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This paper is to study the asymptotic behavior of solutions for an initial-boundary
value problem to Jin—Xin’s 2 X 2 relaxation hyperbolic system. When the initial data
are small perturbation of the superposition of two travelling waves at t = 0, subsequent
to the previous work,% we further show the convergence rates of the IBVP solutions to
the superposition of two waves. Precisely, when the initial perturbations decay in the
exponential or algebraic forms, we prove that the corresponding solutions tend to the
superposition of two waves time-asymptotically in the exponential or algebraic forms,
respectively. The method adopted is the weighted energy method. The use of a shift
function for the forward travelling wave and the special choice of shift functions for
backward travelling plays a key role to overcome the difficulties caused by the boundary
and degeneration.

1. Introduction

The effect of relaxation is often taken into consideration when the physical
situation of an investigated material is in nonequilibrium, such as gases in
thermo-nonequilibrium states, kinetic theory of mono-atomic gases, water waves,
viscoelasticity with memory, chromatography, etc.%36
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In this paper, we consider the initial boundary value problems (IBVP) for the
relaxation model on the quarter plane (z,t) € Ry x Ry

us + v, =0,
vt+aum=—§(v—f(u))7 -y
with the initial boundary values
{ (u,v)|t=0 = (u0,v0)(x), >0, (uo,v0)(+00) = (u4,v4), (1.2)
v(0,t) =v_, t>0,

where the function f(u) is smooth and nonconvex, vy = f(u4), a > 0 is a constant.

Equation (1.1) is the simplest form to the general conservation laws with
relaxation proposed by Jin and Xin in Ref. 11, where the systems were used to
numerically approximate a set of corresponding hyperbolic conservation laws with
non-oscillation, which is exactly a local relaxation approximation. Equation (1.1)
is also a simplified form to the general 2 x 2 conservation laws with relaxation
considered by T.-P. Liu in Ref. 20.

As the relaxation time € goes to 07, we formally obtain from (1.1) the following
scalar conservation laws

us + f(u)y =0. (1.3)

The relation between 2 x 2 conservation laws with relaxation and their corresponding
equilibrium equation was studied theoretically by T.-P. Liu?® first. Therein, he
justified the nonlinear stability criteria (the sub-characteristic condition, see also
Ref. 36) for elementary waves and showed the stability of them. For (1.1), the
corresponding sub-characteristic condition is

—Va < f'(u) < va. (L4)

For the general model, the stability of travelling waves with decay rates for
the Cauchy problem and the stability theory but without decay rate for the initial
boundary problem were studied by Zingano,?® Nishibata,3! and Nishibata and Yu,33
respectively. The problem on the convergence to the diffusion waves was also given
by Chern,* Yao and Zhu.?® Related results on the relaxation time limit can be
found in Chen and T.-P. Liu,?> Chen, Levermore and T.-P. Liu,? Natalini,>* Marcati
and Rubino.?*

For the simplest model (1.1), the stability of travelling wave solutions for the
Cauchy problem were studied by H. L. Liu, Woo and Yang,!” H. L. Liu, Wang
and Yang,'6 Mascia and Natalini,?® and finally Mei and Yang.?? The authors?’
improved the algebraic decay rates obtained in Ref. 17 to the optimal one, and also
contributed an exponential decay rate when the initial perturbation decays in a
spatial exponential form. The convergence to the travelling wave solutions, as the
relaxation time goes to zero, was recently considered by Jin and H. L. Liu.'® The
asymptotic relaxation limit for (1.1) with boundary effect was discussed by Wang
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and Xin.?® Furthermore, the numerical computation and the properties of entropy
solution for the model (1.1) were shown by Jin and Levermore,® Jin.® For Jin—Xin’s
model in higher space dimensions, the stability of front waves was shown by Luo
and Xin.?3

Boundary layer effect is always strong in some sense. Physically, such a
phenomenon (see Ref. 34) occurs, for instance, in describing the interaction of
fluid molecules with the molecules of the solid boundary, and has been modelled
with the scalar viscous conservation laws observed by Xin®’ and the Boltzmann
equations investigated by J.-G. Liu and Xin.'®!? In addition, the appearance of
boundary makes it impossible for a travelling wave to be an exact solution to the
IBVP problem.?! Regarding the stability of travelling waves to the IBVP for other
model equations of hyperbolic conservation laws, we refer to those interesting works
in Refs. 14, 21, 22 and 26.

Recently, the IBVP (1.1) and (1.2) was first considered by Mei and Rubino in
Ref. 28 for the stability of travelling waves. Let u_ be the other state end piont for
u(z,t) and satisty

vo = fu_). (1.5)
If the Rankine-Hugoniot condition
v mve flug) — f(us)

S = =
Uy —U— Uy —U—

and the Oleinik’s entropy condition

<0, ur<u<u—
flu) = flug) = s(u = us) { >0, up>u>u_
hold, then there exists a unique (up to shift) travelling wave solution (Us, Vs)(z—st)
for (1.1) with (Us, V)(£00) = (u4,v+). In the case of s > 0, the authors?® showed
the convergence with decay rates for the IBVP solutions to the corresponding
travelling waves. However, in another case of s < 0, since there appears a really
large boundary layer

[v(0,t) — V5(0 — st)| = |[v= — Vs(=st)| = |v— —vy|, as t— +oo,

the stability of waves was not clear and proposed as an open question therein. Very
recently, Hsiao and Li® answered the question. It is found that, the wave with the
speed s < 0 alone is not the asymptotic state of the IBVP solutions, and some
new front waves should be considered. By suitably extending the flux function f(u)
smoothly from u = u to u = u', such that

v_ = flul) (1.6)

and (ul,v_) and (uy,vy) with the extended f(u) (we still use the notation f)
on [ul,u,] satisfy the Rankine-Hugoniot condition and the Oleinik’s entropy
condition, see Fig. 1.1, one gets a new front wave (Us,, Vs, )(z — s1t) with s3 > 0



1146 L. Hsiao, H. Li & M. Mei

f(u)

degenerate case nondegenerate case

Fig. 1.1.

and (Us,, Vs, )(£00) = (uy /ul ,vi). It is proved in Ref. 6 that the superposition of
the two waves

(U817 VSl) + (US7 VS) - (u-‘rvv-‘r)

can be the asymptotic state of the IBVP (1.1) and (1.2), when the corresponding
initial perturbations are small. However, the decay rates are not discussed in Ref. 6,
in particular, the degenerate case f'(u;) = s (see Fig. 1.1) is not studied.

