
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. MATH. ANAL. c© 2018 Society for Industrial and Applied Mathematics
Vol. 50, No. 1, pp. 718–734

STEADY HYDRODYNAMIC MODEL OF SEMICONDUCTORS
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Abstract. This is the second part of our series of studies concerning the well-posedness/ill-
posedness and regularity of stationary solutions to the hydrodynamic model of semiconductors rep-
resented by Euler–Poisson equations with sonic boundary condition. In this paper, we consider the
case of a supersonic doping profile, and prove that the system does not hold any interior subsonic
solution; furthermore, the system doesn’t admit any interior supersonic solution and any transonic
solution if such a supersonic doping profile is small enough or the relaxation time is small, but it
has at least one interior supersonic solution and infinitely many transonic solutions if the supersonic
doping profile is close to the sonic line and the relaxation time is large. The nonexistence of any
type of solutions in the case of a small doping profile or small relaxation time indicates that the
semiconductor effect for the system is remarkable and cannot be ignored.
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1. Introduction. Subsequently to the first part of a stationary hydrodynamic
model with sonic boundary [16], we consider the system in the case of a supersonic
doping profile:

(1.1)

⎧⎪⎪⎨
⎪⎪⎩

J = constant,(
J2

ρ
+ P (ρ)

)
x

= ρE − J

τ
, x ∈ (0, 1).

Ex = ρ− b(x),

Here ρ, J , and E represent the electron density, the current density, and the electric
field, respectively. P (ρ) is the pressure function of the electron density. When the
system is isothermal, the pressure function is physically represented by

(1.2) P (ρ) = Tρ with the constant temperature T > 0.

The function b(x) > 0 is the doping profile standing for the density of impurities in
a semiconductor device. The constant τ > 0 denotes the momentum relaxation time.
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STEADY HYDRODYNAMIC MODEL WITH SONIC BOUNDARY (II) 719

From fluid dynamics, we call c :=
√
P ′(ρ) =

√
T > 0 the sound speed for P (ρ) = Tρ

(see (1.2)). Thus, the stationary flow of (1.1) is said to be subsonic/sonic/supersonic,
if the fluid velocity satisfies

(1.3) fluid velocity: u =
J

ρ
� c =

√
P ′(ρ) =

√
T : sound speed.

Without loss of generality, let us assume throughout the paper

T = J = 1.

Thus, (1.1) is transformed into

(1.4)

⎧⎨
⎩
(
1− 1

ρ2

)
ρx = ρE − 1

τ
,

Ex = ρ− b(x).

From (1.3), it can be identified that ρ > 1 is for the subsonic flow, ρ = 1 stands for
the sonic flow, and 0 < ρ < 1 represents the supersonic flow. Therefore, our sonic
boundary conditions to (1.1) are proposed as follows:

(1.5) sonic boundary: ρ(0) = ρ(1) = 1.

Dividing the first equation of (1.4) by ρ and differentiating the resultant equation
with respect to x, and substituting the second equation of (1.4) into this modified
equation, we then have

(1.6)

⎧⎨
⎩
[(

1

ρ
− 1

ρ3

)
ρx

]
x

+
1

τ

(
1

ρ

)
x

− [ρ− b(x)] = 0, x ∈ (0, 1),

ρ(0) = ρ(1) = 1 (sonic boundary).

Throughout the paper we assume that the doping profile b(x) ∈ L∞(0, 1) is supersonic:

supersonic doping profile: 0 < b(x) < 1 for all x ∈ [0, 1].

We denote b := essinfx∈(0,1)b(x) and b := esssupx∈(0,1)b(x).
Recalled from [16], we define the interior subsonic/supersonic/transonic solutions

as follows.

Definition 1.1. ρ(x) is called an interior subsonic (correspondingly, interior
supersonic) solution of (1.6) if ρ(0) = ρ(1) = 1 but ρ(x) > 1 (correspondingly,
0 < ρ(x) < 1) for x ∈ (0, 1), and (ρ(x) − 1)2 ∈ H1

0 (0, 1), and it holds that for
any ϕ ∈ H1

0 (0, 1)∫ 1

0

(
1

ρ
− 1

ρ3

)
ρxϕxdx+

1

τ

∫ 1

0

ϕx

ρ
dx +

∫ 1

0

(ρ− b)ϕdx = 0,

which is equivalent to

(1.7)
1

2

∫ 1

0

ρ+ 1

ρ3
(
(ρ− 1)2

)
x
ϕxdx+

1

τ

∫ 1

0

ϕx

ρ
dx+

∫ 1

0

(ρ− b)ϕdx = 0.

Once ρ = ρ(x) is determined by (1.6), in view of the first equation of (1.4), the
electric field E(x) can be solved by

E(x) =

(
1

ρ
− 1

ρ3

)
ρx +

1

τρ
=

(ρ+ 1)[(ρ− 1)2]x
2ρ3

+
1

τρ
.
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720 J. LI, M. MEI, G. ZHANG, AND K. ZHANG

In this way, we could obtain the interior subsonic/supersonic solutions to system
(1.4)–(1.5).

