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Chapter 1

Some Probability Background

1.1 Review of Conditional Expectation

Definition. Let X and Y be random variables and suppose fy|x (y|z) is the conditional density (or con-
ditional probability) function of Y given that X = x. Then if  is such that fy|x(y|z) is defined (that is, if
fx(xz) > 0), we define

f_oooo &) fyx (ylr)dy, ifY is a continuous random variable;

E@Y)|X =z) = {

>y ) frx (y]@), if Y is a discrete random variable;

to be the conditional expectation of ¢(Y') given that X = x. Temporarily let h(z) = E(¢(Y)|X = z). Then
we define E(¢(Y)|X) = h(X) to be the conditional expectation of ¢(Y) given X.

Notice that one gets E(¢(Y)|X) by replacing x in the expression for E(¢(Y)|X = z) by X. Thus whereas
E(¢(Y)|X = z) is a function of the numerical variable z, E(¢(Y)|X) is a random variable.

We now examine several examples of computing conditional expectations.

Example 1.1. Suppose that X and Y are jointly continuous random variables with joint density function
given by:

F(z,y) z+y, if0<zy<l;
Zz, = .
4 0, otherwise.

Find (i) E(Y?|X = ) and (i) E(Y?|X).

Solution. The marginal density function of X is

fx(ff):/+oof(x y)dyZ{f01$+ydy:x+'5v if0<a<l;

—oo 0, otherwise.

Then the conditional density function of Y given X = z is
Frix (ol) undefined; if fx(x) =0,
v|x\Y|T) = z .
| K i fx@) >0
undefined; ifz <0orz > 1,

= fjrr%, ifo0<uxy<l;
0, otherwise.

Ifz<0orz>1, E(Y?X = 1) is therefore not defined, while if 0 < z < 1, then
+oo 1 2.’E+y B %+25

2
dy = — .
v fyx (ylx) dy /O L

EY)X =z) = /

—00

5



6 CHAPTER 1. SOME PROBABILITY BACKGROUND

Finally, replacing z by X gives E(Y?|X) = %(-:-255 Tt is interesting to note (in view of theorem 1.1) that we
have N L
24 .25 3 +.25 5
E[E(Y?|X)] = 5 d:/s St By dr= >
0] = [ D e = [ T2k e = o
while

400 1 5
E(YQ):/ y2fy(y)dy:/0 y2(y+.5)dy:1—2,

— 00

and so we have E[E(Y?|X)] = E(Y?). We shall see in theorem 1.1 that this type of statement is true in
general.

Example 1.2. Let X and Y be independent random variables, each having the geometric distribution
with parameter p; that is, assume that X and Y have probability function

fl@)=pg"~ ', x=1,2,3,...

where 0 <p<land ¢g=1—p. Find (i) E(Y|X +Y =n) and (ii) B(Y|X +7Y).

Solution. Let Z = X +Y. We will begin by computing fy|z(y|z). We have

gl = P = pZ=2h Py =y X —zoa} Pr{Y =y} Pr{X =z a)
v|z\YlZ2) = Pr{Z = 2} - Pr{Z = z} o Pr{Z =z} .

Before going further, we have to compute the probability function of Z which appears in the denominator
in the last term. This could be done by the convolution method, or by the method of moment generating
functions, but let us take a more “probabilistic” approach. X can be thought of as the number of tosses of a
coin with probability p of getting heads, until the first head occurs, and Y the number of additional tosses
until the second head occurs. Then Z is the number of tosses required to get two heads, and so

z—1 _ Y
Pr{Z ==z} = ( 1 )pqz z . D =(z=1Dp*¢ % 2=23,...
—_— head on zth toss

one head in z—1 tosses

(Note that Z has the negative binomial distribution). Continuing on then,

I R
fY\Z(y|Z) = (Z*l)p2q272 = Z*l’ Yy = 1727"' 72_17 222737"-

Thus, conditional on Z = z, the random variable Y is uniformly distributed on the integers 1,2,...,z — 1.
For the conditional expectation, we then have

z—1

1 z
EY|IX+Y =2 = . == =2
YIX+Y=2)=) y —5 =5 2=23
y=1
Finally, substituting X + Y for z, we have
X+Y
EYX+Y)= 21

2

Again, we note that

= E(Y)

BIE(Y|X +Y)] = E|:X+Y:| _ E(X)+E(Y)

2 2

(since E(X) = E(Y)), the same type of result as in example 1. This is not an accident, as the following
theorem shows.
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Theorem 1.1.1 (The Law of Total Expectation) For any random variables X and Y, we have
E(Y)=E[E(Y|X)],

or in less succint notation,

B(Y) = [T EY|X =2)fx(z)dz, if X is a continuous random variable;
YL EY|X =2)fx(x), if X is a discrete random variable;

where fx(x) is the density function, or probability function of X, depending on whether X is continuous or
discrete.

Proof. Let us suppose that X is a discrete random variable. Then

h Zy ny|X(y|$)) Ix(x); if Y is discrete,
doe f yfyix(ylz) dy) fx(z); ifY is continuous,

Z Z yf x,Y); if Y is discrete,
yf x,y)dy; ifY is continuous,

{Z yZ f(z,y); if Y is discrete,
EY

E[E(Y|X)] =) E(Y|X =2)fx(z) =

yz f(z,y)dy; ifY is continuous,

Z ny if Y is discrete,
ny dy, if Y is continuous,

|

The proof is identical, except for the obvious changes, if X is a continuous random variable. Note that

in the above proof, > means “sum over all values z in the range of the random variable X”. It is possible

that fy|x(y|z) might be undefined for such a value x, but this can happen only if fx(z) = 0, in which

case the term corresponding to this x contributes nothing to the sum. The case where Y is continuous in

the above proof might appear strange, for then f(z,y) is the joint “density”function of a discrete random

variable X and a continuous random variable Y. Handling discrete and continuous random variables jointly

is a common occurrence. The best and most intuitive method is to specify their joint distribution by means
of the conditional density function, as in the example below.

Example 1.3. 25 per cent of the transistors in a large bin are type 1 transistors, 25 per cent are type 2
transistors, and the remainder are type 3. The lifetime of a type 1 transistor is exponentially distributed
with mean 1 hour. The lifetimes of type 2 and 3 transistors are exponential with means 30 minutes and 20
minutes respectively. What is the lifetime distribution of a transistor chosen randomly from the bin? What
is the mean lifetime of such a transistor?

Solution. Let X = the type (1,2, or 3) of the chosen transistor, and let Y denote its lifetime. Then X has
probability function

25 ifx=1,
fx(@) =425 ifz=2
50 ifx=3,

and the conditional density of Y given X is

rxe ™ if y >0,

fyix(ylz) = {0 ity <0
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for = 1,2,3. From the formula f(z,y) = fy|x(y|z)fx(x), we easily find
f(Ly)=25¢7Y,  [f(2,y) =.50e", [f(3,y)=1.5e""

for y > 0, and f(x,y) = 0 when y < 0. Then, in the usual way,

25e7Y + .50e"% + 1.5e 73 if y > 0,
fy(y)—zm:f(x,y)—{o iy < 0.

This answers the first question. The answer to the second may now be directly computed as 13/24. However,
E(Y) may also be computed from the law of total expectation, without doing the first part of this problem.
We have

E(Y)=E[E(Y|X)] = 25E(Y|X =1) + 25E(Y|X = 2) + 50E(Y|X = 3)

1 1
= (.25 x 1) + (.25 x 5) + (.50 x §)
13
247

Example 1.3. Mrs. Brown owns a candy store which is frequented by the neighbourhood children. Suppose
that the amount of time Mrs. Brown requires to serve a typical customer is a random variable with mean
2 minutes, and that in any period of time of length ¢ minutes, the number of customers who will enter the
store is a random variable with mean 3t.

Linus, a steady customer, arrives at the store to purchase his usual fare. What is the expected number
of customers to arrive during the time that Linus is served by Mrs. Brown?

Solution. Let T = the service time of Linus, and N = the number of customers to arrive while Linus is
being served. Note that T is continuous and N is discrete. There is not enough information to determine
the joint distribution, but we do not need this anyway.

If we knew the exact value of T, the problem would be easy. If, say, T = t, then the answer would be 3t.
In other words, E(N|T = t) = 3t. This means that E(N|T) = 3T. But then by the law of total expectation,
we have

E(N) = E[E(N|T)] = E(3T) = 3E(T) = 6.
Proposition 1.1.2
(1) For any function ¢(z,y), we have E(¢(X,Y)|X = z) = E(¢(2,Y)|X = ).
(2) If X and Y are independent, E(Y|X = x) = E(Y) for all z, and E(Y|X) = E(Y).

Proof. Part(2) is easy to show, at least when X and Y are either both discrete or both continuous. Hence
we prove only part 1, and this only in the case where X and Y are both discrete. We have

Z Z d(z*,y) Pr{X =2*)Y = y|X =2}

z*€Rx yERy

Z Z ¢(m*,y)Pr{X =z X =Y =y}

z*€Rx yERy PI‘{X = ZL’}

_ Z ¢(m7y)Pr{X:x,Y:y}

E(@(X,Y)|X =)

el Pr{X =z}
= 3 ) Pr{Y = ylX =2}
YyERy

= E(¢(z,Y)|X =),
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as required. In the above argument, x is fixed, and x* was used to denote an arbitrary value of X. We also
used the fact that

Pr{X =2Y =y} ifz*=uxz,

Pr{X=z"X=2Y=y}=
2 * v vh {0 if x* # x.

We will use the results of this proposition in the next example.

Example 1.4. Suppose we have a sequence X7, Xo,... of identically distributed random variables. Let N
be another random variable, independent of the random variables X1, X5, ..., and taking values in the set
{0,1,2,...}. For any integer n > 0, define

g — 0 if n=0,
"X+ Xo 4.+ X, ifn> 1

Show that E(Sy) = E(X)E(N), where F(X) denotes the expectation of any one of the random variables
X1, Xo,. ...

Before giving the solution, let us make clear what is meant by Sy. Sy is a sum of a random number N of
random variables. Suppose w is an outcome in the sample space. Then Sy is defined by Sn(w) = S (w)(w).
To give a numerical illustration, suppose that

Nw)=3, Xij(w)=2, Xo(w)=-05 X3w)=-1, Xyw)=1T.