In this paper, we first establish the algebraic and exponential decay rates of the
solutions, obtained in Ref. 6, to the superposition of two nondegenerate travelling
waves. We prove that the rate is somehow like O((1 4 t)~%/2) or O(e™%"/2) with
some constants a, 6 > 0. Here the flux function f(u) can be allowed to be general
nonconvex. To treat the nonconvexity, as in Refs. 6, 28 and 29 we will use two weight
functions. In addition, to obtain the exponential decay rates, we need to study
the structure relations of flux functions at the points u = u!, u, and u_. Then,
we consider the same IBVP in degenerate case. For simplicity, we only consider
the case f'(u4+) = s, to which new difficulty occurs since (Us, Vs) tends to (uy,v4)
in the algebraic form like |z — st|~! as |z — st| goes to infinity, and this is not
integrable in L'-sense. To overcome this difficulty, we choose a suitable shift function
like e¢(®=5t) or (x —st)* for the back wave (Us, V;). Thus, we can show the existence
of global smooth solutions for general nonconvex f(u), and obtain the algebraic and
exponential decay rates by using the weighted energy method. Similarly to that used
by Liu and Yu,?? Liu and Nishihara,?! Matsumura and Mei,?8 Mei and Rubino,?®
a shift function for the front travelling wave is used to overcome the difficulties
caused by the boundary. To overcome the difficulties caused by the degeneration,
we use two special kinds of shift functions for the backward travelling wave, where
the « in the algebraic decay rate O((1 + t)~%/?) is restrained by the degeneration
and the choice of shift functions for the backward travelling wave.

This paper is organized as follows. In Sec. 2, we give some preliminaries on
the travelling wave solutions to Cauchy problem for (1.1), then we discuss the
nondegenerate case in Sec. 3. We will prove that the solutions (u,v)(x,t) converge,



Hyperbolic Conservation Laws with Relazation 1147

with some algebraic and exponential decay rates, to the superposition of two
travelling waves as t goes to infinity. In Sec. 4, we study the degenerate case and
prove the existence of global smooth solutions. The exponential and algebraic decay
rates like O((1 +t)~%/2) and O(e~?"/2) are also obtained.

Notations. L? denotes the space of measurable functions on R or R, which are
square integrable with the norm ||f|| = (/ |f(z)[>dz)'/2. H'(I > 0) denotes the
Sobolev space of L2-functions f on R or R, whose derivatives 87 f,j = 1,...,1,
are also L2-functions, with the norm | f|; = (Zé‘:o 102 £11%)1/2. L2, denotes the
space of measurable functions on R or R, which satisfy w(x )1/ 2f € L2, where
w(z) > 0 is a weight function, with the norm |f|, = ([ w(z)|f(z)>dz)'/2. H.,
(I > 0) denotes the weighted Sobolev space of L2 -functions f on R whose derivatives
9if,j=1,...,1, are also L2 -functions, with the norm |f| ., = (Z;zo |03 f|2)1/2.

Denoting (z) = /1 + 22 and

Vi+z2, if x>0,
(T)+ = .
1, if <0,

we will make use of the spaces L?‘,L,)Jr and Héz>+(l = 1,2) later. If w(z) = (z)*, we
denote L2 = L2. The weighted space L2 for such weight function w = (z)*(z) is
denoted as Li<z>+, and the corresponding norm is | - |4 (s, . Since we consider x €
R, sometimes we mean (x) = (x)4. We denote also f(x) ~ g(z) as ¢ — o when
C~1g < f < Cgin a neighborhood of xg, and |(f1, f2, f3)|x ~ |filx +|fa]x +|f3x,
where | - |x is the norm of space X. Without any ambiguity, we denote several
constants by C;, or ¢;, i = 1,2,..., or by C. When C~! < w(z) < C for z € R, we
note that L? = HO =L2 = HO and |- | = || [lo~ | |w = | |0.w-

Let T" and B be a positive constant and a Banach space, respectively. We denote
C*(0,T;B) (k > 0) as the space of B-valued k-times continuously differentiable
functions on [0, 7], and L? (0,7T; B) as the space of B-valued L2-functions on [0, T'].
The corresponding spaces of B-valued function on [0, c0) are defined similarly.

Finally, in this paper, we always assume the relaxation time ¢ = 1 without loss
of generality, because we can rescale the variable (z,t) to a new one (ex,et), then
we have Eq. (1.1) with e = 1.

2. Preliminaries

A travelling wave solution to system (1.1) is a solution (U, Vs)(n), (n = z — st),
satisfying (1.1) and (Us, Vs)(£o00) = (ut,vs) with va = f(ug), namely,

—sU.+V!=0,
—sV]+aU, = fU)-V, (2.1)
(Us, Vi) (F£00) = (ust,v4) -
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Here ' = d/dn. Integrating the first equation of (2.1) over (—oo,n] and [, +o00)
respectively, and noticing (Us, V) (£o00) = (u+,vy), we have

—sUs + Vo = —suy +vp = —sus + f(ug), (2.2)

which shows that, the speed s and the two states (ug,vy) satisfy the Rankine—
Hugoniot condition
vemve f(uy) — f(u-)

s = = . (2.3)
Uy —U— Uy —U—

Substituting (2.2) into the second equation of (2.1) we obtain
(a - SQ)U; = f(Us) - f(uzl:) - S(Us - U:I:) = h(Us) . (24)

It is well known that the ordinary differential equation (2.4) has a smooth solution
if and only if the Rankine-Hugoniot condition (2.3) and the Oleinik’s entropy

condition
<0, uyr<u<u_
h(u) = f(u) — f(ux) — s(u —ux) { (2.5)

>0, upr>u>u_

hold. This entropy condition implies
Flus) <5< f(u) (2.6)

or

Flus)=s<fu) or fluy)<s=f(u) or flug)=s.  (27)

Condition (2.6) is the well-known Laxian shock condition. Here we will call it the
nondegenerate shock condition and we will refer to each of the possibilities in (2.7)
as the degenerate shock condition, or the contact shock condition.

As shown in Fig. 1.1, there are two waves with different state points. One is the
back wave (s < 0) with the state points (u4, vy ), another is the front wave (s1 > 0)
with the state points (uy /u!,vy). Throughout this paper, we mark the extended
flux function on u € [ul,uy] still as f(u). Now we first state some preliminaries on
the back wave to (1.1) with (u4,vy) which is given by (1.2), as shown in Fig. 1.1,
and satisfies (2.3) and (2.5) with uy < u_ and f(uy) > f(u_), namely, s < 0.