Definition 1.2. ρ(x) > 0 is called a transonic shock solution of system (1.4)–
(1.5) if ρ(0) = ρ(1) = 1 and it is separated by a point x0 ∈ (0, 1) in the form

ρ(x) =

{
ρsup(x), x ∈ (0, x0),
ρsub(x), x ∈ (x0, 1),

where 0 < ρsup(x) < 1 and ρsub(x) > 1 satisfy the entropy condition

(1.8) 0 < ρsup(x
−
0 ) < 1 < ρsub(x

+
0 ),

and the Rankine–Hugoniot condition at x0

ρsup(x
−
0 ) +

1

ρsup(x
−
0 )

= ρsub(x
+
0 ) +

1

ρsub(x
+
0 )

,

Esup(x
−
0 ) = Esub(x

+
0 ).

(1.9)

Set ρl = ρsup(x
−
0 ) and ρr = ρsub(x

+
0 ), a simple computation from (1.9) shows

that

(1.10) ρlρr = 1.

The stationary hydrodynamic model with a different background setting and dif-
ferent boundary conditions has been extensively studied [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]. When the doping profile is a supersonic
constant, namely, b(x) ≡ b < 1, Ascher et al. [1] and Rosini [22] observed that there
are some transonic solutions connected with shocks. The shock transonic solutions
were also technically constructed by Gamba in [8] for the one-dimensional case and
by Gamba and Morawetz in [9] for the two-dimensional case. Later, when the fixed
boundary is also supersonic, and the current density has a strongly supersonic back-
ground, i.e., J � 1, Peng and Violet [21] further proved that there is a supersonic
solution and it is unique. When the effect of a semiconductor is removed, namely, the
term −J

τ in (1.1) is missing, Luo and Xin [18] showed the existence/nonexistence of
transonic shock solutions when the boundaries are subsonic on one side and supersonic
on the other side, where the doping profile b(x) is fixed as a constant. A structural
stability of transonic shocks is further studied by Luo et al. [17]. For the critical case
of the sonic boundary, we investigated the structure of all possible solutions to (1.1)
in [16] when the doping profile b(x) is subsonic, that is, there are a unique subsonic
solution, at least one supersonic solution, infinitely many transonic shock solutions
when the relaxation time is big (τ � 1), and infinitely many C1-smooth transonic
shock solutions when the relaxation time is small (τ � 1). As a continuity of our first
part, in this paper we focus on the case when the doping profile is supersonic or sonic.
We prove that the stationary system (1.1) with the sonic boundary does not hold any
subsonic solution; and the system also has no supersonic solution and no transonic
solution if such a supersonic doping profile b(x) is small enough or the relaxation
time τ is small enough. The nonexistence of any type of solutions in the case of a
small doping profile or small relaxation time indicates that the semiconductor effect
for the system is remarkable and cannot be ignored. On the other hand, we further
prove that the system (1.1) possesses at least one supersonic solution and infinitely
many transonic shock solutions if the supersonic doping profile is close to the sonic
line (namely, b(x) ≈ 1−) and the semiconductor effect is small (τ � 1). As shown in
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the first part [16], the supersonic solution is globally C
1
2 Hölder continuous, and the

C
1
2 -regularity is optimal. These results are summarized in the following theorem.

Theorem 1.3. Let the doping profile be supersonic such that b(x) ∈ L∞(0, 1) and
0 < b(x) ≤ b ≤ 1. Then

1. there is no interior subsonic solution to (1.4)–(1.5);
2. there is no interior supersonic solution nor transonic solution to (1.4)–(1.5)

if the doping profile is sufficiently small such that b(1 +
√
2b) < 1;

3. there is no interior supersonic solution nor transonic solution to (1.4)–(1.5)
if the relaxation time is small with τ < 1

3 ;
4. there exists at least one interior supersonic solution (ρsup, Esup)(x) to (1.4)–

(1.5), satisfying ρsup ∈ C
1
2 [0, 1] and the optimal estimate

(1.11)

{
C5x

1
2 ≤ 1− ρsup(x) ≤ C6x

1
2 ,

−C7x
− 1

2 ≤ ρ′sup(x) ≤ −C8x
− 1

2 ,
for x near 0,

if the doping profile b(x) is close to the sonic state (i.e., ‖b− 1‖L∞(0,1) � 1)
and the relaxation time is sufficiently large, τ � 1;

5. there exist infinitely many transonic shock solutions (ρtrans, Etrans)(x) to
(1.4)–(1.5) jointly with some stationary shocks satisfying the entropy condi-
tion (1.8) and the Rankine–Hugoniot jump condition (1.9) at different jump
locations x0, if the doping profile b(x) is close to the sonic state and the relax-
ation time is sufficiently large, τ � 1, where x0 can be uniquely determined
when ρr satisfying ρr − ρl � 1 is fixed, but the choice of ρl can be infinitely
many.

Remark 1.
1. Theorem 1.3 indicates that when the doping profile is small enough, or the

relaxation time is small enough, then the system has no solution. This also
explains the physical phenomenon that the semiconductor device doesn’t work
efficiently when the background of the device is too pure.

2. In part 4 of Theorem 1.3, the estimates (1.11) imply that C
1
2 [0, 1] is the opti-

mal Hölder space for the global regularity of the supersonic solution ρsup(x).
3. In part 5 of Theorem 1.3, when τ � 1, namely, the semiconductor effect is

small, then the steady hydrodynamic system possesses infinitely many tran-
sonic shock solutions. The similar results in [18, 17] can be regarded in some
sense as our special example τ = ∞ .

