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Abstract. This paper is devoted to study the asymptotic behaviors of the solutions to a model
of hyperbolic balance laws with damping on the quarter plane (z,t) € Ry x Ry. We show
the optimal convergence rates of the solutions to their corresponding nonlinear diffusion waves,
which are the solutions of the corresponding nonlinear parabolic equation given by the related
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Darcy’s law. The optimal LP-rates (1 +t) (1=3p) for 2 < p < oo obtained in the present paper

improve those (1 + t)i(%iTlp) in the previous works on the IBVP by K. Nishihara and T. Yang
[J. Differential Equations 156 (1999), 439-458] and by P. Marcati and M. Mei [Quart. Appl.
Math. 56 (2000), 763-784]. Both the energy method and the method of Fourier transform are
efficiently used to complete the proof.
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1. Introduction

Subsequent to the previous works by Nishihara—Yang [18] and Marcati-Mei [10],
we continue to consider the following model of hyperbolic equations with damping,
on the quarter plane Ry x Ry, (R4 = (0, +00)), given by

Vg — Uy =0

x,t) € Ry xRy, 1.1
e+ p(v), = o, (z,t) € Ry xRy (1.1)

which models a compressible flow with dissipative external force field in Lagrangian
coordinates. The external force term —awu appears in the momentum equation.
Here, v > 0 is the specific volume, u is the velocity, the pressure p(v) is a smooth
function of v such that p(v) > 0, p’(v) < 0, and « > 0 is the damping constant.
Such a system was firstly studied by van Duyn and Peletier [3].

For the corresponding Cauchy problem, Marcati-Milani [11] in the case of
weak solutions, and Hsiao-Liu [4] and Nishihara [15] in the case of smooth solu-
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tions proved that the solutions (v, u)(z,t) to the corresponding Cauchy problem of
(1.1) tend time-asymptotically to the nonlinear self-similar diffusion wave solutions
(0,a)(x,t) (0(x,t) = ¢p(xz/+/1 + 1)) of the porous media equation

{ﬁtép(ﬁ)mm ie {ﬁtﬂx() (1 2)

p(0), = —aa, p(0), = —aa.

For the related initial-boundary value problems (IBVPs), Marcati-Mei [10] and
Nishihara—Yang [18] studied the convergence to diffusion waves on the quarter
plane Ry x R, but the decay rates they showed are not optimal. Moreover,
Hsiao—Pan [7] studied the convergence to diffusion waves on the bounded domain
x € ]0,1]. We note also that, by using the method of pointwise estimates and the
approximating Green function for a parabolic equation, Nishihara—Wang—Yang
[17] succeeded in obtaining the optimal rates for the Cauchy problem case, which
improves the previous works by Hsiao—Liu [4] and Nishihara [15]. But the method
used in [17] is hard to extend to the IBVP case because of the difficulty of con-
structing a suitable approximating Green function. In the present paper the main
purpose is to obtain the optimal decay rates for the convergence. The approach we
adopt is the Fourier transform together with the energy method. We first reduce
the fundamental solutions for the IBVPs to the corresponding linear equation and
show the energy decay rates for the fundamental solutions by the Fourier transform
method. Basing on it, we can see the optimal rates we expect for the nonlinear
problems. Then we apply the basic energy estimates of the linear IBVP to the
nonlinear cases and improve the previous convergence LP-rates (1 + t)_(%_ﬁ) for
2 < p < o in [10, 18] to the optimal ones (1 + t)f(lfﬁ), which is the main part
of this paper.

For the other model equations dealing with the stability theory of diffusion
waves, we refer to [1, 2, 5, 6, 8, 9, 14, 16] and the references therein.

2. Main results

In this paper, we mainly consider the IBVP studied by Nishihara—Yang [18]

Vg — Uy =0

u +p(v)s = —au, (z,t) e Ry xRy
(v,u)(x,0) = (v, up)(x) — (v4,uy) as & — 0o
u(0,t) = 0.

(2.1)

The main goal is to improve the previous stability of diffusion waves and to show
the optimal convergence rates. As for the other IBVP studied by Marcati—-Mei
[10], since it can be similarly treated, we will state the improved convergence rates
in the last part of this paper but without proof.