Lemma 2.1.16 Assume f € C2, and the conditions (2.3) and (2.5) hold. There
exists a unique solution (Us, Vs)(n) (n = x—st) up to a shift to (1.1) with0 < s> < a
(s < 0), which satisfies

(a—s)U.,=h(Us) <0, for uy <Us<u_.
In addition, as n — +o00, it holds that for f'(uy) # s

[h(Us)] ~ [(Us = ux, Vs — vi)| ~ exp{—cx[nl},
and that for f(u) = su+ (u —us)™tD, n=1,2,3,...,

[RU) M~ (U = uge, Vs = va)| ~ ]

where cy = |f'(ux) — s|/(a — s?) > 0.
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Similarly, we also have some results on the front travelling wave solution to (1.1),
which connects the states (uy/ul,vy), satisfying the Rankine-Hugoniot (R-H)
condition (2.8) and Oleinik’s entropy condition (2.9), i.e

vy —vo flug) — f(ub)

51 uy —ub uy —ub =5 (28)

Pa(u) = F(u) — flus ful) = s(u—uy/ul) >0, uy>u>ul,  (29)

where u! < wuy, v_ f( 1) < f(uy) = vy such that s; > 0. The symbol
uy /ul implies “uy or ul”. Since the extended part of flux function f(u) on

[ul ,u4] is suitably chosen, it is possible to make the front wave (Us,, Vs, )(z — s1t)
nondegenerate, namely, the Laxian entropy condition holds

flug) <s1 < flub). (2.10)

Lemma 2.2. Assume f € C?, and the conditions (2.8), (2.9) and (2.10) hold.
There exists a unique solution (Us,, Vs, )(n) (n = x — s1t) up to a shift to (1.1) with
0 < s? <a (s1 > 0), which satisfies (Us,, Vs, )(£o0) = (uy/ul,vy) and

(a—s)UL, =hi(Us,) >0, for ul <Us, <uy.
In addition, as n — Foo, it holds that
P (Usy)| ~ [(Usy = us /ul, Vi, —va)| ~ exp{—cL|nl},
where ¢!y = |f'(uy/ul) — s1|/(a — s?) > 0.
Define the following weight functions (see Refs. 27 and 29),

(Usl —Uu )1/2(U+ B []81)1/2
hl(Usl) ’
(2.11)

(Usl N ulf)(u-‘r N Usl)
hl(Usl) ’

Ql(Usl) = QQ(Usl) =

for (Us,, Vs, ). There are properties for 1, Q2 given in Refs. 27 and 29 as follows.

Lemma 2.3.272% Let (U,,,Vs,)(n) be the travelling wave to (1.1) given by
Lemma 2.2, then it holds, as n — +oo, that

Ql(Usl) ~ 0(1) ) QQ(Usl) ~ ec&lnl/Q (212)
and
_ QZ( 81) _ U _ul_ .
(Q1h)"(Us,) = -2, 0.0 0(1)@_73%, i=1,2, (2.13)

h1(Us,)(Q2h1)" (Us,) = O(1)Q2(Us,) - (2.14)
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3. IBVP for Nondegenerate Case

In this section, we consider the IBVP (1.1) and (1.2) when the initial data are
a perturbation of the superposition of the two nondegenerate travelling waves
mentioned before, i.e.

fllul)>s1> flug), flus)>s> f(ug). (ND)

The existence and large time behavior of global smooth solution to IBVP (1.1) and
(1.2) under condition (ND) was proved in Ref. 6. What we expect is to obtain the
exponential and algebraic decay rates for the convergence.

3.1. Main results

For any given but fixed constants 1 and dy¢ satisfying 0 < —dy¢ < z1, we first give
the essential assumption on the initial data ug in this section

/Ooo[uo(x)—Usl(x+d10)—Us(x+x1)+u+] dz=0. (3.1)
Denote
(Up, Vo)(,t) = (Us,, Vi, ) (@ — s1t + da(t) + d1o)
(U Vi) — st ) — (s s), (32)

where dy(t) is our desired shift function chosen as the solution of the following
ordinary differential equation:

dy (t)[uy — Us, (dro — st + da (t))]
=v_ — Vgl (d10 —s1t+ d1(t)) + vy — ‘/3(1‘1 — St) R (33)
d1(0) = 0.
It will be proved in Lemma 3.4 below that di(t) € C'(0,+c0), di(t) €
LY(0,+00), and dy(t) — diee < +00 as t — +oo, where the value of di., can

be determined, by using the original idea of Matsumura and Mei to determine their
shift, 2% as

dico = % {/O+OO(US(:E + 1) — uy)dz + /O (ut — Us, (z + d10))dﬂc} .

Uy —U_ —o0

+o0o
mm=—/ (uoy) = Uy (y,0))dy,  70(x) = vo(x) — Vi (x,0).

The authors in Ref. 6 proved the global existence and uniqueness of smooth solution
for the IBVP (1.1) and (1.2) as follows.

Theorem 3.1. (ConvergenceS) Suppose that f € C3, the conditions (ND), (3.1),
(2.3), (2.5), (2.8) and (2.9) hold. Let a > 0 be a large constant, wo € H?, and
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20 € H'. Then there exists a constant &1 > 0, such that if || wo |2+ || z0l|l2 + |d10o| " +
z7! < e1, a global smooth solution (u,v)(z,t) to (1.1) and (1.2) exists uniquely and
satisfies

sup [(u,v)(x,t) — (Up, Vp)(2,t)] = 0, ast— 4o0.
TER

Furthermore, we are going to state the theorems on decay rates. For simplicity,
we define

(3.4)

oaie) eCrEtd0)/2 - if g s —dy
0,2(x) = 1, if0<z<—dyp.

Due to dip < 0, we have Qg 2(z) ~ Q2(Us, (x + d1o)) on > 0 by Lemma 2.3.
We now state the theorem on the algebraic decay rates.

Theorem 3.2. (Algebraic Rate) Assume the hypotheses of Theorem 3.1 hold.
Suppose wo € L2 N H?, zo € L2 N H' for some a > 0. Then, if (wo,20) is small
enough in (L% N H?) x (L2 N H'), the IBVP (1.1) and (1.2) has a unique global
solution (u,v)(z,t) satisfying

sup |(u,0)(,t) — (Up, Vp)(z,1)| < ONa(1 +1)*/2, (3.5)

TERL
where Ny = | (wo, 20)la + Jwollz + ||20]|1 + e<~0/% 4 e=ere1/4,

To obtain the exponential decay rates, we need the following structure conditions
for f(u) at the points u+ and u!,

1
e+ > 7 max{c/, ¢_}, 5c_s;+16c;s<0, (3.6)
where ¢y and ¢/, are defined in Lemmas 2.1 and 2.2, respectively.