Then
SN (w) = Sn(w) (W) = S3(w) = X1 (w) + Xo(w) + X3(w) = 0.5.

Solution. The solution would be very simple if N were constant and not a random variable. The way
to achieve this is to use the law of total expectation and write E(Sy) = E[E(Sy|N)]. This is called
“conditioning on N”. In order to compute E(Sy|N), we first calculate E(Sy|N = n). We have, by parts 1
and 2 of the last proposition, and the fact that NV is independent of S,, for every n,

E(SNy|N =n) = E(S,|N =n)=E(S,)=E(X1)+...+ E(X,) =nE(X), n>0.
Then E(Sy|N) = NE(X), and so by the law of total expectation, we have
E(Sn) = E[E(Sx|N)] = E[NE(X)] = E(N)E(X)

as required.

Problem 1.2. In example 1.4, suppose that X7, Xo,... are independent of each other as well. Show that
Var(Sy) = E(N)Var(X) + (E(X))*Var(N).

Example 1.5. Tent caterpillars live in colonies, and there may be several colonies on a tree. Suppose that
the mean colony size is 1000 caterpillars, and the mean number of colonies per tree is 5. Then assuming
colony sizes are independent of each other and of the number of colonies per tree, find the mean and variance
of the number of caterpillars per tree.

Solution. Let N = number of colonies on the tree, and let X; be the size of the ith colony. Then Sy is the
number of caterpillars on the tree, and

E(Sy) = E(N)E(X) =5 x 1000 = 5000.

Var(Sy) can be similarily computed.
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Problem 1.3. Define the conditional variance of Y given X to be
Var(Y|X) = E(Y?|X) — (E(Y|X))*.

Show that
Var(Y) = E[Var(Y|X)] + Var[E(Y|X)].

Example 1.6. Theseus is at the centre of a labyrinth. There are three paths leading away from the centre.
One of the paths will lead Theseus out of the labyrinth after one hour’s walk. Another will lead Theseus
out after two hour’s walk, and the remaining path leads back to the centre after one hour’s walk. If, from
the centre of the labyrinth, the paths look indistinguishable to Theseus, find the expected amount of time
in hours until Theseus exits from the labyrinth.

Solution. Let us number the paths 1,2, and 3 in the order described above. There is a positive probability
that Theseus will find himself at the centre of the labyrinth several times. Let T denote the time in hours
until Theseus exits from the labyrinth, and let X denote the number of the path which Theseus initially
chooses. By the law of total expectation,

3
E(T) =Y E(T|X =i)Pr{X =i}.

=1

Now Pr{X =i} = 1/3 for each i = 1,2,3. Also, we know that F(T|X =1)=1and E(T|X =2)=2. It
only remains to calculate E(T|X = 3). This involves the path that leads back to the centre, whereupon all
conditions are the same as when he originally set out from the centre. Again he chooses one of the three
paths (each with probability 1/3) and off he goes again. Hence

E(T|X =3) =1+ E(T).

We therefore have
3

E(T)=> E(T|X =i)Pr{X =i} = %(1 +2+1+ E(T)).
i=1
Solving for E(T), we find E(T) = 2.

In the above problem, every point in time at which Theseus returns to the centre of the labyrinth is
called a renewal epoch. At each renewal epoch, the problem begins again as if we were back at time zero,
and everything that happens is independent of what went on before. You cannot completely understand the
solution above until you have used the same method to successfully solve the following problem.

Problem 1.4. Find Var(T). (Hint: use the above method to find E(T?).)

Conditional probabilities such as Pr(A|X = z) and P(A|X) where A is an event, can be defined in the
same way as E(Y|X = z) and E(Y|X). and have much the same properties. For example, if X is discrete,
then
An{X =z})

Pr(X =x)

Pr(4|X =x) = Pr(

by the usual definition of conditional probability. Corresponding to the law of total expectation, we have
the Law of Total Probability:
Pr(4) = E[Pr(A[X))],

or equivalently

Pr(A) >, Pr(A|X = z)fx(2) if X is discrete,
Tr 4 =
f_oo Pr(A|X =x)fx(z)dx if X is continuous.
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Example 1.7. In example 1.4, suppose that X7, Xs,... are independent of each other, and that each X;
has the distribution
Pr(X;=1)=p, Pr(X; =0)=gq,

where ¢ = 1 — p and 0 < p < 1. Furthermore, suppose that N has the Poisson distribution with parameter
A. Find the distribution of Sy.

Solution. For each n, S, = X1 + X5 + ... + X,, has a binomial distribution with parameters n and p.
Therefore Pr(Sy = k|N = n) = Pr(S, = kI[N =n) = Pr(S, = k) = (})p"¢" %, and so by the law of total
probability,

= — S — — _ _ = n k n—k )\ne—)\
Pr(Sy = k) = kar(sN — k[N = n) Pr(N = n) = Zk <k>p ok e
_ et )" (m)te?
K 2 (k) Kl
_ (ke
I

Thus Sy has the Poisson distribution with parameter Ap.

Example 1.8. Nicholas is in a long line at a bank with a single teller. After he arrives at the front of the
line, it takes what Nicholas thinks is an inordinately long time to be served. After he is served, Nicholas
retires to a good vantage point and observes the service times of the customers following him in the line.
Assuming that all service times are independent, identically distributed continuous random variables, find
the probability distribution and expected value of the number of people served until one experiences worse
luck than Nicholas.

Solution. Let Xy be Nicholas’s service time, and let X7, X5, X3,... be the service times of the customers

following Nicholas. We are assuming that Xy, X1, Xo,... are i.i.d. continuous random variables. Let N be

the first value of n such that X,, > Xy. We are to find the probability function and expected value of V.
First notice that {N > ’I’L} = {Xl < Xo, X9 < Xg,..., X, < Xo}, and so

P]."{N > n|X0 = .’E} = Pr{X1 < Xo, X9 < Xp,..., X, < X()|X0 = SL'}
:PI'{Xl S 1'7X2 S Ty... ,Xn S $|X0 :J}}
=Pr{X; <z,Xo<ux,...,X, <z}
=Pr{X; <z} Pr{X; <z}...Pr{X, <z}

where F'(x) is the distribution function of each of the random variables Xy, X1,.... Hence by the law of
total probability, we have

Pr{N >n} = E[Pr(N > n|Xo)| = E[(F(Xy))"].

Now recall that since X has distribution function F'(z), then Y = F(Xj) is uniformly distributed on the
interval [0, 1]. Tt follows that

1
1
Pr{N — B(Y") = "y = .
r{>n}()/0yyn+1

Now we can easily find the probability function of N. We have

11
n+1  nn+1)

Pr{N:n}:Pr{N>n—1}fPr{N>n}:%—
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for each n > 1, and so

E(N)=) nPr{N=n}=>" !
n=1 n=1

n+1

This is an interesting, even surprising result. Since Pr{N = 1} = 1/2, the very next customer after Nicholas
will experience worse luck with probability 1/2. However, Nicholas will have to wait, on the average, infinitely
long until a customer experiences worse luck than he did. Perhaps Nicholas might feel singled out for poor
treatment, but it is only the laws of chance at work.

Example 1.9 Let X and Y be independent continuous random variables with density functions fx (z) and
fy (y), and distribution functions Fx(z) and Fy (y). Let Z = X +Y. Show that

+o0 too
Fr)= [ Fe(-a)fx@de,  fa(z) = / fr (2 — o) fx () da.

— 00 — 00

Solution. The second formula is obtained by differentiating the first one with respect to z. For the first
formula, we use the Law of Total Probability to get

Fz(z)=Pr{X+Y <z} = /+OO Pr{X +Y <z|X =z}fx(x)dz

+o0 too

:/ Pr{x—|—Y§z|X:x}fX(x)da:=/ Pr{Y < z—z|X =a}fx(x)dz
“+o0

= Fy(z —z)fx(z)dz.

— 00

Example 1.10 Jill, Janet, and Jean are playing a game in which Jill and Janet each try to guess Jean’s
weight. Jill guesses first and announces her guess, and then Janet guesses and announces her guess. Who-
ever’s guess is closer to Jean’s true weight is the winner.

Note that Janet has the advantage of knowing Jill’s estimate before making her own. Can a strategy be
devised for Janet so that her probability of winning is higher than JillI’s? The answer is yes.

Let 6 = Jean’s true weight, and define

X1 = Jill's (reported) guess, X5 = Janet’s (unreported) guess.

We assume that X; and X5 are i.i.d. continuous random variables each with median 6 (i.e Pr{X; < 0} =
Pr{X,; <60} =1/2). Note that Janet’s guess X5 is independently arrived at. She does not report this guess,
but uses her knowledge of X; and X5 to arrive at her reported guess G by employing the following strategy:

G = X1 +e€ if)(2>)(17
X —e if Xo < Xy,

where € is chosen to be at least as small as the units of measurement for weight used by the three women,
so that @ cannot be closer to X; than to G.

Proposition 1.1.3 If Janet adopts the above strategy, then Pr{Janet wins} = 3/4.

Proof. Define X; = X; — 0, X, = X5 — 6, and note that X; and X, are i.i.d. continuous with median zero.
Then
Pr{Janet loses} = Pr{loses, X; < 0} + Pr{loses, X; > 6}
= PI"{XQ < X; < 9} + PI‘{XQ > X > 9}
= PI"{XQ < Xl < O} + PI‘{XQ > Xl > O}
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Let f(z) and F(x) denote the density function and distribution function of X;. Then by the law of total
probability,

+oo 0
Pr{X, < X; <0} = / Pr{X, < X; < 0|X; =z} f(z)de = / Pr{X; < z|X; = 2} f(z) dx

:/O F(x)f(x)dx:(F(—x))

since F(0) = 1/2, and similarily

Pr{Xy > X, > 0} = / Pr{Xy > X, > 0|X1 = 2} f(2) dz = / Pr{Xy > 2| X1 = 2} f(z) do
o 0

(1-F@)?* 1

+o00
- / (1~ F@)f(x) dw =~

0 8 .

|

In conclusion, conditional expectation and conditional probability are important tools of the applied

probabilist. Problems in applied probability and in particular stochastic processes usually involve several

random variables simultaneously. Conditioning allows us to effectively fix one or more of these random

variables as constants, and then concentrate on a simplified version of the problem. Once the simplified

version is solved, the Law of Total Expectation (or Probability) enables us to complete the solution of the
problem.

