ON TWO QUESTIONS ABOUT CIRCULAR
CHOOSABILITY

SERGUEI NORINE

ABSTRACT. We answer two questions of Zhu on circular choos-
ability of graphs. We show that the circular list chromatic number
of an even cycle is equal to 2 and give an example of a graph for
which the infimum in the definition of the circular list chromatic

number is not attained.

1. INTRODUCTION

We follow the definitions from [7]. Let G = (V(G), E(G)) be a
graph and let p and ¢ be positive integers (following [2] we relax the
requirement p > 2q). A (p,q)-coloring of G is a function ¢ : V(G) —
{0,1,...,p — 1}, such that for every edge uwv € E(G) we have ¢ <

lc(u) — c(v)] < p—q. The circular chromatic number x.(G) of G is
defined as

X(G) = inf{z—j | G admits a (p, q)-coloring}.
q

The circular chromatic number is a refinement of the chromatic num-
ber (x(G) — 1 < x.(G) < x(G) for any graph G [4, 6]) and as such
might reflect more structural properties of the graph than the chro-
matic number. It has been extensively studied in recent years, see [8]
for a survey of the subject. The circular choosability, considered in this
paper, is a natural circular version of the list-chromatic number. We
proceed with the definitions.

Let t > 1 be a real number. A t-(p, q)-list assignment L is a mapping
which assigns to each v € V(G) a set L(v) C {0,1,...,p — 1}, such
that |L(v)| > tq. An L-(p,q)-coloring of G is a (p, q)-coloring f of G
such that for every v € V(G) we have f(v) € L(v). We say that G
is circular t-(p, q)-choosable if for every t-(p, q)-list assignment L there
exists an L-(p, q)-coloring of G. We say that G is circular t-choosable if
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it is circular ¢-(p, ¢)-choosable for any positive integers p and ¢. Finally,

the circular list chromatic number of G (or the circular choosability of

G) is defined as
Xe (G) =inf{t > 1 : G is circular t-choosable}.

The concept of circular choosability has been recently introduced by
Mohar [3] and Zhu [7] and many basic questions about it are still open.
In this paper we answer two such questions.

In Section 2 we show that the circular choosability for even cycles
Xei(Cax) is equal to 2, answering a question of Zhu [8] and verifying a
conjecture of Havet, Kang, Miiller and Sereni [2]. The circular choos-
ability for odd cycles was computed by Zhu in [7], where he shows that
Xei(Coks1) =2 + %

In Section 3 we compute the circular choosability for the complete
bipartite graph K5 4. We show that x.;(K24) = 2, while K54 is not
circular 2-choosable. This gives a negative answer to a question of
Zhu [7], whether the infimum in the definition of circular choosability
is always attained. By contrast, the infimum in the definition of circular
chromatic number is always attained for a finite graph [4, 6].

The following important questions about circular choosability posed

by Zhu [7] remain open.

(1) Is xu(G) always a rational number for a finite graph G7 It is
not known if there exists an algorithm that given a graph G
and a rational number r tests whether x.;(G) <.

(2) Does there exist a constant a such that x.;(G) < ax;(G) for any
finite graph G, where x;(G) denotes the list-chromatic number
of a graph G7 If it exists what is the smallest such a? In [5] a
similar problem for a closely related concept of T,-choosability
is considered. By analogy with a conjecture stated in [5] one
might expect x.;(G) < 2x;(G) for any graph G. By [7, Theorem
14] this bound, if correct, would be best possible.

We refer the reader to [2, 8] for a more comprehensive list of known
results and open problems about circular choosability.

2. THE CIRCULAR LIST CHROMATIC NUMBER OF AN EVEN CYCLE

In this section we make use of the combinatorial Nullstellensatz,

which we restate here for convenience.
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Theorem 2.1. [1, Theorem 1.2] Let F' be an arbitrary field, and let
f = flxy,...,z,) be a polynomial in Flxy,...,x,|. Suppose the degree

deg(f) of f is D75, t;, where each t; is a non-negative integer, and

suppose the coefficient of H] 1 ;j in f is non-zero. Then if S1,...,S,
are subsets of F' with |S;| > t;, there are s; € S1,...,s, € Sy, so that
f(s1,...,8.) #0.

Theorem 2.2. FEvery even cycle has circular choosability 2.