Theorem 3.3. (Exponential Rate) Assume that the hypotheses of Theorem 3.1 and
condition (3.6) hold. Suppose that wo € H3 ,, zo € Hp, ,. There exist €3 > 0 and

0= 0(juy —ul |, |us —u_|,a) > 0 such that if |wol2,00., +|20]1,00 » + |dio| *+27 ' <
€a, then the IBVP (1.1) and (1.2) has a unique global solution (u,v)(x,t) satisfying

u—U, € C°(0,00; Hp,) N L*(0,00; Hp,)
v—V, € C°0,00; Hp,) N L*(0,00; Hp,)
and

sup |(u,v)(z,t) — (Up, Vp)(z,t)| < C’N1e_9t/27 t>0, (3.7
TER}

/ o . ~ .
where N1 = |wol2,00 5 +|20]1,Q0.» +€°- 10/ 4 +7¢+71/4 with &, = min{decs —c', i}
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Remark 3.1. (a) The restriction of ¢ > 1 means the requirement of a strong
diffusion effect, which was used by H. Liu, Wang and Yang in Ref. 16, H. Liu, Woo
and Yang in Ref. 17 and replaced with |u; —u_| < 1 by Mei and Yang?® for the
Cauchy problem. For the IBVP (1.1) and (1.2), due to the resolutions on boundary
terms, Mei and Rubino?® also have to use a > 1. But, in this paper, it is not
difficult to find in the proof that for Theorems 3.1-3.3 the condition a > 1 can be

replaced by that, |u;, — u! | is small enough such that
1 12
s (Juy — ol 3\ -l 9
—a+(f(U,)) +Cb{7a—32 (f/(Up)_Zsl) +7( 72 a— a8 <0,

1 a— 87

and a — 57 — Cpluy — ul| > 0 with C > 0 a constant.
(b) For exponential decay rate, a simple example, satisfying R-H conditions (2.3)
and (2.8), Oleinik’s entropy conditions (2.5) and (2.9), (ND) and (3.6), is

min {f’(ul), —gf’(u+)} >s81=-5>0,

16f" (uy) +5f (ul) —11s <0, f'(u_) >s.

(c) The algebraic decay rate seems to be optimal comparing with the corresponding
Cauchy problem studied in Ref. 29 and the IBVP discussed in Ref. 28.

(d) By (3.2), it is not difficult to verify that (U,,V,) — (Us,, Vs, ) as t — 400 due
to |(Us, Va)(z — st + 1) — (uy,vy)| = O(1)ec+Usltt2+21)  Thus, it holds

sup |(u,v)(z,t) — (Us,, Vs, )(x — s1t +dio + di(t))| = 0, as t — +o00.
reR
3.2. Reformulation of original problems

Let (Us,, Vs, )(x—s1t) and (Us, Vy)(z— st) be the front and back waves as mentioned
before. Assume that the solution to (1.1) and (1.2) is (u, v)(z,t). Since (Us, Vs)(x —
st) satisfies (2.1) and (Us,, Vs, )(x — s1t + d1(t) + d1o) satisfies

Uy, — dy(£)0.Us, + 8.V, =0,
{atvsl )0,V + 0BT, = f(Un) — Vi,
it follows, by (3.8) and (2.1), that
O(u—Up) +dy(t)0,Us, + 0z (v —V,) =0,
Or(v —Vp) +d} ()0 Vs, + ady(u —Up) (3.9)
= f(u) = f(Us,) = f(Us) + f(uy) = (v = V).
Integrating the first equation of (3.9) over [0, +00) and noticing that v(0,t) = v_,

(3.8)

we obtain

d

“+oo
G| U+ @ Vst i) + )

— (v= =V, (=s1it +dy(t) + dio) + vy — Vi(—st+x1)) =0. (3.10)
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Let di(t) be the solution of the ordinary differential equation (3.3), then the
following holds:
d [t
dt Jo

Integrating it with respect to ¢ and noting the essential assumption (3.1), it follows

/0 (u = U,)(z, t)do = /0 o () — U, (a, 0)]dar

(uw—Up)(z,t)de =0, t>0. (3.11)

= /OOO[UO(QU) —Ug, (x4 d1o) — Us(x + 1) + uy|dz

0.

Thus, we may define

wie,) == [Tt = Gyl tldy, #(o0) = oot = Vlwt), (312)
to obtain
w4+ dy()[Usy, (x+m) —up]+2=0,
Oz + dy(t)0. Vs, (x +m) + ad?w + z
= f(Up +wz) = f(Us,(x +m)) — f(Us(x +1m2)) + f(us),
where n1 =: —s1t + d1(t) + d1o and 72 =: —st + z7.
Therefore, w(z, t) satisfies the following equation
Wit + Wi — QWey + [ (Up)wz = g1(2,t) + g2(, 1), (3.13)
where
g1(z,t) = di (VS (@ +m) + (s1 — d1 () dy (1)U, (z + m)
+ (dy (1) + dy () [ug — Us, (z +m)],

(3.14)
92(x, 1) = —{f(Up + wz) = f(Us, (x +m))
— f(Us(z +n2)) — f'(Up)wz + flus)},
with the initial and boundary values
w(z,0) = wo(x),
wi(2,0) = —z0(a) + zo(0) U@ ) _ oy a0, (3.15)

uy — Us, (dio)
w(0,6) =0, t>0.

We reformulate Theorems 3.2-3.3 as follows.

Theorem 3.4. (Algebraic Rate) Assume that the hypotheses of Theorem 3.2 hold.
Then, the IBVP (3.13) and (3.15) has a unique global solution w(x,t) satisfying

sup |(w, wg, wy)(x,t)] < ONZ(1+1)7/2, (3.16)
TER}
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Theorem 3.5. (Exponential Rate) Assume that the hypotheses of Theorem 3.3
hold. Then the IBVP (3.13) and (3.15) has a unique global solution w(x,t) satisfying

w E CO(O,oo;Héh) N L2(0, oo;Héz)7 wy € C’O(O,oo;Héh) N L2(0, oo;Héz)7

and
t
lw(-,8)[3,0, + lwe (- 1) g, + 9/0 lw(-,7)5.q, + [wi(- 7)) g,ldr <CN?,  (3.17)

namely,

Sup |(wa, we) (2, )] + [w (-, O3 g, + lwe ()T g, < ONPe ™, ¢>0.  (3.18)
TERL

The proofs of Theorems 3.4 and 3.5 will be carried out in Sec. 3.3. First, we will
prove the exponential decay rate, then show the algebraic decay rate in Sec. 3.4.

3.3. Exponential decay rate
Let T > 0. Define the work spaces for (3.13) and (3.15) as
X1(0,T) = {(w,wy) € C°(0,T; H> x H') N L*(0,T; H*> x H")},
X5(0,T) = {(w,w;) € C°(0,T; H, x H5,) NL*(0,T; HY, x Hp, )}
and denote

Ni(T) = sup {[u(- 0z + (01}, te0.T].