1.2 Probability Generating Functions

Definition 2.1. Suppose go, g1, g2, - - - is a (possibly infinite) sequence of real numbers. If there is a positive
number p such that the series

G(s) = grs" = go+ g5+ gas® + 935" + ... (2.1)
k=0

converges (to a finite number) for all s with —p < s < p, then G(s) is called the generating function of the
sequence, and we say G(s) is defined for all s with —p < s < p.

Now it may be possible, as many of the examples below will show, to “sum up”the series on the right
hand side of (2.1), and therefore obtain G(s) in “closed form” (see example 2.2 below, for instance). In that
case, the series on the right in (2.2) is the MacLaurin series expansion of G(s), with radius of convergence p.

Example 2.1. Consider the sequence go = 1,91 = —1.5,g92 = 3.2. Then the generating function of this
sequence is G(s) = 1 — 1.5s + 3.2s2.

Example 2.2 Consider the sequence g, = (—1)¥, k =0,1,2,.... The generating function for this sequence
is
G(s) =) (1) => (=) (2.2)
k=0 k=0

If —1 < s < 41, this series converges to 1/(s + 1). Hence G(s) is defined for —1 < s < +1 and has the
“closed form”
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Example 2.3. Consider the sequence g, = 3/k!, k =0,1,2,.... Then G(s) = 3> 7, s"/kl. We know
that this series converges for all s, and in fact G(s) = 3e®.

Sometimes we are given a generating function in closed form, and we want to “go backwards”to find the
sequence go, g1, 92, - - -

Example 2.4 For the generating function given in closed form as

5s 3 3

find the sequence gg, 91,92, - - -
Solution. We use the identity
1 s
1—t P
k=0
which is valid for all ¢t with —1 < ¢t < +1, to find that

5s. 5 1 5,2 — 5 2 — 5 2
=535 73" 1= 1, 3s]§(35) kZ:o?’(?’) i ;3(3) i 23)

Now the MacLaurin series expansion of a function is unique. Therefore, equating coefficients of the two
power series on the right hand sides of (2.1) and (2.3), we see that

0 if k=0
p— ’ 2.4
Tk { (21, ifk=1,2,... (24)

wlot

Alternate Solution. We can also obtain the sequence gg, g1, g2, - . . as follows. Recall from calculus that if a
function G(s) has a MacLaurin series expansion, then that expansion is

k=0

where G(¥)(s) = G(s) and G*)(s) for k > 1 is the kth derivative of the function G(s). Comparing coefficients
with the right hand side of (2.1), we see that

GH (0
gr = k!(), k=0,1,2,... (2.5)

Now the first few three derivatives of G(s) are

15 60 . 360
GV()= —" _ GO =—"_ @GO = " _
and in general, we see that
15k!2k—1
k _ _
G( )(S)—m’ k—1’2’3,...

Setting s = 0, and using (2.5), we obtain g, again as in (2.4).
The method we used in the alternate solution of this last example is important, so we write it as a
proposition.

Proposition 1.2.1 Let G(s) be a generating function. Then the original sequence go,g1,g2,... may be
obtained from G(s) from the equation

GH) (0
gr = k,( ), k=0,1,2,...
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Before going on to probability generating functions, we note that if the sequence gg, g1, g2, ... is bounded,;

that is, if for some M we have |gx| < M for all k, then the generating function G(s) of the sequence is
defined for all s with —1 < s < 4+1. This is because

oo ) 00 M
k| _ k k _

Dolgest =Y lanllsl" < MY |s|F = T <t

k=0 k=0 k=0

(provided |s| < 1) and so the series on the right hand side of (2.1) converges absolutely, and therefore
converges, if —1 < s < +1.

Definition. Suppose in definition 2.1 that the numbers gg, g1, g2, . . . are all non-negative, and furthermore
sum to 1. Then the generating function G(s) of this sequence is called a probability generating function. If
X is a random variable with values in the set {0,1,2,3,...}, then the generating function

Px(s) = E(s¥) = Y Pr{X =k}s" (2.6)
k=0
(i.e. here g = Pr{X = k}) is called the probability generating function (pgf) of the random variable X.

Remarks.

(1) Since all the coefficients g in a probability generating function G(s) are bounded by M = 1, then
G(s) is defined for all s with —1 < s < +1. Since G(1) = 1, then G(s) is also defined at s = 1.

(2) One determines the probability generating function of X from the probability function of X via equation
(2.6). Conversely, if one knows the probability generating function of a random variable X in closed
form, then the probability function of X can be calculated via proposition 2.1; namely, through the
formula

P& (0)
kKl

Pr{X =k} = k=0,1,2,... (2.7)

Thus there is a one-to-one relationship between probability functions of non-negative, integer-valued
random variables and probability generating functions.

(3) There is a close relationship beween the pgf Px (s) = E(s¥) of X and the moment generating function
(mgf) Mx(t) = E(e!X) of X. Obviously, we can get the mgf from the pgf by replacing s by e’, and
conversely the pgf from the mgf by replacing ¢ by log s. Note that whereas the mgf “generates” moments

through the formula E(X*) = M*)(0), the pgf generates terms of the probability function of X through
the formula in (2.7).

Example 2.5. Suppose X is a random variable having the distribution
Pr{X=1}=.2, Pr{X=2}=.4, Pr{X=3}=4

Find the pgf of X.

Solution. Since Pr{X =k} =0 when k =0 or k =4,5,6,..., we have

Px(s) = .25 + .45% 4 45>

Example 2.6. Suppose X has the Poisson distribution with parameter A. Find the pgf and mgf of X.
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Solution. We have
> NeemA

—FS
k!
k=0 k=0

k_ efAZ (As) — e A hs = A1)

Px(s) = k!

Replacing s by e?, the mgf is therefore
t
My (t) = Me = 1),
Example 2.7. Suppose X has the geometric distribution, with probability function given by
Pr{X =k} =pd*', k=1,23,...
where 0 < p <1 and ¢ =1 — p. Find the pgf of X.

Solution. We have

k—1_ _PS
(QS) - 1 _ qs7

NE

o0
Px(s) =Y pq"'s* =ps
k=1

k=1

provided |gs| < 1. Since g < 1, this means that Px(s) is defined over an interval larger than —1 < s < 1.

Proposition 1.2.2 (Properties of Probability Generating Functions) (1) Px(0) =Pr{X =0}, Px(1)=
1.

(2) For 0 < s <1, Px(s) is an continuous, increasing, convez function of s.
Proof. (1) is obvious. For (2), note that Px(s), being a MacLaurin series, has derivatives of all orders within
its interval of definition. Furthermore, these derivatives are obtained termwise. That is,

o0

Pi(s) = > Pr{X = k}ks* (2.8)
k=1

PY(s) =Y k(k—1)Pr{X = k}s" 2, (2.9)

M8

=
[|
v

and so on, for —1 < s < 1. Note that we will have P)((k)(s) >0 for all s with 0 < s <1, and all k.
Proposition 1.2.3 (More Properties) (1) E(X) = P%(1).

(2) Var(X) = P{(1) + Py (1) — (P (1))*.
Proof. For (1), just put s = 1 in (2.8). For (2), note that putting s = 1 in (2.9) gives P{(1) = E(X (X —1)).
Then

Var(X) = B(X?) - (B(X))” = B(X(X - 1)) + B(X) - (B(X))",

and is therefore as given.
Proposition 1.2.4
(1) If X and Y are independent, then
Px .y (s) = Px(s)Py(s).

More generally, if X1, X2, X3,..., X, aren > 1 independent random variables, and if S,, = X1+ Xo+
...+ X, then

Ps, (s) = Px, (8)Px,(s) ... Px,(s).

(Of course, all random variables here have values in the non-negative integers.)
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(2) Let X1,X2,X3,... be i.i.d. random variables, and N a random variable independent of the X[s (again,
all these r.v.’s take their values in the non-negative integers). Let the random variable Sy be as defined
in example 1.4. Then

Psy(s) = Pn(Px(s)),
where Px (s) stands for the pgf of each of the X;’s.

Proof. For (1), we have Pxy(s) = E(s*TY) = E(sXsY) = E(sX)E(sY) = Px(s)Py(s). (2) is proved in
the same way. Now for (3). Since N is independent of the X,’s, it is also independent of S,, for any n. Hence

E(s°N|N =n) = E(s*"|N =n) = E(s%) = Ps,(s) = (Px(s))".

Using the law of total expectation, we then have
Psy (s) = E(s°Y) = E[E(s°¥|N)] = E[(Px(5))"] = Px(Px(s)),
as required.

Example 2.8. Give an alternative solution to example 1.7, this time using generating functions.
Proof. We have Px(s) = ¢+ ps = 1+ p(s — 1), and from example 2.6, Px(s) = exp[A(s — 1)]. Hence by

the above proposition,
Py (s) = APx(9) = 1) _ s — 1)

By the uniqueness of pgf’s, we therefore recognize Sy as being Poisson with parameter Ap.

1.3 References

A good reference for conditional probability and conditional expectation is Probability Models by S.A.
Ross. A good reference for generating functions, and one of the greatest books on mathematics ever is An
Introduction to Probability Theory and its Applications: Volume I, by William Feller (one of the greatest
mathematicians of this century).
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Chapter 2

Two Examples of Stochastic Processes

2.1 The Galton-Watson-Bienaymé Branching Process

This will be our first example of a stochastic process. The theory of branching processes began about 1850,
and originated with Galton, Watson, and Bienaymé. It has grown into a large area of applied probability,
and much research is still being done on generalizations of what we are going to study.

The Historical Problem. Originally, interest in branching processes was fuelled by the following problem:
Let po, p1,p2,- .. be the probabilities that a man has 0,1,2, ... sons, respectively, and let each son have the
same probabilities for sons of his own, and so on. What is the probability that the male line is extinct after
r generations, and more generally, what is the probability for any given number of descendants in the male
line in any given generation? This is the problem of extinction of family names.