Proof. For every graph with G with at least one edge, one trivially has
Xci(G) > 2. It remains to show that for any positive integers p, ¢ and
n and a 2-(p, q)-list assignment L there exists an L-(p, q)-coloring of

the even cycle Cy, with 2n vertices. Let v = vg,41, v, ..., v2, be the
vertices of Cs,, in order. Let ¢ denote a complex square root of —1.
Consider the polynomial f € Clzy,xa, ..., Ta,]:
om g1
flzr, 29, ... 20,) = H H (z; — ™ %P, 1),
Jj=1 k=—q+1

where 3,41 = x1, by convention. Then deg(f) = 2n(2¢ — 1). We
consider the coefficient of H ) fq Yin f. It is equal to E?qol a?",
where g is the coefficient of x2q - zh, ) in Hk_fqﬂ(asj — e2mik/pg; ).

Clearly,

a; = Z H 27T’LS/p

JC{—q+1,...q—1} s€J
|J|=l

In particular, for every 0 <[ < 2¢q—1 the number q; is equal to its own
complex conjugate and therefore q; is real. Further note that ag = 1.

It follows that the coefficient in question is a positive real number.
Let ¢ : {0,1,...,p — 1} — C be defined by ¢(k) = e*™*/? and let
S; = ¢(L(v;)) for 1 < j < 2n. Then ¢ is an injection and |S;| > 2¢g—1.
By Theorem 2.1 there exist s; € S1,80 € Sy..., 82, € S, such that
f(s1,...,82,) # 0. Define c(v;) = ¢~*(s;) for j € {1,2,...,2n}. We
claim that ¢ is a valid L-(p, ¢)-coloring of Cy,. By definition c¢(v;) €
¢ Hd(L(v;))) = L(v;) for every 1 < j < 2n. Moreover, q < |c(vj) —
c(vj1)] < p—q, as s;—e*™*/Ps; | £ 0 for all k, such that 0 < |k| < ¢—1
or p—q+1<|k|] <p—1. Thus the claim holds. O
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3. CIRCULAR CHOOSABILITY OF Kj4

As noted in [7] if a graph G is not k-list-colorable for an integer k
then it is not circular k-choosable. Therefore the complete bipartite
graph K54 is not circular 2-choosable, as x;(K34) = 3. In this section
we show that Ky, is circular t-choosable for every ¢t > 2. It follows
that x.;(K24) = 2, thereby providing a negative answer to a question of
Zhu, whether the infimum in the definition of the circular list-chromatic
number is always attained.

Let R, = {0,1,2,...,p — 1} considered with the natural circular
order and metric on it. For z,y € R, denote by d(x — y) the remainder
of y — x modulo p and by d(z,y) the distance between z and y, i.e.
min(d(zx — y),d(y — x)). For z,y € R, and a positive integer ¢ denote
by B,(x) the interval {z € R, | d(z, 2) < ¢}, and denote B,(x) U B,(y)
by B,(x,y). We omit the index ¢ when it is clear from context. We
proceed by proving two technical lemmas.

Lemma 3.1. Let x1,y1, %2, y2 € R, (not necessarily distinct) appear in
R, in circular order. Suppose that p > 4q—3 and d(y; — x2) +d(y2 —
x1) >2q—1. Then

‘Bq<xlayl> N Bq(x27y2)| <2¢-—1.

(B(y2) N B(z1) N B(z2)) and
(B(x1) N B(yz2)). Similarly
y1) N B(x2)) U (B(x1) N B(yz)). It follows that

B(xy,y1) N B(w,42) € (B(yr) N B(w2)) U (B(21) N B(yz))-

For any =,y € R, the set B(x)NB(y) is an interval in R, as otherwise
B(z)UB(y) must cover R,, while we have p = |R,| > |B(z)|+|B(y)|—
2 = 4q — 4. Tt follows, in particular, that

|B(x) N B(y)| = max(2q — 1 — d(z,y),0).
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If d(y1y — z2) = d(y1,22) and d(yo — 1) = d(ya, 1) then by the
above we have
[(B(y1) N B(22)) U (B(x1) N B(y2))]
< [(B(y1) N B(22))| + |(B(z1) N B(y))]
< max(2g — 1,4¢ — 2 — d(y1 — x2) — d(y2 — 1))
=2q—1.

If, on the other hand, the above condition does not hold, then without

loss of generality, we assume d(z3,y1) = d(zo — ;). In this case, we
have B(y1) N B(z2) € B(z1) N B(y2) and

(B(y) 0 B(22)) U (B(a1) 0 B(y))| < [Bla1) 0 B(yn)| < 2 — 1.
O

By [z,y] we denote the interval of R, with ends = and y, formally
defined as follows

[z, ={z € Ry | d(z — z) < d(z — y)}.
Note that this notation is asymmetric, i.e. if z # y then [z, y] # [y, z].