N2<T) = OiltlgTﬂw("t)h’Qz + |wt("t)|1,Q2}a te [OaT] :

Now, we prove Theorem 3.5, for which we have to establish the a priori estimates
in Lemmas 3.5 and 3.6 below.
First, we have more accurate estimates on dy (¢).

Lemma 3.4. Let |dio| ' + 27! < 1. Then di(t) € C3(0,+o0), d;(t) € L(0, +o0),
and |dy(t)] < C for some constant, and

di(t) — sit < —%slt, t € [0, 400) (3.19)
and
| (O] ~ [d] ()] ~ [dY (1)) ~ {em= (o) o gmersltbeny g e [0, 400)  (3.20)
and
di(t) = dico, ast— +oo, (3.21)

where

dico = % {/OOO[US(:E + @) — uq|dz + /0 [ul —Us, (z+ dm)]dﬂc} .

Uy —U_ —00
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Proof. By Lemma 2.2 and djp < 0, we get
uy — Us, (d1o) > 0, (3.22)

which means, in terms of Lemmas 2.1-2.2 and (3.3), that

1
&(0)) = ————
| 1( )| U+—Usl(d10)

provided that |dio|™* + 27 < 1.
Therefore, it holds, for some ty > 0, that

1
[v- = Viy (dio) + v4 = Vi(a1)| < Zs1, (3.23)

|dy (t)] < %sl, 0<t<tg, (3.24)
which yields, with d; (0) = 0, that
|di(t)| = /Ot d (r)dr| < %slt, 0<t<tp (3.25)
and
m@)—atg—%atgo, 0<t<tp. (3.26)

By Lemma 2.2 and (3.26), it follows that
Uy — U31 (—Slt + dl(t) + dl()) > Uy — U31 (d10) , 0<t<ty. (327)
Then, by (3.3), (3.27) and Lemmas 2.1-2.2, we obtain

1
|dy(t)] < 150 0<t<tp. (3.28)

Repeating the above procedure, we can verify that (3.26) and (3.28) hold for all
t € [0, 00), namely, we have proved (3.19).
To prove (3.20), we first note that,

lo_ — Vi, (—s1t + dy (t) + dyo)| < Cemc= (351t 1d1ol)
and
g — Us, (=51t + du(t) + dro)| ~ Juy —ul ]
which means, due to (3.19) and Eq. (3.3), that
\dy (t)] < 0{6—6’_(%81t+|d10|) + e+ (slitan)y

This implies that d}(t) € L'(0, 00). Further, we get the boundedness of |d; (t)]

Ay ()] < da(0)] + / dy(r)ldr < C.

Thus, based on |d1(t)| < C, Eq. (3.3) and Lemmas 2.1 and 2.2, we obtain (3.20).
Finally, d1o can be calculated as shown by Matsumura and Mei in Ref. 26, and

we can prove dp(t) — dio by the continuity as ¢ — co. We omit the details. The

proof is complete. |
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Now, we are going to prove the basic energy estimate.

Lemma 3.5. Under the assumptions of Theorem 3.5, it holds, for any solution
w(z,t) of (3.13) and (3.15) with w € X3(0,T), that

t
(. Vaws, w) (O, + 6 [ |, vaws, w7, dr
0

< C(e—5+m1/2 + eCLle/Q + |(w07w0x7w1)|222)7 (329)

provided that No(T) + |dio| ' + 27! < 1.

Proof. Let us denote L(w) := wy +wt —awg, + ' (Up)w, and consider the equality

Q2(w + 2w) - L(w) = Q2(w + 2wy) (g1 + 92) - (3.30)
The left-hand side of (3.30) can be reduced to

Q2(w + 2w;) L(w)
=0 {Qz (w? + wwy + %(1 - ta/Qz)w2> + anwi}
+ Qa2 {w; (1 = Q2u/Q2) + 2(f'(Up) + aQ22/Q2)ww; + a(1 — Qa1 /Q2)w? }

— 0y {anwwx — %anwa — %ng'(Up)w2 + QaQthwx}
+ %wQ {QZtt - QQt - aQme - (QZf/(Up)):L’}

=0 {Qz (’th + wwy + %(1 + (51 — dl1@))Q2z/Q2)w2) + (IQQU/?E}

+ Q2 {wi(1 + (s1 — di(t)Q22/Q2) + 2(f'(Up) + aQ20/Q2)wowy
+ (14 (s1 — d1 (1)) Q22 /Q2)aw? }

— O {anwwt - %anmwz - %QQf/<Up)w2 + 2aQqwyw,
1 1
~5 Qi (121 — () | - FuP(Qahn) T,

| Qurt (01251~ )~ 50%0QulF (V) — £(U)) + (002}
- at {Gl('ZU, wt) + GZ(w:L’)} + G3(U]t, wz) - azGZl(wa We, wz)

+ Gs(w) + Go(w, wy) . (3.31)
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As a > 0 is big enough, it holds |Q2,/Q2| = O(l)uz;u{ < 1. With a similar
1
argument as in Refs. 17, 28 and 29, we have

Ay =:1-2 {1—&—(31 - d’l(t))Q%] =— {1—&-2(31 - d’l(t))QQm] <-C<0, (332
Q2 Q2
A _,4< / QQz)2 ( 7 QQz)2
s=4(f'(Up)+a —4da |1+ (s1 —di(t)) <-C<0, (3.33)
Q2 Q2

provided that |dio| ™! + xfl < 1, where A; and Agj are the discriminates of G; and
G respectively. Thus, we have

Gi(w,wy) + Go(w,) > C~Hw? + w? + aw?), (3.34)
G3(w,w) > C~Hw? + w?). (3.35)
By (2.14) and Lemma 2.2, we have
Gs(w) = O(1)Q2(Us, Juw?. (3.36)
By Lemmas 2.1-2.2 and Lemma 3.4, the term Gg(w, w,) can be estimated as

Golw, wa)] < 5O Qu(Us,) (u2 +u?) | (3.37)

provided that |djo| ™! 4+ 27 < 1.