Abstract Formulation of the Problem. We consider particles which are able, by splitting or otherwise,
to give birth to new particles of a like kind. An original set of particles forms the original, or zeroth
generation. The direct descendants of the nth generation form the (n 4 1)st generation. In any generation,
each particle has probability pi of producing k& new particles, where k = 0,1,2,..., and pg+p1 +p2+... = 1.
The particles of the nth generation act independently of one another and of the generation size. We are
interested in the sizes of the successive generations, and in the probability of extinction.

Notation Let us define
Z, = number of particles in the nth generation, n =20,1,2,...

P,(s) =the pgfof Z,, n=0,1,2,...

oo

P(s) = Zpksk,

k=0

Let also X be a generic random variable standing for the number of particles produced by a given particle.
Then Pr{X =k} = p;, for every k =0,1,2,..., and Px(s) = P(s). We also define

m = E(X) = P'(1) = the mean of the number of particles produced by a given particle

and

o = Var(X) = P"(1) + P'(1) — (P'(1))*
= the variance of the number of particles produced by a given particle.

The stochastic process {Z,,n > 0} is called the Galton-Watson-Bienaymé branching process.

19
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Assumption. Until the end of this section, we will assume that Zy = 1; that is, there is one particle in
the zeroth generation. Note then that Py(s) = s and P;(s) = P(s), m = E(Z;), 0 = Var(Z,).

Proposition 2.1.1 (The Fundamental Equations) (1) P,1(s) = P,(P(s)), n=0,1,2,....
(2) Pn+1(5):P(Pn(S))7 TLZO,].,Q,...,
Proof.

(1) Let us look carefully at how generation number n produces descendants for generation n + 1. Let us
number the particles in the nth generation as 1,2,3,...,7,. Let X; denote the number of particles
produced for the (n + 1)st generation by the ith particle of the nth generation. Then

Ipr1=X1+Xo+ ...+ Xz, .
By assumption, the X;’s are independent of each other and of Z,,. Hence by proposition 1.2.3, we have
Pz,,.(s) = Pz, (Px(s)).

Using the notation adopted above, and the fact that Px(s) = P(s), we obtain P,11(s) = P,(P(s)), as
required.

(2) This may be proved directly from (1), or as follows. Let Y; denote the number of particles in the (n+1)st
generation that can trace their ancestry to the ith particle in the first generation, i = 1,2,... , Z;. Then

o1 =Vi+Ya 4. +Yy,.

Now the Y;’s are independent of one another, and of Z;, and since Y; has the same distribution as Z,,
(because of our assumption that Zy = 1), then Py,(s) = P,(s). Then again by proposition 1.2.3, we
have the required result.

Example 1.1. Suppose the p;’s are given by
pk:quv k:07172a"'

Then

(o)
p
P(s) = z:qusl€ =1
k=0 q

Using the above proposition, the pgf of Z5 is

Carrying on, we can use either of the fundamental recursion formulas to find P,(s) explicitly for any n.
Then the pgf P,(s) can be “inverted”to find the terms Pr{Z,, = k} of the probability function of Z,.

Thus, in theory at least, one can use the fundamental recursion formulas of proposition 1.1 to find the
distribution of Z,, for any n.

Proposition 2.1.2
(1) If m < +o0, then E(Z,) =m"™ for alln > 0.
(2) If 0% < 400, then

o?m™(m™—1) .
VCI,T(Zn) = { 2m2—7n me ?é b
no ifm=1.
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Proof. To prove (1), we differentiate either of the recursion formulas in proposition 1.1, say the first, and
obtain
Py ii(s) = P (P(s)) P'(s)

n

from the chain rule. Now put s = 1, and recall that P(1) = 1. We get
E(Z,41) = E(Z,)m, (1.1)
valid for any n > 0. We can iterate equation (1.1) repeatedly, getting
E(Zpi1) = E(Zy)ym = E(Zy_1)m? = E(Z,_9)m® = ... E(Z;)m"™ = m"™.

This proves the first part of the proposition. The proof of the second part is similar (you have to differentiate
the recursion formula twice) and is left as a problem. (]

We now are able to calculate the distribution of any of the random variables Z,,n > 0 using the
recursion formulas, as in example 1.1 (at least in theory—the calculations may be quite difficult), and we
can use proposition 1.2 to easily find the mean and variance of any of the Z,,’s. We now turn to something
possibly more interesting—the probability of eventual extinction of the process.

If po = 0, each particle produces at least one new particle for the next generation, and the branching
process can never die out. If moreover, p; = 1, there will be exactly one particle in each generation, while
if p1 < 1, we will have Z,, — 400 as n — oo. But if pg > 0, we may have Z, = 0 for some n. In this case,
there would be no particles left to produce particles for the next generation, and so the process would have
died out (i.e. become extinct). Hence we will now assume py > 0, and we will determine the probability ¢
of eventual extinction of our branching process.

First, we note that the event “extinction”can be written

{extinction} = {Z,, = Ofor some n > 1} = U2 ,{Z, =0} = lim 1 {Z, =0},

because {Z,, = 0} C {Z,,41 = 0} for all n. By what is called the “continuity” property for probabilities, we
then have

¢ = Pr{extinction} = lim 1 Pr{Z, = 0}. (1.2)

Note that the probabilities Pr{Z, = 0} are getting larger as n increases. That is what the T means.
Theorem 2.1.3 ( is the smallest non-negative root of the equation P(s) = s.

Proof. First, note that P(1) = 1, so that 1 is a root, and therefore a candidate for ¢ (but there may be a
smaller non-negative root than 1). Let us write z,, = P,(0) = Pr{Z,, = 0} for n > 0, so that by the second
of the two recursion equations, we have

for all n > 0. Using this fact, equation (1.2), and the continuity of the pgf P(s), we get

¢ = lim x4 = nlirn (zn) = P(lim x,) = P(Q).

n—oo — 00 n—oo

This shows that ¢ is a root of the equation P(s) = s. We now have to show it is the smallest non-negative
root. Suppose that p is any non-negative root of P(s) = s. We have zy = 0, and so z¢ < p. Since P(s) is an
increasing function of s for s > 0, we find

z1 = P(zo) < P(p) = p.

Repeating, we get
zy = P(z1) < P(p) = p,

and so on, finding that x,, < p for every n. But then { = lim, ., z, < p, and so ( really is the smallest
such root.
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Proposition 2.1.4 Ifm <1, then { =1. If m > 1, then { < 1.

Proof. The proof is really graphical. Recall that the pgf P(s) is convex, increasing, and continuous for
0 < s <1, that P(0) = py > 0, and that P(1) = 1. Also, the slope of the curve P(s) at s =1 is P'(1) = m.
Thus the graph of P(s) can look only like one of the two cases shown in figure 1.1 below. The top curve is
typical of the case m < 1, and one can see that it cannot intersect the diagonal straight line except at s = 1,
so that ¢ in this case is 1. The bottom curve is typical of the case m > 1, and we see that it must intersect
the diagonal exactly once at a point strictly between 0 and 1. By theorem 1.3, this point must be (,so0 ( < 1
in this case. [
4
P(s) @1

m<=1——-

po \ m>1

Figure 1.1

Note that we really needed py > 0 in this proposition, to rule out the case where p; = 1 (and as a result,
m =1 and ¢ = 0, contradicting the proposition).

Example 1.2. Let us return to the problem of extinction (or survival) of family names, posed at the
very beginning of this section. In 1939, Lotka used the methods of this section to calculate the extinction
probability for American male lines of descent. From the 1920 U.S. census, he found that the probabilities
Pk, k > 0 were well represented by the distribution

oo
pe=bF"" k=1, po=1-) p
k=1

where b = 0.2126 and ¢ = 0.5893.
The basic pgf P(s) is

(oo} (o]
P(s) =po + Zpksk =po + Z bk 1sk
k=1 k=1

= _ bs
=po+bsy (es)" ™ =po +

k=1

—— (1.3)

Putting s = 1 and using the fact that P(1) = 1, we can solve for pg, and we find

1-b—
o= 1207 4805,
1—c

Differentiating (1.3), and setting s = 1 gives

b

m=P'(1) =

so that by proposition 1.4, we know that ¢ < 1. To find the exact value of (, we have to find the smallest

non-negative root of P(s) = s, that is, of
bs

+ =s
Po 1—cs
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Taking a common denominator, and substituting the numerical values of b, ¢, and py, we have to solve a
simple little quadratic equation. The roots are s = 1 (note: 1 is always a root of P(s) = s) and s = 0.816.
We therefore conclude that ¢ = 0.816.

To conclude this section, we will now lift the assumption that Zy; = 1. We will assume that Zy =i > 1.
Now P (s) is no longer P(s) (unless ¢ = 1). Then each of the ¢ particles in the zeroth generation produces
its own private branching process, and these processes are independent of one another. We therefore obtain,
among others, the following facts:

(1) E(Z,) =im" for alln >0

(2) Pr{extinction} = ¢, where ( is the smallest non-negative root of P(s) = s.

2.2 The Simple Random Walk on the Integers

Definition. Let X, Xs, X3,... be a sequence of independent and identically distributed (i.i.d.) random
variables, each having the distribution

if o = +1
Pr{Xzzx}:{p 11’ +1,
q ifzx=-1,
where 0 < p < 1 and ¢ =1 —p. Thus each X; is a Bernoulli random variable with just the two possible
values —1 and +1. Now define

S — 0 if n=0,
"X i+ X+ X, ifn>1,

where n is any integer > 0. The stochastic process {S,,,n > 0} is called a simple random walk on the integers
starting from 0 (the last because Sy = 0).