In [18], Nishihara and Yang selected the linear diffusion waves (v, a)(z,t) as
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the asymptotic profile of (2.1):
Uy — KUz =0, 0,(0,8) =0, v(4+00,t) =v4, and d(xz,t):= kU.(x,t), (2.2)

which solve explicitly
2

m )), (2.3)

_ 0
Uxat =V + —F——————¢€X (—7
(1) = o b+ 1) P\ dk(i+1

where

k=—p(vy)/a>0, & = 2(/000(00(:5) —vy)dz — “-*). (2.4)

@

Then they proved its stability with algebraic decay as follows
105 (v = 8) ()| 2,y = O+ )" FFD2 k= 0,1,2, (2.5)
105 (w = @) ()| 2,y = 0L+ )72k =0,1, (2.6)

(83—

[0 =) Dlloey) =OMA+H"F ), 2<p<on.  (27)
However, these rates are not optimal, because the linear diffusion wave (7, @)(z,t)
is not the right asymptotic profile of (2.1), and causes a slower delay in L' by the

term (p'(0) — p'(v4))0z. According to Darcy’s law, we believe that the optimal
profile to the solution (v, u)(z,t) of (2.1) is the following nonlinear diffusion wave

(v,u)(z,t):
Qg +p(1:1)xx =0, (iE,t) S R+ X R+ (28)

with the boundary restrictions
5:6|a::0 = 0, 5|x:+oo = V4. (29)
Here

Az, t) = —ép(ﬁ)w. (2.10)

We shall prove the convergence rates of (v, u)(x,t) to (0,u)(z,t) to be better than
the above.

In order to construct such a nonlinear diffusion wave, let us consider a function
¢(x,t+1) (here, using t+1 instead of ¢ is to avoid the singularity of solution decay
at the point ¢ = 0) which satisfies

adody + p(vy + 0d)ez =0, (2,t) € Ry x Ry (2.11)

namely,
Pt — po(j}-i_)d)m = _a—go[p(v+ +00p) —p(vy) — P (v4)00@)zw, (m,t) € Ry X Ry
(2.12)

with the initial boundary values

¢JJ|I:0 =0, ¢‘x:+oo =0, and ¢|t:0 = (;5(1‘, 1) = ¢0(JZ), (213)
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where ¢g(z) is a given smooth function such that

oo(e) € L'(R:) and [ dola)ds 20, (214)
0
and dy is a constant such that
/ [vo(x) — vy]dx — 50 ¢>0 Ydx — ; =0, (2.15)
0

namely,

8o = (/Ooo[vo( ) — vyldz — —> / po(x (2.16)

By making an iteration ¢,41(x,t 4+ 1) for n =0,1,---
/(v 1 _ _
Oepnt1 — %@%d)nﬂ = ———55 [p(v4 + d0¢n) — p(v+) — dop’ (V) dn]

=: _—82 ((bn)

04(50

and by using the integral form

¢n+1(xat + 1)

=/°°G<x,y;t+1,o>¢o<y> y— —/ / Glayst + 1,702 H (g )dydr
0

— [ Gt 1060w - / | Gunteyit 10 H G dvar
0
where G(z, y;t, 7) is the Green function of the Nuemann IBVP to the heat equation

_ = !
N [e—iaﬂi N e—:n(tzf)}? oo _Pe)
drk(t — 1) o

G(z,y;t,7) = :
then we can prove that {¢,} is the Cauchy series and converges to a limit, say ¢,
which is the unique global solution of the IBVP (2.11) and (2.13). Furthermore, by
using the Green function method and energy estimates, we can prove the following
decay rates

10056 (1) 2 = O(1)8o (1 + )W H2R+D/L, (2.17)
162e()ll1 = O(L)do(1+18) /2. (2.18)
Now we construct our diffusion wave as
v(x,t) == vy + dop(z,t+ 1). (2.19)
From (2.17), (2.18) and (2.19), we get
107055 — v4) (1)l age) = O(D)Fo(L+ 1) WH2KED/4 - (2.90)

90t ()] 1 ) = O(L)Fo(L + 1) 7>/, (2.21)
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In particular, if
/ [vo(z) — vi]dx — - 0, (2.22)
O a

(2.16) implies 6y = 0, that is, the nonlinear diffusion wave o(z, t) degenerates to the
state constant vy (0(z,t) = v4). The relationship (2.8)-(2.10) is also equivalent

to
Et—ugC:O

p(V)z = —all (2.23)
u(0,t) =0, (v,u)(c0,t) = (v4,0).