Interagting (3.30) over [0,4o00) x [0,t], using (3.34)—(3.37), and the zero-
boundary conditions w|;—¢ = W|z=co = Wt|z=0 = Wi|z=cc = 0 which implies
Ga(w, we, Wy )|z—0= Ga(w, wt, Wy )|z=0o = 0, we obtain

t
(. Vaws w) (0, + 260 [ (. Vaws, w)(,7)fb,dr
0

§C1<

for some positive constants 6, and C.
Due to the Taylor’s formula and the Cauchy inequality, the second equality of
(3.14) can be reduced to

l92(z, ) = | /' (U, )(Us — uy +wg) + O1)(Us — usp +wy)? = f'(Up)w,
= f'(uy)(Us —uy) = O)(Us — u)?|
= |[f'(Usy) = f'(Up)lwe + [f'(Us,) = f'(ug)](Us — uy)
+O0M)(Us — uy + wy)? — O(1)(Us — uy)?|
= [0()(Us = uq)wy + O1)(Us — uy)|

t +oo
/ Q2(w + 2wy) (g1 + go)dzdr| + |(w0,w0m,w1)|2Qz) , (3.38)
0o Jo

+HOW)(Us — uy +ws)? = O1)(Us — us)?|
< O(M)w? + O0()|Us — uy| +O0)|Us —uy]?.
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Thus, using the above estimate, the Cauchy inequality and the Sobolev inequality,
we can control the first term in the right-hand side of (3.38) on ga2(z,t) as follows:

t “+o0
(o / / Q2(w + 2wy)godaxdr
0o Jo
t “+o0 1 “+o0
< CNQ(T)/ Qow?dxdr + 591/ Q2(w? + w?)dxdr
o Jo o Jo
t +oo
+ C91 / Q2< s1 (:I,‘ + nl))(US(Jj + 772) - u+)2dxd7, (339)
0 Jo

where Cy, is a positive constant depending on 6;. Using Lemmas 2.1-2.3, it can be
shown that

Q2(Us, (z +m))(Us(z + n2) — Uy)?

1

Cexp{—c+( +m) = 2ci(z +772)}7 for z > —n,
1

Cexp _EC (z+m) —2c+(m+n2)}, for z < —mq,

{
o]
t

(4cy — )+ 2cq 8t — 2c4w1 + d10/2} for x > —ny,

5 16 1 dio
(dey + ) +§<c’_s1+€c+s>t—§<4c++ic>x1},

forx < —m.

~

MID—‘ MID—‘

Cexp

This yields

t “+ 00
c / / Qa(Us, (& + m))(Us(z + 1) — uy)*dadr

t —m 1
< C/ (/ exp{—§(4c+ —d )z + 2cysT — 2cimq +c’d10/2}
0o \Jo
too 1 , 5/(, 16
+ exps —=(der +c )z + = (cs1+ —cys| T
. 2 g 5

1 d
- = (4c+ + ﬂc’_) m1}> dxdr
2 I

< Clet+o1/2 4 gehdio/2) (3.40)
Therefore, we have, in terms of (3.39)—(3.40), that

t +oo
/ / Q2(w + 2wy)godxdr
0 Jo

t ptoo t ptoo
< CNo(T) / / Qow?dxdr + %91 / / Q2(w? + wi)dzdr
0 JO 0 JO

O (et a1/2 | ecldio/2) (3.41)

Gy
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Similarly, we can prove

t —+00
/ Q2(w + 2wy)g1dzdr
o Jo

1 t +OO
< —91/ Q2(w? + w?)dxdr
4 Jo Jo

t ptoo
w0 [ Qa(Us @+ )Xy (UL o m)] 1 () (U ) = )
0J0
+ U, (@ +m) (Us, (z +m) — uy)|) dedr
1 bt 2 2 —cyx1/2 ¢’ dio/2
§191 Q2(w* + wi)dzdr 4+ C(e™ “+¥1/ = 4 ef-410/2) | (3.42)
0 Jo

With the help of (3.41) and (3.42), we obtain Lemma 3.5 from (3.38), provided that
NQ(T)+|d10|_1—|—Z‘;1 < 1. O

Similarly, consider the equality

Q2(wi + 2wy )0 L(w) = Q2(wy + 2wy ) (g1t + g2t) - (3.43)

Integrating (3.43) over [0,400) x [0,¢], using the similar argument as used in
Lemma 3.5 and the zero-boundary condition w|,—o = W|z—0o = Wt|z=0 = Wt|z—co =
0, we get the higher order energy estimate:

Lemma 3.6. Under the assumptions of Theorem 3.5, it holds, for any solution
w(x,t) of the IBVP (3.13) and (3.15) with w € X5(0,T), that

t
(e, Vg, wer) (- D)%, + 63 / (e, Vg, war) (- 7) 3, dr
0

< 0(6_5”1/2 4 e-do/2 4 |(wo, woz, wl)ﬁ,Qz)

provided that No(T) + |dio| ' + 27" < 1.

3.4. Algebraic decay rate

Here, we prove the algebraic decay rates. Let us define 4 := (u4 +u’)/2. Since Uy, is
strictly increasing in R, there exists a unique number n* € R such that Uy, (n*) = @.
Denote K (z,) = (1+1)((1—1°)/a)Q1 (U, (), K(z,2) = (L+){(n— ) /)7,
ie. K(x,t) = K(z,t)Q1(Us, (x + m)), where n = x + n;. Multiplying Eq. (3.10) by
2K (z,t)w and 2K (z,t)w;, respectively, we have

2K (z,t)w - L(w) = 2K (z, t)w(g1 + g2) , (3.44)

2K (x,t)wy - L(w) = 2K (x,t)wi (g1 + g2) - (3.45)
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Combining (3.44)><% + (3.45), we obtain, by a straightforward but tedious calcu-
lation as was made in Refs. 17 and 28, that

1
{Kwt2 + Kwyw + §(K + (51 — dy (t)) K )w® + aKwi}
t

1
S [wa + Kww; + E(K + (s1 — dy () Ko )w* + aKwi]

1+t
+{(K + (s1 — d} (1)) K2 )w} + 2(f'(Up) K + aK,)wew;
+a(K + (s1 — d) () K, )w?}

+{(a—(s1— dll(t))2)K:rQ1(US1) + KQI(US1):13(251 - dll(t))dll (t) yww,
+ %Png — 0, B(z,t) = K(w 4+ 2wt)(g91 + g2) , (3.46)
where

B(z,t) = {aKQlwwm - %a(KBQ1 + KQuz)w” — %KQlf/(Up)"UQ
+ %wzl_(Qm(& —dj(t)d(t) + %wzl_(le(a — (51 —d}(t)?)