The simple random walk on the integers gets its name as follows. Think of a particle which is able to
bounce from integer to integer on the infinitely long horizontal line in figure 2.1 below. We assume that
initially the particle is at position 0. Also, we have a coin which, when tossed, will give heads with probability
p, and tails with probability q. We toss the coin. If we get a head, we move the particle one unit to the
right. If we get tails, we move the particle one unit to the left. Thus the particle is now at position S; = Xj.
We toss the coin again. If the result is heads, the particle is moved one step to the right—if not, then one
step to the left. The particle is now at position So = X7 + X5. Repeating this process, we see that for any
n, Sy is the position of this particle after n jumps (i.e. n tosses of the coin). We say that the particle is
executing a simple random walk on the integers, where the term “simple”refers to the fact that the particle
can jump from where it is at a given time only to one of the nearest neighbour integers. As a last point, we
note that the stochastic process made up of the random variables i 4+ S,,,n > 0, where 7 is an integer, would
describle a random walk particle, but this time starting from position i. This would just be a translation of
the motion starting from 0, so in the remainder of this section, we will assume ¢ = 0.

The next example shows that the distribution of .S, is almost binomial.
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Example 2.1. What is the probability that

(1) after four steps, the particle is at position 67

(2) after four steps, the particle is at position —47?

(3) after three steps, the particle is at position 27

(4) after five steps, the particle is in position 37

Solution Obviously, the solutions to (1),(2), and (3) are 0,¢*, and 0 respectively. So let us turn to (4)
Let us find in general the probability that after n steps, the particle is at position k; that is, we will find
Pr{S, = k}. To do this, let r denote the number of steps the particle took to the right among the first n
steps, so that n—r is the number of steps to the left. If after n steps, the particle is at k, then r— (n—r) = k,
so r = (k+n)/2. Hence

k+n
2

Pr{S, =k} = Pr{ successes in n trials} = (kﬁn>pk§"qn;k, (2.1)
T2

where of course (k +n)/2 must be an integer. Hence the answer to 4. is Pr{Ss = 3} = (})p*q = 5p*q.

Now we turn to something more interesting. We are going to answer the following three questions.
(1) What is the probability that the particle, once it starts the random walk, will ever return to zero?
(2) On the average, how long (i.e. how many steps) does it take before the particle returns to zero?
(3) On the average, how many times will the particle return to zero?
Before getting under way, we pause to develop some notation. Let T be a random variable representing the

number of steps required for the particle to return (for the first time) to zero, and let Y be the number of
times the particle returns to zero. Define

£ = 0 ifn =0,
"\ Pr{T =n}=Pr{S1 #0,5 #0,...8,_1 #0,8, =0} ifn>1,

1 if n=0,
Uy =
"\ Pr{S, =0} ifn>1,
and

[= Z I
n=1

Then questions 1,2, and 3 are to calculate f, E(T), and E(Y) respectively. We begin with the following
lemma.

Lemma 2.2.1

Uy = Zfiun—i for allm > 1. (2.2)

=0
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Proof. We have
n
un =Pr{S, =0} => Pr{T =45, =0}
i=1

:ZPT{SI #0,5 #0,...5,_1 #O,SiZO,XiJrl—f—...—f—Xn:O}

i=1

= Pr{S1#0,8 #0,...5_1 #0,8 =0} Pr{X;1 +... + X, =0}

i=1
n
= E .fiun—iv
=1

where we used the fact that S, Se,...S; are independent of X;11,...X,. Since ug = 0, we can start the
summation at ¢ = 0 rather than ¢ = 1. (]

Equation (2.2) is called the renewal equation, and occurs often in the study of stochastic processes. We
will encounter it again in the next chapter. Note that we already know the w,’s (from equation (2.1) with

k = 0), so we are going to use the renewal equation to find the f,’s and f. We will “solve”the renewal
equation by the method of generating functions. Define

U(s) = iuns”, F(s) = i fns™.
n=0 n=0

Lemma 2.2.2

Proof. We have

F(s)U(s) = (fo+ fis 4+ fas® +...) - (uo + u1s +ugs® +...)
= fouo + (four + fruo)s + (fouz + frur + fauo)s® + ...
=04+ uis+ uss®+ ...
=U(s) -1,

where we used the renewal equation. Now just solve for F'(s). ]

We now have all the tools we need. Certainly u,, = 0 if n is odd, and from equation (2.1),

2
Uy = ( n)p"q”7 n > 0.

n
Then
U(s) = iuQnSQ" = i (?) (pgs®)" = \/% (2.3)
n=0 n=0 pgs

(For the last step, you will have to check that the MacLaurin series expansion of the function 1/v/1 — 4x is
5% o (3)a™.) Tt now follows from lemma 2.2 that

n=0 \n
F(s) =1—+/1—4pgs?.

The probabilities f,, may now be computed by inverting this generating function. This will be left as a
problem. Let us now proceed to answer the three questions posed at the beginning of this section.
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(1) The probability f of eventually returning to 0 is given by

f=F1)=1-y1—-4pg=1—-+/1-4p(1-p)=1—|p—ql|

Note that if p = ¢ = 1/2, we have f = 1, so that the random walk particle returns to 0 with probability
1. But if p # g, then f < 1, so that Pr{T' = +oc0} =1— f > 0.

(2) If p # q, we saw in (1) that Pr{T = 400} > 0, and this implies that E(T) = 4oco0. Next assume
that p = ¢ = 1/2. Then F(s) = 1 — /1 — s? is the pgf of T, and since F'(s) = 1/v/1 — s?, then
E(T) = F'(1) = 400. Thus either way, for all p, we have E(T) = +oc.

(3) Define the random variables Y,,, n > 1 by

y, {1 itsi=o0,
0 if S, #£0.

Then the number of times that the particle will return to 0 is the random variable Y = " | 'V,,, so that
E(Y)=>3 " E(,). But E(Y,,)) =1-Pr{Y,, = 1} +0-Pr{Y,, = 0} = Pr{Y,, = 1} = Pr{S, = 0} = uy,

n=1

so E(Y) =3, u, =U(1) — 1. We have already determined U(s) in (2.3), so

1 1
- 1=
VI —4pq Ip — q|

Notice that E(Y) = +oo if and only if p = q.

E(Y) =

In summary, the case p = q presents an interesting “paradox”, since the particle returns to 0 with probability
1, but takes on the average infinitely long (i.e. infinitely many steps) in order to do so. Furthermore, on the
average, it returns infinitely many times.

It is interesting to carry over the idea of a simple random walk to more than one dimension. To illustrate,
let us consider a simple random walk on the two-dimensional integer lattice. The two-dimensional integer
lattice is the set of all pairs (m,n) of integers, as shown in figure 2.2. Given a certain “point” (m,n) in the
lattice as shown, the nearest neighbours of (m,n) are the four points (m + 1,n), (m,n —1), (m — 1,n), and
(m,n 4 1) as shown by the x’s in the figure. We define a simple random walk on this lattice as follows: for
convenience, the particle starts out from the point (0,0). If at any time the particle is at the point (m,n),
then on the next step it will go to one of the nearest neighbours of (m,n). It will go to (m +1,n) (i.e. right)
with probability p1, to (m,n — 1) (i.e. down) with probability ps, to (m — 1,n) (i.e. left) with probability
ps, or to (m,n + 1) (i.e. up) with probability ps, where p; + pa + ps + p4 = 1. A three dimensional simple
random walk is similarily defined, except that now there are six nearest neighbours to every point. In fact,
we can conceive of a simple random walk on an integer lattice of any dimension.

A simple random walk is called symmetrical if from any given position the particle goes at the next step
to any of its nearest neighbours with the same probability. That is, if p = ¢ = 1/2 in one dimension, or if
p1 = p2 = p3 = psy = 1/4 in two dimensions, and so on. In that case, we have the following result.



2.3. THE GAMBLER’S RUIN PROBLEM 27

Theorem 2.2.3 For a symmetrical simple random walk on the d-dimensional integer lattice, we have

Fo 1 ifd=1 or?2,
<1 ifd>3.

2.3 The Gambler’s Ruin Problem

The random walk studied in the last section could more properly be called a simple unrestricted random
walk on the integers. In this section, we examine the same motion, but we place boundaries (or barriers)
beyond which the particle cannot pass. We will actually study this problem in a more interesting scenario,
called the Gambler’s Ruin Problem. Suppose we have two gamblers, A and B, who play a series of “hands”.
On each hand, gambler A will win (and receive one dollar from gambler B) with probability p, or lose (and
pay one dollar to gambler B) with probability ¢, where 0 < p <land p+¢ =1 (thecasep=0orp =1
is trivial). Of course, gambler A winning is the same as gambler B losing. Gambler A starts with a fortune
of k dollars, and gambler B starts with ¢ dollars, so the total “pot”is a = k + ¢ dollars. The game (i.e. the
series of hands) ends when one of the gamblers is “ruined” (has his fortune reduced to zero).

We will look at the game through the eyes of gambler A. Let S,, =the fortune of gambler A after n hands.
Then Sy = k, and we easily see that S,, is the position after n steps of a particle undergoing a simple random
walk on the integers as in the previous section, except that now the particle starts at k, and the walk ends
when the particle hits either of the barriers 0 and a. It will be more interesting, however, to pursue the
gambling analogy. Therefore define

qr = Pr{gambler A is eventually ruined|gambler A starts with k dollars}, k=0,1,2,...,a

and observe that ¢ =1, ¢, = 0. Then if 1 <k < a — 1, we have

Pr{A ruined,Sop = k}  Pr{A ruined,Sop = k,5; =k —1} Pr{A ruined,So =k,S; =k + 1}
W= Sy =k Pr{S, = k} + Pr{So = k}
= Pr{A ruined|S, =k — 1,5 =k} Pr{S; =k — 1|So = k}
+ Pr{A ruined|S: = k+1, S0 = k} Pr{S1 = k + 1|So = k}
= Pr{A ruined|starts at k — 1}¢q + Pr{A ruined|starts at k + 1}p
= Qr—19 + qk+1D-

Thus we have to solve the difference equation
Gk = qqr—1 + pqr+1, k=1,2,... a, with boundary conditions go = 1 and ¢, = 0. (3.1)
Let us first examine the difference equation
Tk = qTp—1 + pTr+1, k=1,2,...,a—1 (3.2)

without any boundary conditions. Since x; = pri + gy, the equation can be rearranged as
_q
Tppr = xp = - (2K — 2po1).
p
Tterating, we find

Tpt1 — T = — - (fﬂk — xkfl)

4
P

(

)2 : (mkfl - ‘kaQ)

Il
hSRES

()" (o1 - w0).
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Now we sum both sides of this equation from &k =0 to kK =n — 1, and get

n—1 n—1 1-(¢/P)"™ | _ if
B — g = Z(ka —23) = (1 — o) Z(E)k _ { ra = (w1 =) i p#q, (3.3)

=0 o P n(xy — xo) if p=gq.