4. If b(x) ≡ 1, then parts 1, 3, 4, and 5 of Theorem 1.3 still hold, and (1.4)–(1.5)
also admit the sonic solution (ρsonic, Esonic)(x) ≡ (1, 1

τ ).

The paper is organized as follows. In section 2, by using the technical energy
method on specifically chosen domains, we prove our main Theorem 1.3. In section 3,
when the pressure function is P (ρ) = Tργ for γ > 1, the hydrodynamic system of
Euler–Poisson equations becomes isentropic, and we conclude that the results pre-
sented in [16, Theorem 1.3] and Theorem 1.3 above all hold for the isentropic system
with γ > 1.

2. Proof of Theorem 1.3. In this section, we consider the more general case
of a nonsubsonic doping file, namely, we assume that 0 ≤ b ≤ b(x) ≤ b ≤ 1, which
allows b(x) partially supersonic and partially sonic in the domain [0, 1]. To observe
the structure of the stationary solutions, let us first test the specially case with a
constant supersonic doping profile b(x) ≡ b < 1, where the phase-plane analysis is
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Fig. 1. Phase plane of (ρ, E) with τ = 15 and b = 0.5; ∗ is the focal point A = (0.5, 2/15).

helpful. In this case, the critical point A =
(
b, 1

τb

)
sits at the left-hand side of the

sonic line ρ = 1. The Jacobian matrix of system (1.4) at A is

J(A) =

⎡
⎣ b

τ(b2 − 1)

b3

b2 − 1
1 0

⎤
⎦ .

It is easy to see that the eigenvalues λ of matrix J(A) satisfy the following character-
istic equation

(2.1) λ2 − bλ

τ(b2 − 1)
− b3

b2 − 1
= 0.

By (2.1), the eigenvalues of the Jacobian matrix J(A) satisfy

λ1 + λ2 < 0, λ1λ2 > 0.

Thus, λ1, λ2 < 0, which indicates that A is a stable focal point. On the other hand,
it follows from system (1.4) that

(2.2)
dE

dρ
=

(ρ− b)(1 − 1
ρ2 )

ρE− 1
τ

,

which helps to determine the directions of all trajectories. Here, and in the following,
to avoid confusion, we denote by E = E(ρ) the function of the trajectory. In view
of (2.2) and (1.4), we draw the phase plane of (ρ,E) in Figure 1 with τ = 15 and
b = 0.5. From Figure 1, we see that one outside curve starts from the sonic line,
passes through the supersonic regime, then ends at the sonic line, so there is a possible
interior supersonic solution. The other curve starts from the sonic line, but rotates
in the supersonic regime, and never ends at the sonic line, thus such a curve is not a
solution. Obviously, there is no interior subsonic solution.

Now, for the general case of a supersonic doping profile, we are going to prove
that there is no interior subsonic solution, nor transonic solution, even no interior
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supersonic solution if the doping profile b(x) � 1 or τ � 1 , namely, when the semi-
conductor device is almost pure, or the relaxation time is really small (equivalently,
the semiconductor effect is large). The supersonic solution and transonic solution ex-
ist only when the doping profile is close to the sonic line and τ is large enough. This is
totally different from the previous studies [17, 18] for the case without a semiconductor
effect.

Now we are going to prove each case stated in Theorem 1.3.

2.1. Nonexistence of interior subsonic/supersonic/transonic solutions.
In this subsection, we are going to prove the nonexistence of interior subsonic/super-
sonic/transonic solutions when the doping profile is small or the relaxation time is
small.

Theorem 2.1. No interior subsonic solution to (1.6) exists for the case of the
nonsubsonic doping profile 0 ≤ b ≤ b(x) ≤ b ≤ 1.

Proof. Supposing there is an interior subsonic solution ρsub of (1.6) defined in
Definition 1.1, let us take the test function ϕ = (ρ− 1)2 ∈ H1

0 (0, 1) in (1.7), then we
have

(2.3)
1

2

∫ 1

0

ρ+ 1

ρ3
· ∣∣[(ρ− 1)2

]
x

∣∣2 dx+

∫ 1

0

[
(ρ− 1)2

]
x

τρ
dx+

∫ 1

0

(ρ− b)(ρ− 1)2dx = 0.

Noting that ∫ 1

0

[
(ρ− 1)2

]
x

τρ
dx =

2

τ

∫ 1

0

(ρ− ln ρ)xdx = 0,

and that ρ− b > 0 on (0, 1), namely,

∫ 1

0

(ρ− b)(ρ− 1)2dx > 0,

then, from (2.3), we get a contradiction:

1

2

∫ 1

0

ρ+ 1

ρ3
· ∣∣[(ρ− 1)2

]
x

∣∣2 dx < 0.

Therefore, there is no interior subsonic solution.

Theorem 2.2. No interior supersonic solution to (1.6) exists when the doping

profile b(x) is small such that b̄(1 +
√
2b̄) < 1, or the relaxation time τ is small such

that τ < 1
3 .

Proof. Assume that ρ(x) is an interior supersonic solution of (1.6) satisfying Def-
inition 1.1. The velocity u(x) = 1

ρ(x) satisfies

(2.4)

⎧⎪⎨
⎪⎩
(
u− 1

u

)
ux = E − u

τ
,

Ex =
1

u
− b(x).