—|—2aI_(Q1wth} (3.47)

and
P5(2) = —K(Q1h1)' (Us,) — K(Q1h1)" (Us,)Us, + (df () — dy (1)) K. Q1

- dll(t)Kle - ((f/(Up) - f/(US1))K):L’ : (3~48)
It is clear that
K x K:L’ T -n*
:‘ Q1_+ Q1 < Q1 I B _(z+m 'fl)/a2 §g<<1 (3.49)
K@ Q1 a{(x+m —n*)/a) a
for @ > 1. Denoting by D7 and Dg the discriminates of G7 and Gg respectively, we
have, due to (3.49), that

Le
K

D7 = —1—2(sy —d}j(t))K,/K <0, (3.50)
Dg = 4[(f' + aK,/K)? —a(1+ (s1 — d}(t))K./K)?] <0. (3.51)
Thus, we get

1
G7 = Kw? + Kwyw + i(K + (51 — dy (1)) K )w? > CT K (w? +w?), (3.52)

Gg := (K + (31 — d’l(t))Kx)wf + 2(fI(U)K + aK:c)w:nwt

+a(K + (s1 — dy (1)K )w? > C K (w? +w?). (3.53)
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By Lemma 2.1, (2.12) and (3.20), (3.49) we have
(d (1) = di () Kz Q1 — dy (VK Qs — (f'(U) — ' (Us ) K
< C(dy ()] + U — us| + VDK
< O(em ™2 e mo )14 4)((n — ) fa)" "

Therefore, similarly to that in Ref. 17 we can prove that Pg(z) satisfies the following
lemma.

Lemma 3.7. Let a be a given positive number. For 8 € [0,a], there exists a
constant ¢; > 0 independent of 5 such that

Ps(n) = e1f(L+4)7((n —n*)/a)’~" for any 1 € R, (3.54)
provided that 27" + |dio| ™ < 1.

Integrating (3.46) over [0, +00) % [0,¢], and using (3.53) and (3.54), we obtain,
via similar argument in Refs. 17 and 28, the following estimates:

Lemma 3.8. For anyt € [0,T1], it holds, for any v > 0 and 8 € [0, a], that
t
(14 )| (w, we, we) (1) + /0 (L+7) Bl 7)1 + |(waywe) (- 7) 3)dr

<C {|(w0aw017w1)|% 4 emo+T/2 4 eclfdl"/g}

t t
+oB / (1 +7)ws (-, 7)[dr + Cy / (L4 7)Y (w0, wg, we) (- 7) B

(3.55)
Moreover, it holds
t
(1 +)7[(w, wa, we) ()2 + (a = 7)/ (1 +7) 7w, T2y ydr
0
t
+ /0 (1+7)7 |[(wa, we) (7)[2_ dr
<C (I(wo,wom,wl)li /2 4 eC’—dw/Q) (3.56)

for v integer in [0, a], provided that Ni(T) + |dio| ™! + 27 < 1.

The estimate (3.56) can be derived from (3.55), with a similar argument as
used in the Cauchy problem in Ref. 17 (the original idea can be found in the
work by Kawashima and Matsumura!?). Based on this lemma, as in Ref. 29 (see
Lemma 5.2 therein) or in Ref. 32 for the Burger’s equation, we may immediately
get the following optimal decay rate.
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Lemma 3.9. It holds for any e >0
t

(1 + )|l (w, wa, we) (O + (1 + t)’e/o (1 + 7% (wa, we) (-, 7)|[dr

<C (l(wo,woz,wl)ﬁ +emo+m/2 4 eC’—dw/z) : (3.57)

For the higher derivatives of the solution, by a similar procedure as used in
Lemmas 3.6 and 3.8, we can have the following estimates.

Lemma 3.10. It holds for any € > 0
t
(1+ 1) 10 (w, wy, we) (B)]|* + (1 + t)_e/ (1+7)%%)|0 (wa, we ) (-, 7) || 2dr
0

< O([(wo, wou, w1) |13 + |(wo, wou, wi)|Z + e~ /% el dig/2).  (3.58)

Combining Lemmas 3.8 and 3.10, we complete the proof of Theorem 3.4.

4. IBVP for Degenerate Case

Due to Oleinik’s entropy condition, it always holds, from (2.5) and (2.9), that
f'(uy) < s < 0 < s1. Therefore, we only consider the case when the forward
travelling wave is degenerate, i.e.

Fluy) = s < f(u) (DE)
and assume that for an integer n > 0 it holds
f(u) = su+ (u—uy)"™, as u approaches u, . (4.1)

As mentioned in Secs. 1 and 2, the front wave (Us,, Vs, )(z — s1t) is chosen to be
nondegenerate, namely, which satisfies the Laxian entropy condition

flluy) < sp < f(ul).

The boundary perturbations cannot be well-controlled like the nondegenerate
case f'(uy) < s < f'(u_) and f'(uy) < s1 < f'(ul). In fact, if we still consider
that the initial data are a perturbation of (Up,V,) denoted by (3.2), we will find
from (3.3) that

t
|d1(t)| ~ O(l)/ {e—c’,|81t+d1(t)+d10| + | _ ST+:L‘1|_1/n}dT s 4o,
0

ast — 4+oo. (4.2)

Thus, a shift function ds(z,t) should be used for the backward travelling wave to
control the bounds of |d;(t)|. We consider the following two simple cases.

ds(z,t) = (x —st+ag)*, k>n, ay>0,

(4.3)
ds(z,t) = ecol@=sttao) = i >0, ap>0.
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4.1. Main results

We first state our essential assumption of this section. It holds
/Ooo[uo(:z) — U, (z+ dao) — Us(z + ds(2,0)) + uy)dz =0 (4.4)
for either shift
de(z,t) = (x —st+ag)®, k>n, ag>0
or
ds(z,t) = eco(""’*swo‘o), co>0, a>0

under consideration, where dsg and g are any given constants satisfying 0 <
—dao < ap.
Denote

(U;D7 V;D) = (US17 Vsl)(x —sit+ dQ(t) + d20)
+ (Us, Vi) (@ — st + ds (2, 1)) = (ug,v4), (4.5)

with 0 < —dap < a, and dz2(t) to be chosen as a solution of the following ODE

dy(t)[us+ — Us, (dao — 51t + da(2))]
=v_ — Vg, (doo — s1t + da(t)) + vy — Vi(z1 — st),
_ / +oo(atds(g;, U (x — st + dy(z, 1)) (4.6)
+ 82ds (x,t)V)(x — st +ds(z,t)))dx,
da(0) = 0.

As in the last section, it can be proved that da(t) € C'(0,+00), dy(t) €
LY(0,+00), and da(t) — daoo < +00 as t — +00, where the value das, can be
determined by

=2 [ (0 (e 0-2)) ) o

+/0 (Wl 0, (m+d20))d$} .

— 00

Set
+oo
wo(z) = — / (uo(y) — Up(y, 0))dy,  20(x) = vo(z) — Vp(x,0).

Corresponding to Sec. 3.1, we have the following theorem on the existence of
global smooth solutions for the IBVP (1.1) and (1.2).