Returning now to (3.1), we have from (3.3) and the fact that ¢o = 1,

1-(¢/p)"™ | 1) if
1= Ta (1 — 1) ifp #4q (3.4)
n(qi — 1) if p=gq.
Taking n = a in (3.4), we find that
1- .
Ly [T et
g —1 1 _
> if p=gq.
Substituting this back into (3.4), and rearranging, we get
(a/p)"=(a/P)* 5
=i T Mr7e (3.5)
1-= ifp=gq

forn=20,1,2,... ,a.
Now that the ruin probabilities ¢, for gambler A have been computed, we turn to finding the expected
duration of the game. This is the expected number of hands until either gambler A or B is ruined. Define

Dy, = E(duration of game |gambler A starts with k dollars), k=0,1,... ,a.
Then
Dy = q(Dy—1 +1) + p(Dg41 + 1),

and we see that the Dy’s satisfy the difference equation
Dy =qDk—1+pDit1+1, k=0,1,...,a with boundary conditions Dy = D, = 0.

The way we solve this equation is as follows. It is straightforward to check that

A = las ir#e
—k* ifp=gq,

is a particular solution of the equation Dy = ¢Dk_1 + pDg41 + 1 (without the boundary conditions). Let
Dy, be any other solution. Then z, = Dy, — Ay is a solution of the difference equation in (3.2) and so by

(3.3), we get
1-(q/p)"

Dp=A, +xo+3 7P - (71 — o) ?fp;éq,
n(x1 — xo) if p= g.

Now we use the boundary conditions Dy = D, = 0 to determine the unknown terms xy and x1 —xg. Leaving
the details as an exercise, we finally find

n _ _a | 1l=(a/p)"

D, ={av ap 1-(a/p)° ifp#q, (3.6)
n(a —n) ifp=gq

forn=0,1,2,... ,a.

Example 3.1 Suppose p=¢ =1/2. If k =500 and ¢ = 500, then a = 1000, g = 1/2, and Dj = 250, 000.

If k=1, £ = 1000, then ¢ = .999 and D; = 1000. Note that in this second case, it is a virtual certainty
that gambler A will be ruined, but he will have a lot of fun for his dollar.
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Example 3.2 It is easy to see from (3.5) and (3.6) that as £ and therefore a tends to 400, we have

dn —

1 if p<q,
(4)" ifp>gq,
and that

D les HP<g
" +oo ifp>gq.

Therefore if we think of gambler B as an infinitely rich adversary, say (to all intents and purposes) a casino,
and if p < ¢, as it would be in a casino, then ¢, = 1 and D,, = n/(q¢—p). Thus if you went with one dollar to
a casino where p = .43 and ¢ = .57 (typical odds), you would certainly lose your dollar, but on the average,
you would get to play about six hands.
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Chapter 3

Discrete-Time Markov Chains

3.1 Definitions and Examples

Definition. Let {X,,n > 0} be a discrete-time stochastic process with countable state space E. {X,,n >
0} is a Markov chain if for every integer n > 0 and set i, j;io, 41, .. ,in,—1 Of states in E, we have

Pr{Xn+1 = j|Xn = Z.,Xn,1 = Z'nfl, N ,XO = ZQ} = Pr{Xn+1 = ]|Xn = Z} (11)
(1.1) is called the Markov property.

Theorem 3.1.1 Let {X,,,n > 0} be a Markov chain. Then for any m > 1, any set 0 < mj < mngy < ... <
ng < ... <Ny of “times”, and any set i1,i2,... ik, ... ,im of states in E, we have

Pr{Xnm = im, e ,Xnk+1 = i}g+1‘Xnk = ik, N ,an = il}
= PI‘{Xnm = im, e ,Xvnk_'_1 = ik+1|Xnk = Zk} (12)

(1.2) is also called the Markov property, and includes (1.1) as a special case. However, the above theorem
says that (1.1) and (1.2) are actually equivalent statements. The proof that (1.1) implies (1.2) is not easy,
though.

Definition. The conditional probability Pr{X,+1 = j|X, = ¢} on the right hand side of (1.1) is called a
one-step transition probability. If Pr{X,+1 = j|X, = i} does not depend on n, for all states i,j € E, we
say the Markov chain has stationary transition probabilities, and we write

Pyj = Pr{Xn1 = j|X, = i} = Pr{X, = j|Xo = i}.

Example 1.1. A GWB branching process {Z,,,n > 0} is a Markov chain with state space E = {0,1,2,3,...}
and stationary transition probabilities. For fix a value of n > 0, and let X} denote the number of particles
in the n + 1 st generation produced by the kth particle in the nth generation. Then

Pr{Zn+1 :]‘Zn = i, Zn—l = in—17~-~ ,ZO = ’Lo} = PI‘{X1 +X2 + ... —‘y—XZ :j} = PI‘{Zn+1 :j|Zn = ’L}

Notice that the one-step transition probabilities are given by P;; = Pr{X; + Xy +... + X; = j}.

Example 1.2. A simple random walk {S,,n > 0} on the integers is a Markov chain with stationary
transition probabilities. For suppose our random walk is given, as in chapter 2, by

g _Jo ifn =0,
"l X+ X+ 4+ X, ifn>1,

31
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where X1, Xo,... are i.i.d. integer-valued random variables. Then

Pr{Sn+1 = j|Sn = ’L.7Sn,1 = infl, N ,SO = 0} = Pl"{Xn+1 = _] - Z‘Sn = i,Sn,1 = infl, e 75() = 0}
== Pr{Xn+1 == ] - Z} == PI‘{Sn+1 == ]|Sn == ’L}

The one-step transition probabilities are P;; = Pr{X; = j — i}.

Assumption. All Markov chains in this chapter will be assumed to have stationary transition probabilities.
Proposition 3.1.2 For any states i and j, P{X,1m = j| X, =i} does not depend on n.

Proof. For any integers m,n,r > 0, we have

P{Xm+n+7' = j7 Xn = Z} _ ZkeE P{XernJrr = j7 Xm+n = k,Xn = Z}

P{Xomintr = j|Xn =i} =

P{X, =i} P{X, — i}

= ZP{Xm—O—n—O—r:ﬂXm—&-n:k,Xn:Z} P{XnZi}
keE

= Z P{Xm+n+r = j|Xm+n = k}P{XWH-n = k| X, = Z} (13)
kelE

In particular, with » = 1 this reads as
P{Xpmint1 =l Xn =i} = Y PejP{Xpin = k| X, =i},
kEE

This equation shows that if the m-step transition probabilities do not depend on n, then neither do the
m + 1-step transition probabilities. Since by assumption the 1-step transition probabilities do not depend
on n, the rest of the proof follows by induction. ]

Notation. Because of the previous proposition, it makes sense to define
P = Pr{Xppm = j|Xn = i} = Pr{X,, = j|Xo =i}, i,j€E,m>0.

P is called the m-step transition probability of going from ¢ to j. In particular, Pi(jl) = P;; and

ij
(0) 1 ifi =y,
Pij = . .
0 ifi#j.
Proposition 3.1.3 For any integers r,s > 0, we have

PO =3 PO i e B (1.4)
keE

This is called the Chapman-Kolmogorov equation.

Proof. This follows by simply rewriting (1.3) with our new notation. ]

Matrix Notation Since E is countable, it can be put into a 1-1 correspondence with a subset of the set
{0,1,2,3,...}. We will therefore assume that E is either {0,1,2,...} or a subset of {0,1,2,...}. We can
then arrange the P;;’s in a matrix
Poo Por Poz
Py P Py
P=1Py Py P
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called the one-step transition matrix, or just transition matrix of the chain. In addition, the row vector
p(n) = (Pr{Xn =0}, Pr{X, = 1},Pr{X,, = 2},.. )

is called the probability distribution vector at time n, and in particular,
p(0) = (Pr{XO =0}, Pr{Xo =1}, Pr{X, = 2},.. )

is called the initial probability distribution vector.

Definition. A square matrix A (possibly infinite-dimensional) with non-negative components and all row

sums equal to 1 is called a stochastic matrix. A row vector, all of whose components are non-negative and
which sum to 1 is called a probability vector.

Proposition 3.1.4
(1) p(n) is a probability vector.
(2) P is a stochastic matriz.

Proof. We have

Sp, =Y Pf{X;“X: 2Xn =) _ lljf{? Y
j=0 =0 r{ n Z} r{ n l}

Temporarily, let P(") = (Pz(jm)) denote the matrix of m-step transition probabilities.
Proposition 3.1.5 P(™) = P™ for any m > 0.

Proof. From the Chapman-Kolmogorov equation (1.4), we have PU+s) = P P() for any integers r, s > 0.
In particular, P"t1) = P(" P for all r > 0. Hence P"™) = pim-Hp = p(m=2)p2 — = pm, ]

Proposition 3.1.6 p(n +m) = p(n)P™ for any n >0, m > 0.
Proof.
(oo}
kth element of p(n +m) = Pr{X,,1,, = k} = ZPT{Xn+m =k, X, =i}
i=0

= 3" Pr{X, = i} Pr{Xpym = KX, =i} = 3 Pr{X,, = i} P{
i=0 =0

= kth component of p(n)P™) = kth component of p(n)P™.

The above two propositions can be used to compute probabilities like
PI‘{Xg = 4|X3 = 5}, PI‘{X5 = 7}

For example, Pr{Xg = 4|X3 = 5} is the 5,4th component of P°, and Pr{Xs = 7} is the 7Tth component of
the row vector p(0)P>.

We will conclude §1 of this chapter will some more examples of Markov chains, but first we state an
important fact which is a result of the famous Kolmogorov-Daniell theorem.

Theorem 3.1.7 Given a stochastic matriz A and a probability row vector p (of the same dimension), there
exists a unique Markov chain with stationary transition probabilities having A as its transition matriz and p
as its initial probability distribution vector.