Because u ∈ C[0, 1], there exists a maximal point denoted by ŷ ∈ (0, 1) such that
u(x) ≤ u(ŷ) for any x ∈ [0, 1]. Because ux(ŷ) = 0, the first equation of (2.4) gives

(2.5) E(ŷ) =
u(ŷ)

τ
.
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Multiplying the first equation of (2.4) by ((u−1)2)x, integrating the resultant equation
over (ŷ, 1), using the second equation of (2.4), and noting

u((u− 1)2)x =
1

3
((u− 1)2(2u+ 1))x,

we obtain∫ 1

ŷ

u(x) + 1

2u(x)

∣∣[(u(x)− 1)2
]
x

∣∣2 dx
=

∫ 1

ŷ

(
b(x)− 1

u(x)

)
(u(x)− 1)2dx− (u(ŷ)− 1)2

(
E(ŷ)− 2u(ŷ) + 1

3τ

)

=

∫ 1

ŷ

(
b(x)− 1

u(x)

)
(u(x)− 1)2dx− (u(ŷ)− 1)3

3τ
,

(2.6)

where we have used (2.5) in the second equality.
In the case b(x) � 1, since u(ŷ) > 1, we get from (2.6) that∫ 1

ŷ

u(x) + 1

2u(x)

∣∣[(u(x) − 1)2
]
x

∣∣2 dx
≤
∫ 1

ŷ

(
b(x)− 1

u(x)

)
(u(x) − 1)2dx

≤
∫ 1

ŷ

b(x)(u(x) − 1)2dx

≤ 1

4

∫ 1

ŷ

(u(x)− 1)4dx +

∫ 1

ŷ

b2(x)dx

≤ 1

4

∫ 1

ŷ

∣∣[(u(x)− 1)2
]
x

∣∣2 dx+ b
2
.

(2.7)

Here we have used

(2.8)

∫ 1

y

(u(x)− 1)4dx ≤
∫ 1

y

∣∣[(u(x)− 1)2
]
x

∣∣2 dx for y ∈ (0, 1).

Then (2.7) gives ∫ 1

ŷ

∣∣[(u(x)− 1)2
]
x

∣∣2 dx ≤ 4b̄2,

and further

u(x) ≤ 1 + (2b)1/2 on [ŷ, 1].

It then follows that(
b(x)− 1

u(x)

)
(u(x) − 1)2 ≤

(
b− 1

1 + (2b)1/2

)
(u(x)− 1)2 for any x ∈ [ŷ, 1].

Thus, when b is small enough such that b − 1
1+(2b)1/2

< 0, we get from the first

inequality of (2.7) that

0 ≤
∫ 1

ŷ

u+ 1

2u

∣∣[(u− 1)2
]
x

∣∣2 dx ≤
(
b − 1

1 + (2b)1/2

)∫ 1

ŷ

(u− 1)2dx < 0,(2.9)

which is a contradiction.
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In the case τ � 1, since b ≤ 1 and 1 ≤ u ≤ u(ŷ), it follows from (2.6) that

∫ 1

ŷ

u+ 1

2u

∣∣[(u− 1)2
]
x

∣∣2 dx ≤
∫ 1

ŷ

(u− 1)3

u
dx− (u(ŷ)− 1)3

3τ
≤
(
1− 1

3τ

)
(u(ŷ)− 1)3.

Thus, when τ is small such that τ < 1
3 , we get a contradiction. Therefore, no interior

supersonic solution exists. The proof is complete.

Theorem 2.3. No transonic solution to system (1.4)–(1.5) exists when the doping

profile b(x) is small such that b̄(1 +
√
2b̄) < 1, or the relaxation time τ is small such

that τ < 1
3 .

Proof. Suppose that (ρ,E) is a transonic solution separated by a point y0 ∈ (0, 1)
in the form

ρ(x) =

{
ρsup(x), x ∈ (0, y0),
ρsub(x), x ∈ (y0, 1),

and
ρlρr = 1, El = Er with ρl < 1 and ρr > 1.

We first claim

(2.10) El = Er <
1

τ
.

In fact, if Er ≥ 1
τ , noting the second equation of (1.4) gives

(Esub)x(x) = (ρsub − b) > (1− b) ≥ 0 on (y0, 1),

i.e., Esub is monotone increasing, we have

Esub(x) > Er ≥ 1

τ
, and ρsub(x)Esub(x) − 1

τ
> Er − 1

τ
≥ 0 on (y0, 1),

which in combination with the first equation of (1.4) further gives (ρsub)x(x) > 0 on
(y0, 1). Thus, 1 < ρr < ρsub over (y0, 1), which contradicts ρsub(1) = 1. Hence (2.10)
holds.