Lemma 3.2. Let 1,22, ..., Zg+1, Y1, Y2, -, Yg+1 € R, be distinct and
appear in circular order. Suppose that d(x;,y;) > 2q + 1 for every i
such that 1 <1 < q+ 1. Then

q+1

| m By(wi, yi)| < 2q —2.

i=1
Proof. We prove the lemma by induction on ¢q. The base case ¢ =1 is
trivial.

For the induction step, consider x1, %9, ..., Tg+1,Y1,Y2, -, Yg+1 € Ip
satisfying the conditions of the lemma with | ﬂgill B, (z;,y;)| maximal
and subject to that with d(z; — x,11) + d(y1 — Yg+1) minimal. Let
Z ={x1,Ta, .o, Tgt1, Y1, Y2, -y Ygr1 b We claim that

Claim 1. there exists j such that 1 < j < g+ 1 and
{z;+1,y; +1}NZ =0.
Proof. Suppose not. Let us choose £ minimal so that

Hoer+ Lye + 13N Z| < 2.
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Then k£ < g+ 1, as otherwise Z is contained in an interval of length
2q + 2 and in particular d(x1,y1) = ¢+ 1 < 2¢ + 1. Without loss of
generality we assume y; + 1 = ygi1. Let ) =2; + 1 for 1 <i < k and
let 2 = x; for k+1 <i < g+ 1. We have
() = 2g41) + dyr = Ygr1) < d(@1 — Tgi1) + d(y1 = Ygu1)-
For ¢« < k, we have
d(x; — yi) = d(z; = (Yo — k = 1 +1))
=d((z; —i+k+1) = yrp1) > d(Tr — Yrr),
and therefore
d(x;, y;) = min(d(z; — y:), d(y: — 7))
> min(d(zpr1 — Yre1), d(yi — i) +1)) > 2¢+ 1.
It remains to show that |ﬂf:11 B(z, y;)| > |ﬂf:rll B(x;,y;)| to verify
that the set {7, 25, ..., 2, 1, Y1, Y2, .-, Yg1} gives a contradiction with

the choice of Z and therefore to prove the claim. Note that

qg+1 g+1 k
M Blewi) — () Bl w) € (B - B(a))
i=1 i=1 i=1
={z;—q+1:i=1,2,... k}.
For any 1 <17 < k we have
d(yis1 — (x; —q+1)) =d((y; +1) = (zi —q+1))
d(y; — i) —q > q+ 1.

It follows that z; — g+ 1 € B(x;41, yi+1) and consequently

g+1

{xi—q—kl:z':1,2,...,k}ﬂ(ﬂB(mi,yi)):®.

i=1
Therefore N2, B(«},y:) 2 N B(xs,v:) and the claim holds. O

Denote by Z(a, b) the set of all intervals in R, of cardinality b. Then
by considering the bijection z < B,(z) between R, and Z(p,2q — 1)
one can see that

g+l

() Byl = {I € Z(p,2¢—1) | TN Z] = g+ 1},

i=1
Consider now a bijective map 7 : R,—{z;,z;+1,y;,y;+1} — R,_4 that
preserves the circular order. Note that 7(Z) satisfies the conditions of



ON TWO QUESTIONS ABOUT CIRCULAR CHOOSABILITY 7

the lemma with ¢ replaced by ¢ — 1 and therefore by the induction

hypothesis and the observation above we have
{IeZlp—4,2¢=3) [ INT(Z)] =g} <29 -4

Note that 7 maps elements of {/ € Z(p,2¢ — 1) | |[INZ| = ¢+ 1} to
elements of Z(p—4, 2¢—2)UZ(p—4, 2¢—3) and is injective. Furthermore,
if ] € Z(p,2¢q—1) and |[I N Z| = q+ 1 then |7(I)N7(Z)| = q. We have

{I€Z(p,2¢—1) [[INZ]=q+1}]
< {IeZlp—4,2¢=3) | [IN7T(Z)] = g}
+{I eZ(p.2g—-1) | [INZ|=q+1, [7(I)] = 2q — 2}]
< 2q—4
+{I€Zp2g-1) | [INZ] =q+ 1, |t(])| = 2¢ - 2}].
We finish the proof of the lemma by showing that
{Iellp2q—-1)|[INZ=q+1, |7(I)]=2¢—-2}| <2

The set {I € Z(p,2q — 1) | |7(I)| = 2q — 2} consists of four intervals,
namely [r; — 2¢ — 2, ], [z; + 1,2, + 2¢ — 1], [y; — 29 — 2,y,] and [y; +
1,y;+2q—1]. The intervals [z; +1,z;+2¢—1] and [y; + 1,y; +2¢ — 1]
contain neither x; nor y; and therefore each of them contains less than
q elements of Z. The required inequality follows. U

Theorem 3.3. For everyt > 2 the graph K4 is circular t-choosable.