Here follows our main result.

Theorem 2.1. Suppose that vg — vy € LY(Ry), (Vo,20)(x) = (— I wo(y) —

5y, 0)]dy, uo(z) — a(x, 0)) € (H3R,) N L' (Ry)) x (H2(Ry) N LY(R,)) and that

lvo — v4llLrey) + [Vollmsry) + 120l 2y + IVollLr ey + 120l L@y ) + |ut | < 1
hold. Then there exists a unique time-global solution (v,u)(x,t) of the IBVP (2.1)
such that

o

v—0 € C*(0,00; H**(R,)), k=0,1,2, u—u€ C*0,00; H'"*(R,)), k=0,1

and
105 (v = 0) (-, D) L2y ) = O()(1+ )" BFE/A -k =0,1, (2.24)
(v = 0) (s )| o e,y = O (1 + )~ FP=D/CP) 9 < p < oo, (2.25)
1w =), D)l 2z = O)(1 +1) 5%, (2.26)

Remarks. 1. It is easy to see that our new convergence rates in (2.24)—(2.26) are
better than Nishihara—Yang’s as stated in (2.5)—(2.7).

2. The smallness conditions are sufficient in this paper as well as in most of
the previous works. In spite of the recent work by Zhao [20], might it be possible
to remove them from the present paper? This is still unknown.

3. Proof of the main theorem

Asin [4, 15, 10, 18], let us introduce a pair of auxiliary functions (9, 4)(x,t):

(.ot = (et [ malyagee). (3.1)

—Q



Vol. 7 (2005) Hyperbolic Conservation Laws with Damping 5229

where my > 0 is a smooth function with compact support in Ry such that

Jo° mo(y)dy = 1. One can verify that (0, @)(z, t) satisfies

U — Uy =0
'[ALt = —al (32)
@(0,t) =0, (0,4)(c0,t) = (0,uyre ).

By adding the first equations in (2.1), (2.23) and (3.2), and by integrating it over
(—00,00) x [0,t], as well as by using (2.15), one gets

(o] (oo} _ (oo} u
/ (v—0—0)(z,t)dx = / [vo(z) — vi]dx — 50/ ¢o(z)dx — EJF =0. (3.3)
0 0 0
Thus, it is reasonable to introduce the following perturbations as our new variables
Via,t): = —/ (v — 5 — 8)(y, t)dy (3.4)

z(z,t) : = u(x, t) — alx, t) — 4(z,t). (3.5)

Finally, one obtains a new IBVP on (V, z)(x,t) as follows

Vi—z=0
22+ (' (0)Ve)e +az=—F, (x,t) e Ry xRy
(V2o = (Vos ) (x) (36)
V‘z:O = 07
where
F ;zép(m + (Ve + 5+ 0) — p(8) — P () V) (3.7)
Vila) Vo) + [ 0000y = = [ lonlo) ~ 500.0) — 000 Ol (38)
Zo(x) :=2¢(z) — (x,0) = ug(x) — @(x,0) — a(x,0). (3.9)

Without any difficulty, we can prove the following stability with slower decay
rates by using a similar argument of [18, 10]. Since the proof is tedious but similar
as in the previous works (see Theorem in [18] and Theorem 2.1 in [10]), we omit
its details.

Theorem 3.1. Under the assumptions in Theorem 2.1 there exists a unique time-
global solution (V, z)(x,t) of the IBVP (3.6) such that

Ve C*0,00; H¥*R,)), k=0,1,2,3, 2z¢€C*0,00; H*FR,)), k=0,1,2
and

“algv(t)||L2(R+) = O(l)(l + t)_k/zv k= 07 ]-7 27 3a (310)
10522,y = O+ 1)~ "+D/2 Kk =0,1,2, (3.11)
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and

L+ )2l 2y + L+ 2z (@l 2 ey + 120 (D) 22,)) = O(1). (3.12)

Furthermore, we improve the decay rates in Theorem 3.1 to be optimal as
follows.

