

T

|44

1,
be a limit. This means W = {(¢,,t,) € T} x T, | 7yt; = Tty and @ t; = p,t, }. Then
J={(a,a) |lae A} <W. Map ZA—=W/J by z+>(2,0) + J and ¢: W/J — R by
(t),to) + J=@it; = @oty. If (t,t5) +J € ker g, then pt; = 0 = @yt,, so t,t, € A. Then
Thus ZA C keryp, and clearly kerp C ZA. Now given r € R, we can find ¢, € T,
with ¢;t;, = r, i = 1,2. Then w(rt; — Tyly) = 7Tty — Tty = ppit; — Pty = 0, so
Tyt; — Toty = Aa for some a € A. (Recall \: A— E is the multiplication map.) But then
Tty = To(ty + a) and v t; = @y(ty + a), so (t,,ty +a)+J € W/J and p(ty,t, +a) = 7.

Thus ¢ is onto and
0—ZA—W/J—R—0€c€ A

Note that the correct R-module structure is induced on ZA because p is the same.

PROPOSITION 3.2. For any A, A, A, € A, ¥, 3,2, € 3,

a) (A +A)+X=A + (A +X)
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b) (X —%) + 5, =5,
c) A+X)—X=A

PROOF. a) Let
0—=ZA—U-Y~R—~0, =12,

0—>Z—>T-2>R—>0

represent A, Ay, ¥ respectively. An element of (A; + A,) + X is represented by a triple
(uy,uy,t) such that ¥(uy,uy) = @t where ¥(uy,uy) = yu; = Pyuy. An element of
Ay + (A, + X) is represented by a triple (uy, u,,t) where ¥,u; = ¢'(uy, t) and ¢'(uy, t) =
Yyu, = pt. Thus each of them is the limit

N
N

modulo a certain ideal which is easily seen to be the same in each case, namely
{(21,29,25) | 2, € Z and 2, + 2y + 23 = 0 }.

b) Let ¥, and ¥, be represented by sequences 0—A—1; %> R—0. Let 7. T,—=F
as above for 1 = 1,2. Let (3; — X,) + X, be represented by

0—A—T—R—0

Then an element of 7" can be represented as a triple (t;,1,,t,) subject to the condition
Tty = Toty, 1t = @oty = oth. These conditions imply that ¢, —t, € A and we can
map o: 1T —= T, by o(t,,ty,ty) = t; + (t, —t,). To show that ¢ is an algebra homo-
morphism, recall that 7t; = 7,¢, implies that ¢, and ¢, act the same on A. Now if
(tla t27 tl2)7 (817 S2; 8,2) S T7

0ty ta,ty) - (81,89, 85) = (1 + (t —15)) (51 + (85 — 5,))
=1;8) +11(s5 — 85) + (ty — t5)sq + (T3 — 15) (55 — 85)
= 1181 +15(55 — 85) + (ty — 15)85 + (85 — £5) (85 — 55)
=118 + 158y — ty8y = 0(t151,555, 1553)

= a((t1, 15,15) (51, 55, 53))
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Also the diagram
0 A T R 0

0 A T, R 0

commutes and the sequences are equivalent.
¢) Let A and ¥ and (A + X) — 3 be represented by sequences

(]

0 ZA U R 0

0—A—->T-2>R—>0

wl

0 ZA v’ R 0,

respectively. An element of U’ is represented by a triple (¢, u,t") subject to pt = u = pt’
and 7t = 7t’. The equivalence relation is generated by all (z,a—z,a),a € A, z € ZA. The
relations imply that ¢t —t' € Z A, so the map o: U'—U which takes (¢, u,t')r=u+ (t — 1)
makes sense and is easily seen to be well defined. For s,s',t,t' € T, u,v € U, we have

o(t,u,t')o(s,v,8) =(u+t—t)(v+s—14)
=w+u(s—s)+{t—thHhv+({t—1t)(s—5)
=uv+t(s—s)+ ({t—1t)s
=uv+ts—t's = o(ts,uv,t's")
=o((t,u,t')(s,v,5))

Since ZA—=U’ takes z+=(z,0,0) and ¢/(t,u,t') = Ypu = Yu + ¥(t — t'), the diagram

0 ZA U R 0
0 ZA U R 0
commutes and gives the equivalence. [

4. Every element of H? is an obstruction

The title of this section means the following. Given an R-module Z and a class £ €
H?(R, Z), it is possible to find an algebra A and an E € EA of the form

0—ZA—A—FE—M-—0
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and a surjection p: R — M such that Z = ZA as an R-module (via p) and [p] = £. Tt
is clear that this statement together with Theorem 2.2 characterizes H? completely. No
smaller group contains all obstructions and no factor group is fine enough to test whether
a p comes from an extension. In particular, this shows that in degrees 1 and 2 these
groups must coincide with those of Harrison (renumbered) (see [Harrison (1962)]) and
Lichtenbaum and Schlessinger (see [Lichtenbaum & Schlessinger (1967)]). In particular
those coincide. See also Gerstenhaber ([Gerstenhaber (1966), Gerstenhaber (1967)]) and
Barr ([Barr (1968a)]).