Proof. Let {uy,us}, {v1,v9,v3,v4} be the parts of Ko4. Let L be a t-
(p, q)-list assignment for some ¢ > 2 and positive integers p and ¢q. Note
that |L(w)| > 2q + 1 for every w € V(Ka4).

For z1 € L(uy),x9 € L(uz) we may assume that there exists i €
{1,2,3,4} such that L(v;) C B,(z1,x3), as otherwise there exists an
L-(p, q)-coloring ¢ of K4, defined as follows. Let c¢(u;) = z; for j €
{1,2} and choose ¢(v;) € L(v;) — By(x1,22) for all i € {1,2,3,4}. Let
f(x1,29) = f(xq, 1) one index 4 such that L(v;) C B,(x1, x2).

In particular, it follows that L(u;)NL(uz) = 0 and p > 4¢+2. We say
that an interval [z,y] in R, is clean if for some {i,j} = {1,2} we have
z,y € L(u;) and [z, y]NL(u;) = 0. Let [zo, yo], [x1, 1], - - -, [T2k—1, Yor—1]
for some k£ > 1 be all the maximal clean intervals in R,. Then these
intervals are disjoint and we assume without loss of generality that
20, Y0, L1, Y1, - -, Tak—1, Y2k—1 appear in I, in the clockwise order, and
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that z;,y; € L(u;) for i € {0,1,...,2k — 1} and j € {1,2} if and only
if 7 equals to j modulo 2.

Let xor, = x9. Note that for distinct 4,5 € {0,1,...,2k — 1} one
has [zi41,Y;] U [zj41, %] 2 L(u1) U L(uy) and therefore d(z;41 — y;) +
d(zjy1 — yi) > |L(w)| + |L(ug)| — 2 > 4q. Therefore B(y;, z;41) N
B(y;,zj+1) < 2¢ + 1 by Lemma 3.1 and consequently f(y;,xi+1) #
f(yj,xjy1). It follows by the pigeon-hole principle that & < 2. We
consider the cases k = 2 and k£ = 1 separately.

Suppose first that £k = 2. Without loss of generality we assume
[0, 0] N L(ug)] > ¢+ 1 and |[z1,91] N L(u1)| > ¢ + 1. Therefore
there exist z; € [x1,y1] N L(uy) such that [z, 2] N L(uy) = ¢+ 1 and
29 € [z, yo] N L(ug) such that [z9,yo] N L(ug) = g+ 1. It follows that
d(xy — z1)+d(22 — yo) > 2q and from Lemma 3.1 we have f(yo,z1) #
f(z1, 22). Additionally, it is easy to see that d(z; — y;)+d(x; 1 — 22) >
2q for every i € {1,2,3}, as [21, y;] U[z;11, 22| contains ¢+ 1 elements of
L(uy) and g+ 1 elements of L(uy). Therefore f(y;, xiv1) # f(21, 22) for
every i € {1,2,3} and combining this with the result in the previous
paragraph we obtain a contradiction.

It remains to consider the case k& = 1. Assume for convenience
and without loss of generality that f(yo,z1) = 3 and f(y1,z0) = 4.
Let 1 = s1,52,...,8L@w) = ¥ be all the elements of L(u;) num-
bered in the clockwise order and let xg = t1,%2,...,t|L(uy) = Yo be
all the elements of L(uz) numbered in the clockwise order. Note that
d(s;,t;) > 2q+1. Foreveryi € {1,2,...2¢+1} we have [z, s;]U[t;, yo] 2
{s1,...8i,tistiy1 ..., tagy1} and therefore d(zy — s;) +d(t; — yo) > 2¢.
Similarly, d(s; — 1) + d(xg — t;) > 2q.

Thus another application of Lemma 3.1 shows that f(s;,t;) € {1,2}
for every i € {1,2,...2g+ 1}. Therefore there exists Z C {1,2,...2q+
1} and j € {1,2} such that |Z]| > ¢+ 1 and L(v;) C B(s;, t;) for every
i € Z. However, by Lemma 3.2 we have |(),., B(si,t;)| < 2¢ — 2 and
consequently L(v;) € [,y B(si,t;). This contradiction finishes the
proof. Il
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