Theorem 3.2. Under the assumptions in Theorem 2.1, the solution (V,z)(z,t)
decays time-asymptotically as

[OFV ()| 22,y = OQ) (1 + )~ RO/ | =0,1,2, (3.13)

2]l 22y = O()(L +8) 7%, (3.14)

The proof of Theorem 3.2 will be completed in the next section. Based on the
above theorem, we are going to prove Theorem 2.1.

Proof of Theorem 2.1. Thanks to Theorem 3.2, and by noticing that V, = v—v—1,
z=u—u—1u, and (0%0,0%0)(z,t) decays like e, we have

105 (0 = D) (Ol 22 = 105 (Ve + D) (1) | 2
< (05 Va (@)l 2 + 105 0(2)] 2

< C(l 4t (2(k+1)+1)/4 +Ce—at

)"
< O(1 4 t)~R+3)/4 (3.15)

and

(w—u)(®)llr2 = [[(z + @)(t)]| >

< 2@z + la)]l 2

<CA+t)5/4 4 Cemot

<O+t~ (3.16)
This proved (2.24) and (2.26).

For the proof of (2.25), by using (2.24) and Sobolev’s inequalities || f||p~ <
VRIS and 1 fller < IFIE PP for 2 < p < oo, we get

(v — ) (t)]| e
< l(w =) @IF=2 P = B)(@)|75

< (V2w - Dy I1210.0 - D@ 12) " o - o1
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22 Bt R N
=27 (v =) 2 "0 (0 —0)B)] 2
<O+t XU 4 o)1
<C(144)~1 ), (3.17)

This proved (2.25). The proof is complete. O

4. Proof of Theorem 3.2

Now we are going to prove Theorem 3.2. For the system (3.6), by substituting the
first equation z = V; into the second one, we obtain

Vie+aVy — Ve =G, (2,t) e Ry xRy
(V. Vi)(2,0) = (Vo, 20)(x)), = €Ry (4.1)
V(0,t) =0,
where 8 = —p/(vy) and
G=-F—((p'®) = p(vs))Va)a- (4.2)

In what follows, we deduce the fundamental solutions and their basic energy
estimates for the linear damped wave equation with the null-Dirichlet boundary
condition. Based on this, we know what are the optimal rates we may obtain for
the linear and nonlinear damped wave equations. In such a sense, it is essential.

Let us consider the linear damped wave equation

et + O[¢t - ﬁd)ll =0, (%,t) € R-‘r X R-}—a (43)
with the initial data
(9, 0t)le=0 = (D0, 91)(z), =z €Ry (4.4)
and the Dirichlet boundary condition
¢|x=0 =0. (4.5)
In order to solve the IBVP (4.3)—(4.5), we make an odd extension
t >0 i(T), >0
T ST PR s S
—¢(—z,t), x <0, —¢i(—x), =<0,

then we get a corresponding Cauchy problem

Ve + Py — Bihee =0, (2,1) ERX Ry
Yli=o = Yo(z),  Yili=0 = P1(7).

Thus, the solution of (4.6) can be represented in an integral form

(4.6)
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where K;(z,t) (i =0, 1) are the fundamental solutions of (4.6), that is,

Ky + oKy — BKipe =0, 1=0,1 (4.8)
with
Id(O(LO) = 6(x) and Id(l(;v,O) =0 (4.9)
4 Ko(z,0) =0 G K1(2,0) = d(x),

where d(x) is the Delta function. The asterisk * means convolution, i.e., K;(t) *
Vi = [7 Ki(z — y, t)vi(y)dy.

As in [12], let R;(&,t) be the Fourier transform of K;(z,t), ¢ = 0,1, then R;
satisfies the following ODE

2
%Rﬁa%Rﬁﬁg?Ri =0, i=0,1 (4.10)
with the initial data
R;O(guo) :i and 51(6?0) :S (411)
ERO(faO) =0 ERl(gvo) =1

respectively. By solving the previous two ODEs directly, we obtain the exact
solutions as

B

2 °2_ Ginh ( v a2;4,3§2t)’ €] <

\/a274[3§2 2B
Ri(&,1) = { te=ot/2, €l = 5% (4.12)
20—t/ . V/4BE2—a? «a
Vapeaz o ( 2 t)’ €1~ 275
and o
where
—a \a?—4p3¢2 a
e~ /2 cosh (%t), €] < 573
Ry(&,t) = { e /2, €l = 5% (4.14)
—a /482 —a? .
e /2 cog (ft), €] > ﬁ
Thus, we see that the fundamental solutions K;(z,t) (j = 0,1) can be given by
making use of the inverse Fourier transform to R;(§,t) (j =0,1):

Kj(z,t) = \/%/_ e TR, (€, t)dE.