THEOREM 4.1. Every element of H? is an obstruction.

PROOF. Represent ¢ by a derivation p: G3R — Z. This derivation has the property that
pe = 0 and by the simplicial normalization theorem we may also suppose pd® = pé* = 0.
Let V = {(2,2) € G?Rx Z | ¢'z = 0}. (Here Z is given trivial multiplication.) Let
I ={(E%,—py) |y € G3Rely =%y =0}. I CV for ele¥y = %2y = 0. 1 claim
that I < V. In fact for (z,2) € V, (%, —py) € I, (z,2)(e%, —py) = (z - €%,0). Now
8%z -y € G3R satisfies €°(8%z - y) = x - %, €'(0% - y) = '6°xe’y = 0, i = 1,2. Moreover
p(6% - y) = pdx -y + 6°x - py. Now pd° = 0 by assumption and the action of G*R on Z
is obtained by applying face operators into R (any composite of them is the same) and
then multiplying. In particular, 8%z - py = e'e'd% - py = el - py = 0, since e'x = 0. Thus
(z,2)(e%, —py) = (°(8° - y), —p(6°z - y)) and I is an ideal. Let A = V/I. T claim that
the composite Z —=V —=V/I is 1-1 and embeds Z as ZA. For if (0,2) = (%, —py),
then %y = ely = %y = 0 so that y is a cycle and hence a boundary, y = €z. But then
py = pez = 0. This shows that ZNIT=0. If (z,2)+ 1 € ZA, (z,2)(2',2) = (z2',0) € I
for all (2/,2') € V. In particular e(zz’) = e%(x2’) = % - €% = 0 for all 2’ with &'z’ = 0.
By the simplicial normalization theorem this mean €%z - kere = 0. Let w € GR be the
basis element corresponding to 0 € R. Then w is not a zero divisor, but w € kere. Hence
€2 = 0 and = = ey and by the normalization theorem we may suppose 'y = %y = 0.
Therefore (z,z) = (%, —py) + (0,2 + py) = (0,2 + py) (mod I). On the other hand
Z+1CZA.

Let GR operate on V by y(z,z) = (dy - x,yz) where GR operates on Z via pe. I is
a G R-submodule for ¢/ (%, —py) = (8¢ - %, —y' - py) = (°(60y - y), —p(8dy’ - y)), since
p(60y - y) =80y - py + pddy -y =y - py. Hence A is a G R-algebra.

Let E be the algebra of endomorphisms of A which is generated by the multiplications
from GR and the inner multiplications. Let p,: GR— E and A\: A— E be the indicated
maps. Then F = imp, + im A. This implies that mp, is onto where m: EF— M is coker.

Now we wish to map p: R— M such that pe = mp,. In order to do this we must show
that for z € G*R, p,e’z and p,e'z differ by an inner multiplication. First we show that if
(2',2) € V, then (z-2' —6e%z-2/,0) € I. In fact let y = (1—6%"')(6'y-6%2). Then ely =0
and %y = 0 also, since £2§°2’ = de'a’ = 0. % = (e — &')(§'x - 6%') = 6%y -z — x - 2.
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Finally py = 0 because of the assumption we made that pd* = 0. Now

(0% — de'a)a, vz — x2)

(pogox - p051$)($/7 z)

((x — de'x)a’,0) (mod I)
= (x — de'z,0)(2, 2)

where (z — de'x,0) € V. Thus we have shown
LEMMA 4.2. pyex — pye'z is the inner multiplication \((x — de'z,0) + I).

Then map p: R— M as indicated. Now 7p, = pe is a surjection and so is p.

P is constructed as pairs (e,a), e € E, a € A with multplication (e,a)(¢’,a’) =
(ee/,ed + €'a + ad’). Map p;: G*R— E by p;z = (pye'xz, (x — §°%'2,0) + I). Then
d°pyx = pyetz + A((z — 6%, 0) + 1) = poe'x + pye’s — poe'z = pye’x by Lemma 4.2. Also
d'pyxz = pye'z and thus p, is a suitable map. If p,: G®R — B is chosen as prescribed,
then for any =z € G3R,

(1 — s°d")dpyx = (1 — s%d")p,ex

= (1 - §%d")(pye'ex, (cx — 6% ex,0) + 1)

= (pyc'ez, (ex — 0°e'ex,0) + I) — (pyctex, 0)

= (0, (ex — 8%'ex,0) + 1)
The proof is completed by showing that (ex — §%c'ex,0) = (0, pz) (mod I). Let y =
(1 —6%Y)(1 — 6'e®)z. Then ely = ey = 0 clearly and % = (e — &) (1 — §'e?)z =

(9 —el +e2— %10 = (¥ —el +62 — 0% (¥ — el +&2))z = (e — 6% e)x, while py = pr,
since we have assumed that pd* = 0. Thus dp = p and [p] = €. This completes the proof.m
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