In the case b(x) � 1, multiplying the first equation of (2.4) by ((u − 1)2)x and
integrating the resultant equation over (0, y0), as in (2.6), we get∫ y0

0

u(x) + 1

2u(x)

∣∣[(u(x) − 1)2
]
x

∣∣2 dx
=

∫ y0

0

(
b(x)− 1

u(x)

)
(u(x) − 1)2dx+ (ul − 1)2

(
El − 2ul + 1

3τ

)

<

∫ y0

0

(
b(x)− 1

u(x)

)
(u(x) − 1)2dx− 2(ul − 1)3

3τ

<

∫ y0

0

b(x)(u(x)− 1)2dx,

where we have used (2.10) in the first inequality. Thus, as in (2.7)–(2.9), when b is
small enough such that b− 1

1+(2b)1/2
< 0, we get the contradiction∫ y0

0

u+ 1

2u
|[(u − 1)2]x|2dx < 0.
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In the case τ � 1, since ρl < 1, by (2.10) we get ρlEl − 1/τ < 0. Thus,
limx→y−

0
(ρsup)x(x) = (1−1/ρ2l )

−1(ρlEl−1/τ) > 0. It is then easy to see that ρsup(x)

attains a local minimal point on (0, y0). Denote by y̆ the last local minimal point
of ρsup(x) on (0, y0), then (ρsup)

′
x(y̆) = 0. Set u(x) := 1

ρsup(x)
, then ux(y̆) = 0 and

ul =
1
ρl

> 1. Hence by the first equation of (2.4), we also get (2.5) at y̆. Multiplying

the first equation of (2.4) by ((u − 1)2)x and integrating the resultant equation over
(y̆, y0), as shown in (2.6), using (2.5), we get∫ y0

y̆

u(x) + 1

2u(x)

∣∣[(u(x) − 1)2
]
x

∣∣2 dx
=

∫ y0

y̆

(
b(x)− 1

u(x)

)
[u(x) − 1]2dx+ (ul − 1)2

(
El − 2ul + 1

3τ

)

− (u(y̆)− 1)2
(
E(ŷ)− 2u(y̆) + 1

3τ

)

=

∫ y0

y̆

(
b(x)− 1

u(x)

)
(u(x) − 1)2dx+ (ul − 1)2

(
El − 1

τ

)

− 2(ul − 1)3

3τ
− (u(y̆)− 1)3

3τ

≤
∫ y0

y̆

[u(x)− 1]3dx− 1

3τ

(
(ul − 1)3 + (u(y̆)− 1)3

)
,

where we have used b ≤ 1 and (2.10) in the inequality. Noting

max
x∈[y̆,y0]

[u(x)− 1]3 = max
{
(ul − 1)3, (u(y̆)− 1)3

}
=: K,

we further have∫ y0

y̆

u+ 1

2u

∣∣[(u − 1)2
]
x

∣∣2 dx ≤
(
1− 1

3τ

)
K < 0 if τ <

1

3
.

We thus get a contradiction.

2.2. Existence of interior supersonic/transonic solutions. In this subsec-
tion, we prove the existence of supersonic/transonic solutions when the doping profile
is close to the sonic line and the relaxation time is large. The approach adopted is
the compactness technique.

Theorem 2.4. There exists at least one interior supersonic solution to system
(1.4)–(1.5) satisfying ρ ∈ C

1
2 [0, 1] and the optimal estimate (1.11), when b(x) is close

to the sonic state 1 in the sense of ‖b− 1‖L∞(0,1) � 1 and the relaxation time is large
τ � 1.

Proof. The proof is long and technical, and we divide it into 5 steps.
Step 1. We first consider the Euler–Poisson equations without the semiconductor

effect:

(2.11)

⎧⎪⎪⎨
⎪⎪⎩

(
1− 1

ρ2

)
ρx = ρE,

Ex = ρ− 1,
ρ(0) = ρ(L) = 1− δ (supersonic boundary),
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where L ≥ 1
4 is the parameter of length and δ > 0 is a small constant. Taking b = 1

in [16, Lemma 4.1], one can see that (2.11) has a supersonic solution (ρL, EL)(x)
satisfying

(2.12) β(L) ≤ ρ ≤ γ(L), EL(0) ≥
√
f(γ(L)) > 0,

where ρ := minx∈[0,L] ρL(x).
Step 2. Let η be a small number to be determined such that δ < η � 1. Denote

by (ρ1, E1)(x) the solution of (2.11) with L = 1
2 . Now let us consider the ODE

system with the semiconductor effect − 1
τ and a small perturbation of the doping

profile around the sonic line, i.e., b(x) = 1− εe(x):

(2.13)

⎧⎪⎪⎨
⎪⎪⎩

(
1− 1

ρ2

)
ρx = ρE − 1

τ
,

Ex = ρ− 1 + εe(x),
(ρ(0), E(0)) = (1− δ, E1(0)).

Here τ � 1, 0 < ε � 1, 0 ≤ e(x) ∈ L∞(R+), and we have extended periodically
the doping profile b to R

+. We claim that there exists a number y1 ≤ Cη such that
ρ(y1) = 1− η, where C > 0 is a constant independent of τ , ε, δ, and η.

It is easy to see that if τ ≥ 4
E1(0)

and δ ≤ 1
4 , then the initial data of (2.13) satisfy

ρ(0)E(0)− 1

τ
= (1− δ)E1(0)− 1

τ
≥ E1(0)

2
> 0.

From the first equation of (2.13), we know that ρ is decreasing in a neighborhood of
0. If ρ keeps decreasing on [0, x], then

(2.14) E(x) = E1(0) +

∫ x

0

(ρ− 1 + εe(s))ds ≥ E1(0)− x,

which indicates that if

(2.15) x ≤ E1(0)

4
,

then

E(x) ≥ E1(0)− E1(0)

4
=

3E1(0)

4
.