For the IBVP (4.3)—(4.5), due to the odd symmetry ¢ (—z,t) = —¢(x,t) and
Yi(—z) = —i(z) (i = 0,1), we obtain the expression of the solution as follows,
for all z > 0,

P(x,t) = P(z,t) :/_0O Ko(z —y,t)vo(y)dy + /_OO Ky (z —y, )¢ (y)dy
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(/Om+/ooo>Ko(xy,t)¢o(y)dy
. </OOO+/OOO>K1(x—y7tW1(y)dy

= /OOO[KO(JU —y,t) — Ko(x +y,t)]¢o(y)dy

oo
[ G-t - Kl (419)
0
Furthermore, for the linear equation with source term

(btt + Oé(bt - /6¢mm = g(‘r>t)7 (.%‘,If) € ]R+ X R+ (416)

with the initial value condition (4.4) and the Dirichlet boundary value condition
(4.5), by making an odd extension to the source term g(—=z,t) = —g(z,t), we can
produce the expressions of solutions by the Duhamel’s principle:

olo,1) = / T Kole — 1) — Kole + . 0)lo0(y)dy
- lK(a = y.8) — Ka(z + 9.0)6 () dy
+ /0 /Ooo[Kl(:c —y,t—71)— Ki(z+y,t —7)]g(y, 7)dydr, (4.17)

In the Cauchy problem case, we note that Matsumura [12] got the following
energy estimates.

Lemma 4.1 ([12]). If f € LY(R) N HIt*~L(R), then

- 2k
[k« ), ) < COHOHE Wl + I lesrw)- (418)
If f € LY(R) N HIT*(R), then
ook o0 « 1), < COFOTH W N + W lve)- (429)

By using this lemma, we may prove the energy estimates for the linear IBVP.

Lemma 4.2. If f € LY(Ry) N HITF=Y(R,), then

i 2k+1
SCA+)77 oy + N Flmivr—1 @yl (4.20)
If f € LY(Ry) N HITE(R,), then

ot [ CKa(e — 1) — Ka(e 4+ v 1)) (n)dy
0

L2(R4)
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Proof. Firstly we are going to prove (4.20). Setting

oa.t)i= [ 1Kale = 0.0) — Kalo+ 0] (),
0
we know that ¢(z,t) is a solution of the IBVP as follows

bt + gy — Boee =0, (x,t) ERL xRy
Qg|t=0 =0, d_)t‘tzo = f(z), zeR4
¢la—0 = 0.

By an odd extension to the above IBVP

o t) B(x, 1), x>0 o) e f(z), x>0
¥zt {—qﬁ(—x,t), x <0, hz): {—f(—x), x <0,

oo | Kol — 1 8) = Kolw + )] (y)dy

L2(Ry)
+1
1 f o yy + 1 L aie ], (4.21)

<C(L+t)7-

such that we may Consider its corresponding Cauchy problem for ¢(z,t) with the
initial data (0, h(x)), and note that

| Patin= / o, )de, Mz =2 e 150 =21 1,

due to the odd symmetry, and by using Matsumura’s lemma (Lemma 4.1), then
we obtain

oo | P K@ =y 8) — K (o + 3,0 (y)dy

L2(Ry)
= ‘ a0k /OO Ki(z =y, t)h(y)dy
—o0 L2(Ry)
=5 o0t [~ e =ty .
< O+ )75 |l gy + 1Al -1 ()
=20(1+ )75 [l gy + I llaier-1cay)- (4.22)

This proved (4.20).
Similarly, without any difficulty we can prove (4.21). Here we omit the details. O