Theorem 4.1. (Convergence) Let a > 0 be a large constant. Suppose that f € C3,
conditions (DE), (4.4), (2.3), (2.5), (2.8) and (2.9) hold, wo € H?, and zo € H".
Assume that it holds
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(i) k>2n, a0 >0, for ds(z,t) = (z— st+ ap)*,
(ii) co >0, a9 > |dzo|7 for ds(x7t) — gColz—st+ao)

Then there exists a €1 > 0, such that if |wol|2 +||20][1 +|d2o| > + g ' < €1, a global
smooth solution (u,v)(x,t) to (1.1) and (1.2) exists and satisfies
sup 1(5,0)(,8) — (Up, Vp) (@)l = 0, as ¢ = +oo.

reRy

To obtain the following theorems on the exponential decay rate, we only consider
the case when dg(x,t) = e (*=5t+@0) with

2c s
co > %max{c', s ——1} ) (4.7)
s

Theorem 4.2. (Exponential Rate) Assume that the hypotheses of Theorem 4.1
and (4.7) hold. Suppose wy € Héoz’ Zp € Héoz’ There exist constants €3 > 0 and
0 = 0(|lus — ull,luy —u_|,a) > 0 such that if a(|wol2,00. + 20]1,00 + |d20] ™"
+agt) < g, then the IBVP (1.1) and (1.2) has a unique global solution (u,v)(z,t)
satisfying

u— U, € C°0,00; Hp,) N L*(0,00; Hp,) ,

v—V, € C%(0,00;Hp,) N L*(0,00; Hp,)

and
sup |(u,)(z,t) — (Up, V)(z, 1) < ONre /2, (4.8)
rER L

where N1 = |wo|2,Q0. + [20]1,Q0.. + ecdi0/4 4 e=Fa0/4 yyith Gy = min{co/n, deo

—c_}

For algebraic decay rates, we are able to deal with the two cases given by (4.6).
We have
Theorem 4.3. (Algebraic Rate) Assume that the hypotheses of Theorem 4.1 hold.
Suppose wo € L2 N H?, zg € L2 N H' for some o > 0 satisfying that
(i) a>0, for dy(z,t) =@ sttao)
(i) 0 < a< —2+2k/n, for ds(z,t) = (z—st+ag).
Then, if (wo, z0) is small enough in (L2 N H?) x (L2 N H'), the IBVP (1.1) and
(1.2) has a unique global solution (u,v)(z,t) satisfying

sup |(u,v)(@,t) = (Up, V) (@, t)| < CNo(1+ )72, (4.9)

reRy
where Ny = |(wo, 20)|a + |[woll2 + [|20ll1 + €-%10/* + & with
e—coao/4n7 fO’I‘ ds(x,t) _ eco(ac—st+a0) ,

E p—
{ ORI o d () = (z — st + ao)*
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4.2. Reformulation of original problems and proofs
The reformulation of the problems is similar to that in Sec. 3.2. Setting
Opw(z,t) = u(z,t) — Up(z,t), z(y,t) = v(x,t) — Vp(z,t), t>0,
where (U,, V,)(z,t) is given by (4.5), we have
Opw +dy()[Us, (€ +m) —uy] + 2
- /M(Btds(y, Uy — st +ds(y, 1))
40, (5 OV — st + du(y. )y =0,
Orz + d5(t)0: Vs, (z + M) + ad?w + 20¢ds(x,t) V! + adpds(z,t)U!

= f(Up +wz) = f(Us,(z +m)) — f(Us(z +m2)) + f(ug),

with n; =: —s1t + da(t) + dao and 1 =: —st + ds(0,t). Where da(t) satisfies the
ordinary differential equation given in (4.6). Then it holds

+oo o8]
/ (u—Up)dx = / [uo(z) — Up(z,0)]dx =0 (4.10)
0 0

due to the essential assumption (4.4). Thus, w satisfies the following equation

Ly(w) =: wy + wy — awze + [ (Up)wy = gs(x,t) + ga(z,t), (4.11)
where
g3(x, 1) = dy (V5 (& +m) + (s1 — dy(4))dy (UG, (2 +m)
+(dy(t) + dy (1) [ug — Us, (z +m)],
+0pds (2, )V (x + n2) + adeds (2, 1)Uy (2 + 112)

+oo
- / 0{0uds (y, YUy +m2) + Oudls (y, OV (v + 1)}y (4.19)

+oo
+ / {00ds(y, t)UL(y + m2) + 02ds (y, )V (y +m2) }y ,

ga(@,t) = —{f(Up + wa) = f(Us,(x + m)) — f(Us(z + n2))
= ['(Up)ws + f(us)}-
The corresponding initial and boundary values are

{ w(z, 0)=wo(x), wy(z,0)=—zo(e)+20(0) E 0@ T d0) _ )y 0>,

uy —Us, (dao)
w(0,8)=0, t>0. (4.13)

We have the reformulation of Theorems 4.1-4.3 as follows.

Theorem 4.4. (Convergence) Assume that the hypotheses of Theorem 4.1 hold.
Then, the IBVP (4.11) and (4.2) has a unique global solution w(x,t) satisfying

w € C°(0,00; H?) N LQ(O,oo;Hg)z)7 w; € C°(0, oo;H%Z) N LQ(O,oo;Héz)
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and

sup |(w,wt)(z,t)] =0, ast— 4oo.
TER

Theorem 4.5. (Exponential Rate) Assume that the hypotheses of Theorem 3.3
hold. Then, the IBVP (3.13) and (3.15) has a unique global solution w(z,t) satis-

fying
w € C°(0,00;HR,) N L*(0,00; H,), w € C°(0,00; Hp,) N L*(0,00; Hp,)

and
t
lw(-,8)[3,0, + lwe (- 1) g, + 9/0 lw(-,7)5.q, + [wi(- 7)) g, ldr <CN?,  (4.14)

namely,

sup [(we, we) (@, 8)] + [w(-, t)|3.0, + [we(-, )] o, < CNPe ®, t>0. (4.15)
rehiy

Theorem 4.6. (Algebraic Rate) Assume that the hypotheses of Theorem 4.3 hold.
Then, the IBVP (3.13) and (3.15) has a unique global solution w(x,t) satisfying

sup |(w, wg, wy)(x,t)] < CNZ(1+1)7%/2, (4.16)

rER L

The procedure to prove the above theorems on the existence of solution and its
exponential and algebraic decay rates is similar to those in Refs. 6, 17 and 28 and
in Sec. 3 with the help of Lemma 4.11 on dz(t). We omit the details.

Lemma 4.11. Under the assumptions of Theorem 4.1, it holds
do(t) — 51t <0, tel0,T) (4.17)
and
(i) for ds(z,t) = (x — st + ag)F,
By (1)) ~ (e MO0 (st 4 ) I,
i=1,2, tel0,T], (4.18)
(i) for d,(z,t) = eco(z—sttao),

|8;d/2(t)| ~ {ecl,(—31t+d2(t)+d2o)+ e%co(st—oco)}7 i=1,2,t€l0,T]. (4.19)
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