We next prove that if ρ keeps decreasing, denoting by y1 the first number that ρ
attains 1− η, then y1 ≤ Cη2 for some constant C > 0. In fact, observe that

ρx =
ρE − 1

τ

1− 1
ρ2

=
ρ2(ρE − 1

τ )

ρ2 − 1
≤ ρ3E

ρ2 − 1
≤ −3(1− η)3E1(0)

4η(2− η)
≤ −E1(0)

16η
if η ≤ 1

2
.

Thus,

y1 =
δ − η∫ 1

0 ρx(sy1)ds
≤ 16η2

E1(0)
.

Hence, if η ≤ E1(0)
8 , then (2.15) holds, and ρ keeps decreasing and attains 1− η at y1

with y1 ≤ 16η2

E1(0)
. By (2.14),

(2.16) E1(0)− Cη2 ≤ E(y1) ≤ E1(0) + Cη2.
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Step 3. Now let us reconsider the ODE system without the semiconductor effect,

(2.17)

⎧⎪⎪⎨
⎪⎪⎩

(
1− 1

ρ̂2

)
ρ̂x = ρ̂Ê,

Êx = ρ̂− 1,

(ρ̂(0), Ê(0)) = (1 − δ, Ê0).

Taking b = 1 in [16, step 2 in the proof of Theorem 4.2], we know that there exist

Ê0 ∈ (E1(0)
2 , 2E1(0)) and y2 ≤ Cη2 such that (2.17) has a supersonic solution (ρ̂, Ê)

satisfying

(2.18) ρ̂(y2) = 1− η, Ê(y2) = E(y1), E1(0)− Cη2 ≤ Ê(y2) ≤ E1(0) + Cη2.

Here E and y1 are given by step 2. Moreover, the length L̂ of the solution of (2.17)
with initial boundary data (ρ̂(0), Ê(0)) = (1− δ, Ê0), ρ̂(L̂) = 1− δ satisfies

1

4
≤ L̂ ≤ 3

4
.

Step 4. Set (ρ̄, Ē)(x) := (ρ̂, Ê)(x − y1 + y2), then (ρ̄, Ē) satisfies (2.11) with
initial-boundary data

(ρ̄, Ē)(y1) = (1− η, Ê(y2)) = (ρ,E)(y1) and ρ̄(y3) = 1− η

with y3 := L̂+ y1 − 2y2. As in [16, step 3 of the proof of Theorem 4.2], when τ � 1

and 0 < ε � 1 such that C( 1
τ2 + ε2)eC/η2 ≤ 1/4, system (2.13) has a unique solution

(ρ,E) on [0, y3] satisfying

(2.19) ρ(y3) ≤ 1− η

2
, E(y3) ≤ E1(0) + Cη.

Now taking y3 as the initial data, as in [16, step 3 of the proof of Theorem 4.2],
we can extend (ρ,E), the solution of (2.13), to the state ρ = 1− δ. Denote by y4 the
number that ρ(y4) = 1− δ, then

(2.20) ρ(0) = ρ(y4) = 1− δ, E(0) = E1(0), E(y4) ≤ E1(0) + Cη.

Moreover,
1

4
− Cη2 ≤ y4 ≤ 3

4
+ Cη2.

Now we take L = 3
2 in (2.11) and denote by (ρ2, E2) its solution. Applying a similar

argument above, we know that there exists an interval [0, y5] with

5

4
− Cη2 ≤ y5 ≤ 7

4
+ Cη2,

such that system (2.13) has a solution on [0, y5] satisfying

(2.21) ρ(0) = ρ(y5) = 1− δ, E(0) = E2(0), E(y5) ≤ −E2(0) + Cη.

Without loss of generality, we assume that E1(0) < E2(0); then when η � 1, for any
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initial data EL(0) ∈ (E1(0), E2(0)), (2.13) has a solution. Noting the length parameter
L is continuous with respect to the initial data, system (2.13) has a solution on [0, 1]
satisfying ρ(0) = ρ(1) = 1− δ and E(0) ∈ (E1(0), E2(0)).

Step 5. For any δ > 0, denote by (ρδ, Eδ) the solution of (2.13) with boundary
data ρδ(0) = ρδ(1) = 1− δ. The velocity uδ = 1/ρδ satisfies

(2.22)

((
uδ − 1

uδ

)
(uδ)x

)
x

+
(uδ)x
τ

−
(

1

uδ
− b

)
= 0, uδ(0) = uδ(1) =

1

1− δ
.

Multiplying (2.22) by (uδ − 1
1−δ )

2, as in (2.15), we have

2δ

1− δ

∫ 1

0

(uδ + 1)

uδ

(
uδ − 1

1− δ

)
|uδ

x|2dx+

∫ 1

0

(uδ + 1)

2uδ

∣∣∣∣∣
((

uδ − 1

1− δ

)2
)

x

∣∣∣∣∣
2

=

∫ 1

0

(
b− 1

uδ

)(
uδ − 1

1− δ

)2

≤ 1

2

∫ 1

0

(
uδ − 1

1− δ

)4

+
1

2

∫ 1

0

(
b− 1

uδ

)2

≤ 1

4

∫ 1

0

∣∣∣∣∣
((

uδ − 1

1− δ

)2
)

x

∣∣∣∣∣
2

+
1

2

∫ 1

0

b2,

which gives ∥∥∥∥∥
(
uδ − 1

1− δ

)2
∥∥∥∥∥
H1

≤ C

and, hence, ∥∥uδ
∥∥
L∞ ≤ C.