We even state another auxiliary lemma which is used to prove the decay rates.
The proof and a lot of applications of this lemma can be found in many bibliogra-
phies, for example in [19, 12, 13, 8] and the references therein.
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Lemma 4.3. Let a > 0 and b > 0 be constants. If max(a,b) > 1, then
/Ot(l +t—5)"%1+5)"bds < C(1 + )" min(ab), (4.23)
If max(a,b) =1, then
/Ot(1 +t—8)"%1+5)"bds < C(1+ )" ™n@Y In(2 4 ¢). (4.24)
If max(a,b) <1, then

/t(l +t—5)""(1+s)tds <O +t) o0 (4.25)
0

Proof of Theorem 3.2. Firstly, we prove the optimal decay rates for |0V (¢)| 12
(k=0,1,2), namely, (3.13).

By noticing (4.17), we obtain an equivalent integral equation of the IBVP (4.1)
as follows

V1) = / T Kol - y.t) - Kolw + . 0T(y)dy
s [T =)~ 2000y
0

i /0 /ooo[Kl(x —y,t—7) = Ki(w+y,t — )Gy, 7)dydr.  (4.26)

By differentiating (4.26) k-times (k = 0, 1,2) with respect to x, and by taking its
L?(R, )-norm, we obtain

105V ()l 2 ey )

< ‘ o [ " Kole - y.) — Kola + . O]Ve(y)dy
0

L2(R4)

"

8’; /OOO[Kl(x —y,t) — Kq1(z + y,t)]20(y)dy

+/

Since Vp € LY(R) N H3(R,) and %o € LY(Ry) N H%(R, ), we apply Lemma 4.2
then to have

L2(R4)

dr. (4.27)

o / Ki(e—y,t—7) — K (2 + .t — 1) Gy, 7)dy
0 L2(Ry)

o | Ko =y 8) = Koo+, 5] To(y)dy

L2(Ry)
< ClIVolloiry) + Vol s o)) (1 + 1)~ GFFD/4, (4.28)
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and

oo

o ; [Ki(z —y,t) — Ki(z +y,1)]20(y)dy

L2(R4)
< Cllzoll iy + 20l 2] (1 + )~ GEFD/A (4.29)
for k=0,1,2.

Now we are going to estimate the last term in (4.27). By Taylor’s expansion,
and by noticing (4.2) and (3.7), we have

|G| ~ OW){[0:04] + [0e] + (0 = 0) V)| + 2] + (V) }, (4.30)
|05 G| ~ O(W{105 (0:00)| + 105 Te| + |05 (0 — v:+)Va) | + 050] + 105 (V2 )| }-
(4.31)

From (3.1), (2.20), (2.21) and (3.10), and by Hoélder’s inequality | fg|rr <
Il fllz2llgll Lz, then the L'-norm for G' can be estimated as follows
Gzt ()
< C{Io () L2 @) 102 (D) Iz my ) + 102 (D) L1y
1@ =) Ol 2@ Vaa (Ol 2@y + (0 = v4)e Ol 2@ Ve ()] 2Ry )
10Ol @) + VaOll 2@ ) Vae (Ol 22 @) }
SC{A+H) T A (1) (L) TTR
F (1) pemot (14 4)7E0E)
< O(141t)75/4 (4.32)

Similarly, we can also prove
IGO) | e,y < C(A+1)73/2 (4.33)

By noting (4.32), (4.33) and 3/2 > 5/4 > (2k + 1)/4 for k = 0,1,2, and applying
Lemmas 4.2 and 4.3, we obtain optimal rates for the last term of (4.27) as follows
dr

t
‘/0 L2(Ry)

t
<c / (14t — 1) VAN G gy + GO sl

o /Ooo[m(x—y,t—ﬂ—K1<w+y,t—7>1G<y,T>dy

t
= C/ (L4t =)~ DA+ )= (14 7) e
0
<CQQ+t)~@+DA - for k=0,1,2. (4.34)

Applying (4.28), (4.29) and (4.34) to (4.27), we prove (3.13) for k = 0,1, 2.
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Now, we are going to prove (3.14). It is well known that
z(z,t) = Vi(z, 1)

=00 [ ol 1) = Ko + . O1Valw)dy
0 [ 0 = Kala o+ vl
+/Ot8t/ooo[K1(x—y,t—T)—Kl(x-i-y,t—r)]G(y,T)dydT
+ /OOO[Kl(m —14,0) — Ki(z +y,0)]G(y, t)dy. (4.35)