Thus, in order to specify a Markov chain, we need only specify P and p(0).
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Example 1.3. Simple Random Walk on {1,2,3,4} with Absorbing Boundaries at 1 and 4.

oo ~
o oo
ooy o
_8 oo

E ={1,2,3,4} and p(0) can be any probability vector. If for instance the particle starts at 2, then p(0) =
(0,1,0,0).

Example 1.4. Simple Random Walk with Reflecting Boundaries at 0 and 5.

o o R
o o3
Qo o
- =N=]

E = {1,2,3,4} and p(0) can be any probability row vector. Note that from state 1, the particle tries to
jump to 0 (with probability ¢), but is immediately reflected back to 1.

Example 1.5. Same but with Elastic Boundary at 0.

1 0 0 0O
(1-%)g d¢ p 0 0
P = 0 q 0 p O
0 0 g 0 »p
0 0 0 g p
Example 1.6. Cyclic Random Walk on {1,2,3,4}
0 p 0 ¢
_|la 0 p 0
F=10 ¢ 0 p
p 0 ¢q O

3.2 Classification of States, Closed Sets, and Irreducibility

Let {X,,n > 0} be a Markov chain with transition matrix P and state space E.

Definition. d(i) =ged{n >1: Pi(i") > 0} is called the period of state i. Equivalently, state ¢ has period d

if Pi(i") = 0 unless n = vd is a multiple of d, and d is the largest integer with this property. If d(i) = 1, then
1 is called aperiodic.

Example 2.1. In the simple random walk with absorbing boundaries at 1 and 4, states 1 and 4 are
aperiodic and states 2 and 3 have period 2. In the walk with reflecting boundaries, all states are aperiodic.
In the cyclic random walk, all states have period two.

Notation. Let ¢,57 € F and let
T; =min{n >1: X, = j}
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be the first hitting time of state j. Define

0 ifn=0

() _ PrdT: = n|Xp =i} =
fi” =Py =niXo =4} {Pr{Xﬁj?Xﬂéj?...,Xn1¢j,Xn=j|Xo=i} ifn> 1,

(o]
= Z fi(;?) = Pr{T; < 400} = Pr{ eventually hit j| start at i}

o0
Hi = Z nfi(i”) = E(T;|Xo = i) = mean recurrence time of state .
n=0

Remark. If Xy =1, then T; is called the recurrence time of state i.

Definition. State i is recurrent (or persistent) if f;; = 1, and transient if f; < 1. A recurrent state ¢ is
called positive if p; < 400, and null if y; = +00. An aperiodic recurrent positive state is called ergodic.

Definition. Two states ¢ and j in E are said to be of the same type if they have the same classification.
Namely, if

(1) i and j have the same period, and

(2) either

a) both ¢ and j are transient, or
b) both 7 and j are recurrent [)()Siti\/e7 or
J

(¢) both ¢ and j are recurrent null.

Next, we show that the renewal equation enters in a natural way into the theory of Markov chains.

Proposition 3.2.1 (First Entrance Decomposition of Pi(jn)) For any n > 0, we have
P = b, + Z P, (2.1)

where b, = 00n0;; and dqp denotes the Kronecker delta function

1 ifa=0b,
5ab: .
0 ifa#b.

Proof. If n = 0, then (2.1) follows because fi(f) = 0. Hence assume n > 1. We have to show that

m=0

We have

n Pr X’VL:jaXm:jalemaXOZZ
P = Pr{X, = j|Xo =i} = Z Pr{X, = j,Tj =m|Xo =i} = ) { Pr{X =Jz’} }

m=0 m=0

=3 Pr{X, = j|Xm = §, T = m, Xo = i} Pr{T,, = j|Xo = i}

m=0
= > Pr{X, = jlXn = j} Pr{Ty = m|Xo =i} = > P 1
m=0 m=0
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Remarks.

(1) The fact that Pr{X, = j|X,, = j,T; = m, Xy = i} = Pr{X,, = j|X,, = j}, which was used in the
above proof, can be established using the Markov property.

(2) Suppose that we define
=D 5" Pas) =Y P
n=0 n=0
Then just as in lemma 2.2 of §2.2, we can show that

1

The following proposition gives an alternative definition of a recurrent (or transient) state.

Proposition 3.2.2 Define N;; = Pi(jn). Then
(1) N;; = expected number of visits to j given the chain starts at i.
(2) Nij =65+ fi; Njj. (05 is the Kronecker delta.)
(8) j is recurrent if and only if N;; = +oo.

(4) j is transient if and only if N;j < 4+oo for all i € E. In particular, if j is transient, then P( " 50 as
n — 0o.

Proof.

(1) Let

o {1 EE
0 if X, #7,

and put Y = >"°° | V,. Then Y is the number of visits to state j, and we have

E(Y|X, =) Z (YalXo = i) = > Pr{Y, =1|Xo =i} = Y _Pr{X, = j|Xo =i} = Nj;.
n=0 n=0 n=0

(2) If i # j, then P( " =" (m) (n=m) (from (2.1)). Hence

m=0 Pjj
Nij = i Z fgn) p<n m) _ Z Z £ P(n m)
=0 m=0 =0 n=rm
Zfiijj~

(3) From part (2) with ¢ = j, we have N;; =1+ f;;N;; and so N;; = +oo if and only if f;; = 1.

(4) follows from (2) and (3).

We shall now digress to briefly study the renewal equation and the renewal theorem.



3.2. CLASSIFICATION OF STATES, CLOSED SETS, AND IRREDUCIBILITY 37

Definition Suppose that {f,,n > 0}, {b,,n > 0}, and {u,,n > 0} are sequences of numbers. The
equation

n
Up = by + meun—my n >0
m=0
is called the renewal equation.
Usually, we want to solve for the u,’s in terms of the f,,’s and the b,,’s. If fy 7 1, there is always a unique
solution, derived as follows:

n=20: UO:b0+f0uO :>UO:1EOfO
n=1: wu; =by + four + fiug = U = blr—u)?ofl
n=2: uz=by+ fous + frui + fouo :>“2:%

and so on. As we have already seen, the renewal equation may be solved by the method of generating
functions. Indeed, with the obvious notation, we have
_ B(s)
1—F(s)
Theorem 3.2.3 (The Renewal Theorem) Suppose that
(1) fo=0, fr, >0 for alln > 1, ZZOZO = 1.
(2) S50 [bul < +oo
Let d =ged{n > 1: f,, > 0} denote the “period”of the sequence {fn,n > 0}. Then

%ZZOZO bnd Zf/L < +OO:
0 if b= o0,

U(s)

lim Und =
n—oo

where =" o N fn.
Remark. It can be shown that if by = 1, and b,, = 0 for all n > 1, then
ged{n : f, > 0} = ged{n : u, > 0}.
The following corollary follows directly from proposition 2.1, the preceding remark, and the renewal theorem

(with u,, = ij@)7 fn= f(n) bp =1, and b, =0 for n > 1).

Jjj

Corollary 3.2.4 Let j be a recurrent state with period d. Then

pld) e if py < oo,

7 0 if puj = +oo.
Proposition 3.2.5 Suppose j is a recurrent state. Then
j is null if and only if Pi(j") — 0 as n — oo for all states i.
Proof. Let j be recurrent. By the definition of “null”and by corollary 2.4, we know that
J is null <:>Pj(;d)—>0asn—>oo

where d is the period of state j. But Pj(;l) = 0 unless n is a multiple of d, so

jis null <~ P;;L) — 0 asn — oo.

We now need only show that Pj(;l) -0 = Pi(j") — 0 for i # j. But we have

n—oo

lim P = lim Y ST =37 £ lim PR =0,
m=0

m=0
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Problems
(1) Show that if j is not recurrent positive, then Pi(jn) — 0 asn — oo.

(2) Show that if j is ergodic, then

Pi(j") —>& as n — 0o
Hj
for all states 1.

Solution: (1) is obvious. For (2), we have

lim Pf ) _ lim Z (m)P(n m) __ Zf(m) lim Pn m) Z (m) L f”
n—oo n—oo n—oo 1

Lemma 3.2.6
(1) P(HS >P f0r any k € E.
(2) P("+T+5 > P(n)P for any k.l € E.

Proof. Because of the Chapman-Kolmogorov equation, we have
r+s r S r S
(1) Pi(j ) :ZkeEPi(k)PIgj) 2 Pi(k)PIgj)'

@) P 2 PR 2 PR PG,

Definition. We say that state j can be reached from state i, and write ¢ < j, if there is n > 0 such that
Pi(jn) > 0. If i and j can be reached from each other, we say that i and j communicate, and write i < j.

Remarks. Since Pi(io) = 1, we certainly have i < 4. Part (1) of lemma 2.6 shows that if ¢ <— k and k < j,
then ¢ < j. The proof of the following proposition is then immediate.

Proposition 3.2.7 < is an equivalence relation on E, that is, < is
(1) reflexive (i < i)
(2) symmetric (i —j = j<—1i)
(8) transitive (if i < j and j < k, then i < k).

Consequently, < partitions E into pairwise disjoint equivalence classes C1,Cs,Cs,.... These are called
communicating classes.

Theorem 3.2.8 Let i and j be two states which communicate. Then i and j are of the same type. (In
particular, all states in a given communicating class are of the same type.)

Proof. There are integers r and s so that a = Pi(jr) >0 and g = P;f) > 0. By lemma 2.6, we have
(n+r+s) (r) p(n) p(s) _ (n)
P > PP Py = aﬁij .

We will deduce the theorem from this formula.
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(1) ¢ transient if and only if j transient. For suppose i is transient. Then
Zp(n) ZP(n+r+s) < i Ny <+
Njj = 5 00,

so j is transient. By symmetry, we also have j transient = 7 transient.
(2) i recurrent if and only if j recurrent. Direct from (1).
(3) ¢ null if and only if j null. For suppose 4 is recurrent null. Then j is recurrent (from 2.) and

n ]- n+r+s
Py < Lper

so j is null. Again by symmetry, we also have j null = ¢ null.

— 0 asn — oo,

(4) i positive if and only if j positive. Direct from 3.