It then follows that

ρδ =
1

uδ
≥ 1

‖uδ‖L∞
≥ 1

C
and

∥∥∥(1− δ − ρδ
)2∥∥∥

H1
≤ C.

Therefore, there exists a function ρ0 such that, as δ → 1+, up to a subsequence,

(
1− ρδ

)2
⇀
(
1− ρ0

)2
weakly in H1(0, 1),(

1− ρδ
)2 → (

1− ρ0
)2

strongly in C
1
2 [0, 1].

(2.23)

Applying the same procedure as the proof of [16, Theorem 2.1], one can show that ρ0

is the supersonic solution of (1.6). The proof of estimate (1.11) being similar to that
of [16, Proposition 3.3], we thus omit it.

Theorem 2.5. There exist infinitely many transonic solutions to (1.4)–(1.5), when
b(x) is close to 1 in the sense of ‖b− 1‖L∞(0,1) � 1 and τ � 1.

Proof. The proof is also long and we do it in 3 steps.
Step 1. Consider the ODE system (2.13), in view of step 4 in the proof of Theo-

rem 2.4, given small constants η � 1 (δ < η), ε � 1, τ � 1, (2.13) has a supersonic
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solution (ρ,E) on [0, y4] satisfying

1

4
−Cη2 ≤ y4 ≤ 3

4
+Cη2, ρ(0) = ρ(y4) = 1−δ, E(0) = E1(0), E(y4) ≤ −E1(0)+Cη,

where E1 is the solution of (2.11) with L = 1
2 . Setting ρl = 1−η and taking the jump

location ȳ0 ∈ (0, y4) by the last number when ρ(ȳ0) = ρl, we focus this supersonic
solution (ρsup, Esup)(x) only on [0, ȳ0]. As in [16, step 4 of the proof of Theorem 4.2],

when η � 1 such that (C + E1(0))η ≤ E1(0)
2 and Cη2 < E1(0)

4 , then

ρrEr − 1

τ
≤ −E1(0)

4
< 0.

From the first equation of (2.13), we know such an initial value problem has a de-
creasing subsonic solution in a neighborhood of ȳ+0 . We denote this subsonic solution
by (ρsub, Esub)(x). If ρsub keeps decreasing, then

Esub(x) = Er +

∫ x

ȳ0

(ρsub − 1 + εe(x))dx

≤ −E1(0) + Cη +

∫ x

ȳ0

(ρr − 1 + εe(x))dx

≤ −E1(0) + Cη + (x− ȳ0)

(
η

1− η
+ ε‖e‖L∞

)
,

which implies that if Cη ≤ min(E1(0)
2 , 1

2 ), ε ≤ 1 and

(2.24) x− ȳ0 ≤ 4

(1 + ‖e‖L∞)E1(0)
,

then

Esub(x) < −E1(0)

4
< 0.

We now claim that if ρsub keeps decreasing, denoting by y6 the number that ρsub
attains 1 + δ, then y6 − ȳ0 ≤ Cη.

In fact, observing that

(ρsub)x =
ρsubEsub − 1

τ

1− 1
ρ2
sub

≤ − (1− η)2E1(0)

4η(2− η)
< − (1− η)2E1(0)

4η
,

we get

y6 − ȳ0 =
δ − η

1−η∫ 1

0 (ρsub)x(sy6 + (1− s)ȳ0)ds

≤ η

1− η
· 4η

E1(0)(1 − η)2
≤ 32η if η < min

(
E1(0),

1

2

)
.

Obviously, if η < 1
16(1+‖e‖L∞ )E1(0)

, then (2.24) holds and ρsub keeps decreasing and
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attains 1 + δ at y6. Now we have constructed the transonic solution to (1.4) in [0, y6]
with 1

4 − Cη ≤ y6 ≤ 3
4 + Cη as follows:

(ρtrans, Etrans)(x) =

{
(ρsup, Esup)(x), x ∈ [0, ȳ0),

(ρsub, Esub)(x), x ∈ (ȳ0, y6],

which satisfies the boundary condition

ρsup(0) = 1− δ, ρsub(y6) = 1 + δ,

and the entropy condition at ȳ0

0 < ρsup(ȳ
−
0 ) = 1− η < 1 < ρsub(ȳ

+
0 ),

and the Rankine–Hugoniot condition (1.9) at ȳ0.
Step 2. Denoting by (ρ2, E2) the solution of (2.11) with L = 3

2 , by step 4 of the
proof of Theorem 2.4, (2.13) has a supersonic solution (ρ,E) on [0, y7] with

5

4
−Cη2 ≤ y7 ≤ 7

4
+Cη2, ρ(0) = ρ(y7) = 1−δ, E(0) = E2(0), E(x10) ≤ −E2(0)+Cη.