By making use of the fashion as before, then Lemmas 4.2 and 4.3 help us to reach
the goal

Izl L2®y) = IVi@)llL2 )

< H ) /OOO[KO(x —y,t) — Ko(z +y,t)|Vo(y)dy

L2(Ry)

!

o /ODO[KI(-T —y,t) = Ki(z + y,t)]20(y)dy

t
_|_/

+ H /OOO[Kl(x —,0) — Ki(z 4 y,0)]G(y, t)dy

L2(Ry)

dr
L2(Ry)

at/m[m(x—y,t—ﬂ—K1<x+y,t—r>}a<y,7>dy
0

L2(R4)
< C(IVollLrry) + Vol e ey (1 +1)70/
+ C(l|Zoll 1 my ) + |20l 2R,y (1 +8) 74
e / (+ = 1) S 4GE ) + GO 2 )7

+ (G|l wy) + G a2k, ))
< C(IVollpr ey + Vol maeoy) (1 + )74
+ C(l|20ll 1wy ) + 120l 2 (ry ) ) (1 + t)~/

i C/t(l +t = 7)) (L4 7) 7 dr
0

+ O+ )74 4 (1+1)73/?)
<O+t~ (4.36)

This proved (3.14). O
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5. Remark

This section is devoted to Marcati-Mei’s IBVP paper [10]

vy — Uy =0
up +p(v)e = —au, (z,t) € Ry X Ry

(v,u)(z,0) = (v, up)(x) — (vy,uy) as & — oo (5-1)
v(0,t) = g(t) — vy ast — oo,
where
19(t) — 04 = O(Dfos — vyl (1+8)7, 21 >3/4 (52)

and the compatibility condition g(0) = vo(0) holds. Let v(x,t) = ¢(x/v/1+1t) be
the self-similar solution to the parabolic equation in whole space x € (—o0, 00)

agy +p(¢)L£ =0, (Jf, t) € R x ]R_;'_,
Marcati and Mei in [10] selected a shifted nonlinear diffusion wave

x+ d(t))
Vi+i

as the asymptotic profile of (5.1), where the shift d(¢) in C3(R, ) satisfies

(0.)( + dt),0) = (6, ~p(0). ) (

d(t) >0, forall t>0, (5.3)
exp{ - ozc()(\/cﬁ_)l)z} <O1)(2+1¢)77, Y2 > 3/4, (5.4)
d'(t) exp{ - aco(\/i(j__)l)Q} < O1)(1+)~02+) /log(2 + 1). (5.5)

Under some smoothness and smallness restrictions on the initial data, they proved
in [10] the stability as follows

[0F (v — ) (t) | L2,y = OQ)(1 + )~ * T2k =0,1,2, (5.6)
105 (u — @) (1) 12z, ) = O()(1 + 1)~ *FD/2 | — 0,1, (5.7)
(v =) ()| Lo,y = O+ 1)~ 2 < p < oo, (5.8)

These rates are not sharp and can be improved as follows.

Theorem 5.1. Suppose that vo—vy € LY (Ry), (Vo, 20)(x) := (*fz vo(y)—o(y+
d(O),O)]d%Uo(fﬂ)*ﬂ(Hd(O)aO)) € (H*(Ry)NLY(R4)) x (H*(R1)NLH(Ry)) and

that [[vo—v4 || L1 @)+ [Vollms ey +llzoll 2@y + Vol oo @y +lzoll Ly gy +lus | <1
hold. Then there ezists a unique time-global solution (v,u)(z,t) of the IBVP (5.1)
such that

v—0 € C*(0,00; H**(R,)), k=0,1,2, u—ac C*0,00; H'"*(Ry)), k=0,1

il
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and

105 (0 = D)D) ey = O (L +6)"CHH/4 k0,1, (5.9)
10 = 0)(D)llre,) = OM)(L+8)~P- D/ 2<p<tos,  (5.10)
(= DOl 2es) = O (L + )71, (5.11)

By using the Fourier transform and the energy method as before, we can sim-
ilarly prove Theorem 5.1. The details are omitted.
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