(5) i and j have the same period. Since P( ) s af > 0, then r + s is a multiple of d(i). Suppose that

n e {n|Pj(;.L) > 0}. Then from the above formula, Pi(inHH) > 0, so that n + r + s, and therefore n, is
a multiple of d(i). Hence d(i) < d(j). Exchanging the roles of ¢ and j shows that d(j) < d(i).

Definition. Let i,j € E be such that ¢ # j. A finite set {ig,%1,...,4,} of states such that i9 = ¢ and
in = j is called a path from i to j if P; ;,.,, > 0form =0,1,... ,n— 1. That is, a path from ¢ to j must
begin at 7, end at j, and be such that each state along the path can be reached from the preceding state in
one transition.

Proposition 3.2.9 Let i,j € E with i # j. Then j can be reached from i if and only if there is a path
leading from i to j.

Proof. By repeated use of the Chapman-Kolmogorov equation, we have

(n) Z Z Z Piy Piyks - Py j-

ki1€E k2€E kn_1€E

If there is a path leading from ¢ to j, say of length n, then one of the terms in the sum here is strictly

n)

positive, and then so must be P( Conversely, if j can be reached from i, then for some n > 1, we have

P(n) > 0, and then one of the terms in the above sum must be strictly positive, so there must exist a path
from i to j. |

Definition. A set C of states is closed if no state outside of C' can be reached from a state in C' (i.e. if

Pl(] = 0 for all n > 0 whenever ¢ € C and j € E'\ C). If a single state ¢ forms a closed set, it is called

absorbing. A closed set C is called irreducible if it contains no smaller closed set. If the whole state space
FE is irreducible, the Markov chain is said to be irreducible.
Proposition 3.2.10 Let C C E. Then

C is closed <= P;j =0 forallic C,j ¢ C.

Proof. = is trivial from the definition. For <=, we have, if i € C and j ¢ C,

(Q)ZZPmij +Z£&ij=07

keC T kgC 2
PO MR
keC DAl Tohn ot

and so on. Hence Pi(j") =0 for all n > 0. ]



40 CHAPTER 3. DISCRETE-TIME MARKOV CHAINS

Problem. Let C(i) = {j € E|j can be reached from i}. Show that C(i) is a closed set.

Solution.  Hint: suppose C(i) is not closed.
Proposition 3.2.11 (Alternative definition of “irreducible”) Suppose C is a closed set. Then
C is irreducible <= every state in C' can be reached from every other state in C.

Proof.

= Let¢,5 € C. Then C(i) C C,C(j) C C, and so C(i) = C(j) = C (since C(i) and C(j) are closed).
Hence i <— j and j < i.

<= Suppose C is not irreducible. Then there is a smaller closed set C' C C. Let j € C',k € C'\ C’. Then
k cannot be reached from j. Hence not every state in C' can be reached from every other state in C. [

Remarks. The following statements are immediate consequences of proposition 2.10.
(1) A Markov chain is irreducible if and only if the state space E forms a single communicating class.
(2) A closed class is the same as an irreducible closed set.

Proposition 3.2.12 Let i be a recurrent state and suppose that i — j. Then fj; =1 and so i < j.

Proof. Since we can reach j from i, we can certainly reach j from i without returning to ¢ in any intermediate
step. Let a be the probability of this latter event. Once j is reached, the probability of never returning to ¢
is 1 — fj;. Hence

0 =1 — f;; = Pr{chain never returns to i| Xy =i}
A

> Pr{chain reaches j without returning to 7 in an intermediate step,
B c

—
then never returns to i | Xog = ¢}
=Pr{ANB|C} =Pr{BIANC}Pr{A|C} = (1 — fj;)aa >0,

so that (1 — fj;)a = 0. Since o > 0, then f;; = 1. [
Corollary 3.2.13 Let C be a recurrent communicating class. Then

(1) C =C(i) for any i€ C.

(2) C is closed.
Proof.

(1) Let i € C. We always have C C C(i). Conversely, if j € C(i), then i «» j by the previous result and
sojeC.

(2) We showed above that C(4) is always closed. Hence this part follows from part (1).

Proposition 3.2.14 In a finite Markov chain,
(1) not all states can be transient, and

(2) no states are null.

Proof.
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— 0 as

(1) Suppose all states are transient. Then for all j, k we have Pj(,?) —0asn — 00,5 ), p Pj(g)

(n

n — oo. This contradicts the fact that ), _p ij) =1 (the jth row sum) for all n.

(2) Suppose at least one of the recurrent states, say 4, is null, and let C' be the class containing i. Then
every state k in C is null, so B(:) — 0asn — oo for all k € C. Hence ), Pi(:) — 0 as n — oo.

This contradicts the fact that ), Pi(n) = 1 for all n, since by the previous corollary, no escape is
possible from C.

Summary. Given a Markov chain with state space E, we can partition F into communicating classes C1,
Csy, Cs, . ... Moreover,

(1) all states in Cy are of the same type, all states in Cy are of the same type, etc.
(2) classes which are not closed consist of transient states.

(3) if a closed class is finite, then every state in it is recurrent positive.

Example. Suppose we have a Markov chain with state space E = {1,2,3,...,9}, whose 9 X 9 transition
matrix is

~

I
coococor~rOoOO
=R R NS e o N e B o)
O OO0 OO
—HO0O 0000 OO w
cCoocoroOO Lo
oo ocooocoo
oo ocooocooo
coocococorRrOO
OO0 OO

Find all communicating classes and classify all states.

Solution The state diagram is

so the communicating classes are C; = {1,4,9}, Cy = {3,8}, C3 = {5}, Cy = {2}, C5 = {6}, and Cs = {7}.
The first three classes are closed and the last three are not. Thus states 1,4,5,9 are recurrent positive and
aperiodic (i.e. ergodic), and in particular 5 is absorbing; states 3,8 are recurrent positive with period 2; and
states 2, 6,7 are transient.

3.3 Invariant Distributions and Ergodic Behaviour of Markov Chains

Let X = {X,,n > 0} be a Markov chain with state space E and transition matrix P.
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Definition. A vector m = (mg, 71, m2,...) with non-negative components such that 7P = 7 is called an
invariant measure for the chain. If furthermore ), o m; =1 (i.e. 7 is a probability vector), then 7 is called
an invariant distribution (or stationary distribution).

Definition. A probability row vector m = (mg, 71, 72,...) such that p(0)P™ — 7 componentwise for all
initial distributions p(0) is called a long run distribution (or sometimes a steady state distribution for the
chain.

Definition. A Markov chain all of whose states are ergodic is called an ergodic chain.

Theorem 3.3.1 (Ergodic Theorem for Markov Chains) Suppose X = {X,,,n > 0} is irreducible.
(1) Assume X is recurrent positive. Then

(a) X has a unique invariant distribution T = (mg,m1,m2,...) and 7 = 1/pp > 0 for every k € E.

(b) if X is aperiodic, if p(0) is any initial probability distribution vector, and if p(n) = p(0)P™ denotes
the corresponding probability distribution vector at time n, then p(n) — 7 (componentwise) as
n — o0o. That is, w is a long run distribution for the chain.

(2) Assume there exists an invariant distribution w. Then

(a) the chain is recurrent positive.
(b) the results of part (1) hold.

Proof. We shall assume throughout the proof that the chain X is aperiodic. The extension of our results
to the periodic case can be found in the book by Feller. All the exchanges of lim,, . and > wep below can
be justified.

(1) Define 7, = 1/, k € E. Note that m > 0 for all k € E, and limy, .o P\ = m, for all j,k € E. Now

Pi(,?H) = deE P(")P]k, so taking limits on each side as n — oo gives

7w, = lim E Pn)Pk—E ;i Pjy,
n—oo
JjEE jeEE
for all k. This means m = wP, so 7 is an invariant measure. Since
S me=Y lim P} = lim Y P =1,
keE keE kEE

then 7 is an invariant distribution. Now let p(0) be the initial probability distribution vector, and let

v = Z]EE PJO)PJ(k Taking limits on each side

0 0
Jim g = > 9l Jim PR =3 pPm = m > p” =
JEE jEE jEE

p(n) = p(0)P™. In terms of components, this reads p,,
gives

Hence p(n) — m componentwise. To show uniqueness, let v be another invariant distribution. Then
v=vP=0vP?=0P3=...=0vP" -7 asn— oo,

SOV =T.

(2) Let 7 be the invariant distribution. Then 7 = 7P" for all n, which we write as m, = >, _p 7T1P( ),

Taking limits on each side gives 7, = Zle T limy, oo P( ) Suppose the chain is not recurrent

positive. Then lim, .~ Pi(k") = 0 for all k,i € E. So m; = 0 for all k, contradicting the fact that
ZkeE e = 1.
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Remarks.

(1)

The above proof shows that an invariant distribution will always exist for a finite Markov chain (because
there are no null states, and not all states can be transient, so we cannot have lim,,_, P;Z) =0 for all
j,k € E). This result can be proved easily without using the renewal theorem. For let P be an n x n
transition matrix. Since the row sums of P — I are 0, then the columns of P — I are dependent, so
column rank(P — I) < n. Since row rank=column rank, then

column rank(P — I)T = row rank(P — I) = column rank(P — I) < n,

where T denotes transpose. Hence there is a row vector 7 # 0 such that (P—1I)T#T = 0, or equivalently
m(P—1) = 0; that is, 7P = w. We leave it to the reader to show that 7 can be taken to be a probability
vector.

An invariant distribution need not exist for an infinite Markov chain. (This will happen if all states
are transient or recurrent null.)

Even if an invariant distribution exists, it need not be unique. For consider P = I (the identity matrix)
in which every probability row vector is an invariant distribution. Note that I is recurrent positive
and aperiodic, but not irreducible. Reducibility of F into two or more recurrent irreducible closed sets
always destroys uniqueness.

Even if a unique invariant distribution exists, it need not be a long run distribution. This happens
when the chain is periodic. For example, take

0 1
r=()
Here, the invariant distribution is © = (.5,.5), but if p(0) = («, 3), then p(1) = (3, @), p(2) = (o, B),
p(3) = (8, a), and so on.

3.4 Examples

3.4.1 Random Walk with Reflecting Boundaries at 0 and a