As in step 1, we may construct another transonic solution for (1.4) in the form of

(ρtrans, Etrans)(x) =

{
(ρsup, Esup)(x), x ∈ [0, ỹ0),

(ρsub, Esub)(x), x ∈ (ỹ0, y7],

where ỹ0 ∈ (0, x10) and
5
4 −Cη2 ≤ y7 ≤ 7

4 +Cη2 are some determined numbers. This
transonic solution satisfies the boundary condition

ρsup(0) = 1− δ, ρsub(y7) = 1 + δ,

the entropy condition at ỹ0

0 < ρsup(ỹ
−
0 ) = 1− η < 1 < ρsub(ỹ

+
0 ),

and the Rankine–Hugoniot condition (1.9) at ỹ0.
Step 3. Without loss of generality, we assume that E1(0) < E2(0). As in [16, step

6 in the proof of Theorem 4.2], for any E0 ∈ (E1(0), E2(0)), (2.13) has a transonic
solution on an interval [0, y8]. Applying the continuation argument in the length of the
interval, one can see that for any δ > 0 (1.4)–(1.5) has a transonic solution denoted
by (ρδtrans, E

δ
trans) on [0, 1], and it satisfies the boundary conditions

ρδsup(0) = 1− δ, ρδsub(1) = 1 + δ,

the entropy condition

0 < ρδsup(y
δ
0) = 1− η < 1 < ρδsub

(
yδ0
)
,

and the Rankine–Hugoniot condition (1.9) at a jump location yδ0 in (0, 1). Letting
δ → 0+, applying the diagonal argument for (ρδtrans, E

δ
trans), we know that (1.4)–

(1.5) has a transonic solution (ρtrans, Etrans)(x) for x ∈ [0, 1] and satisfies the sonic
boundary condition, the entropy condition, and the Rankine–Hugoniot condition at
a jump location y0 in (0, 1).

Because τ and ε only depend on (E1(0), E2(0), η), and η only depends on
(E1(0), E2(0)), there exists an η0 > 0 such that for any η ∈ (0, η0), there exists a
transonic solution jump at ρl = 1 − η. Thus, we obtain infinitely many transonic
solutions due to the arbitrary choice of 0 < η < η0.
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Proof of Theorem 1.3. Combining Theorems 2.1–2.5, we immediately obtain The-
orem 1.3.

3. Concluding remarks. In this section, we note that [16, Theorem 1.3] and
Theorem 1.3 above both hold for the isentropic hydrodynamic model. For isentropic
flow, the pressure function satisfies P (ρ) = Tργ for some constants T > 0 and γ > 1.
Then system (1.1) reduces to

(3.1)

⎧⎪⎪⎨
⎪⎪⎩

J = constant,(
J2

ρ
+ Tργ

)
x

= ρE − J

τ
, x ∈ (0, 1).

Ex = ρ− b(x),

The sonic flow means

fluid velocity: u =
J

ρ
= c =

√
P ′(ρ) =

√
Tγργ−1 : sound speed.

Without loss of generality, we assume that

J = Tγ = 1.

Then (3.1) is transformed to

(3.2)

⎧⎨
⎩
(
ργ−1 − 1

ρ2

)
ρx = ρE − 1

τ
,

Ex = ρ− b(x),

and our sonic boundary conditions are proposed as

(3.3) ρ(0) = ρ(1) = 1.

Now as in the isothermal fluid, we can also identify that, for system (3.2), ρ > 1 is
for the subsonic flow, ρ = 1 stands for the sonic flow, and 0 < ρ < 1 represents the
supersonic flow.

Following the proofs of Theorem 1.3 in the first part [16] and Theorem 1.3 in
this paper, one can easily obtain the following classification of solutions to system
(3.2)–(3.3) for isentropic flow.

Theorem 3.1.
1. For subsonic doping profile: b(x) ∈ L∞(0, 1) and b(x) > 1 in [0, 1], then

system (3.2)–(3.3) admit

(a) a unique pair of interior subsonic solutions (ρsub, Esub)(x) ∈ C
1
2 [0, 1]×

H1(0, 1) with ρsub(x) > 1 on (0, 1);

(b) at least a pair of interior supersonic solutions (ρsup, Esup)(x) ∈ C
1
2 [0, 1]×

H1(0, 1) with 0 < ρsup(x) < 1 on (0, 1);
(c) further that if τ is large and that b̄− b � 1, then system (3.2)–(3.3) has

infinitely many transonic shock solutions (ρtrans, Etrans)(x) ∈ L∞(0, 1)×
C0(0, 1);

(d) further that if b(x) = b > 1 is a constant, then when τ is small enough,
(3.2)–(3.3) has infinitely many C1 transonic solutions; moreover, in this
case there is no transonic shock solution.

2. For supersonic doping profile: b(x) ∈ L∞(0, 1) and 0 < b(x) ≤ 1 in [0, 1],
then (3.2)–(3.3) admit
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(a) a pair of interior supersonic solutions (ρsup, Esup)(x) ∈ C
1
2 [0, 1]×H1(0, 1)

and infinitely many transonic shock solutions (ρtrans, Etrans)(x) ∈
L∞(0, 1)× C0(0, 1) if b(x) is close to 1 and τ is large enough;

(b) no interior subsonic solutions (ρsub, Esub)(x);
(c) no interior supersonic solutions (ρsup, Esup)(x), nor transonic shock so-

lutions (ρtrans, Etrans)(x) if b(x) is small or τ is small.
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