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ASYMPTOTIC STABILITY OF CRITICAL VISCOUS
SHOCK WAVES FOR A DEGENERATE
HYPERBOLIC VISCOUS CONSERVATION LAWS!

I-Liang Chern
Department of Mathematics
National Taiwan University

Taipei, Taiwan, R.O.C.

Ming Mei
Department of Mathematics
Faculty of Science, Kanazawa University
Kanazawa 920-11, Japan

Abstract

We study the asymptotic stability of a critical viscous shock wave for a 2 x 2
system of viscous conservation laws. The corresponding inviscid system is
hyperbolic except at one critical state. Physical examples include the isentropic
gas dynamics for van der Waals fluids. A critical shock is a shock wave with
one end state being the forementioned critical state. Qur main result shows
that such a critical shock wave is stable under small perturbation. Further, our
result is not limited to weak shock cases. A weighted energy method is adopted
to prove this stability theorem. The new technical part is the introduction of
a new weighted function to handle the difficulty near the critical state.
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870 CHERN AND MEI

1 Introduction

We consider the stability of viscous shock wave for the following 2 x 2 systems
of viscous conservation laws:

v -u, = 0, (1.1)
U ~0(v): = Wue, TER, t20. (1.2)

Here, 4 > 0 is the viscous coefficient. Physical systems that have this form
include, for example, the viscoelasticity and the viscous isentropic gas dynam-
ics (p-system) in Lagrangian form [1]. In the viscoelasticity, u is the velocity,
v, the strain, and o, the stress-strain function. In the viscous isentropic gas
dynamics, u is the velocity, v, the specific volume, and —o(v) is the pressure
p(v). The usual assumption for o is

a'(v) >0,

for v under consideration. In this case, the corresponding inviscid system
is strictly hyperbolic. The theory for the stability of viscous shock for this
case is quite complete, see [8, 12, 22| and references therein. However, for
the case when ¢/(v) < 0 in some region, the corresponding stability theory
is incomplete. The gas dynamic equation of van der Waals fluids is one such
example. The region where o'(v) < 0 is called an elliptic region, in which all
states are unstable. We call its border state (i.e. at which ¢’(v) = 0) a critical
state. We are insterested in the stability of viscous shocks with one end state
being such a critical state. We shall call such a shock a critical shock.

For the theory of the stability of viscous shock, historically the first result
was due to II'in-Oleinik [5] for single equation with convex flux. Their proof
was based on maximal principle. Many years later, Sattinger {21] gave another
proof based on spectral analysis. For system cases, several energy methods
in Matsumura-Nishihara [14] , Goodman [3] and Liu [10] were introduced in-
dependently to tackle this stability problem for genuinely nonlinear systems
with weak shocks. It was shown that perturbations of a viscous shock cause
a translation of that shock and appearance of a sequence of diffusion waves in
the characteristic fields other than the shock field [10]. For a thorough result
based on the weighted energy method, please see Szepessy-Xin [22]. Also, for
pointwise convergence estimate, see the Green’s function method by Liu (12].

For single equation with non-convex flux, Weinberger [23] obtained the sta-
bility result based on maximal principle. Jone-Gardner-Kapitula [6] gave an-
other proof based on spectral method. Mei [17] and Matsumura-Nishihara [15]
showed the stability of viscous Lax shocks and contact shocks with conver-
gent rate estimates by a weighted energy method. See also recent work by
Freistithler-Serre [2]. For system cases with non-convex fluxes (non-genuine
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nonlinearity), very recently Kawashima and Matsumura [8] use a weighted en-
ergy to show the stability of viscous shock for the 2 x 2 viscoelasticity and the
2 x 2 p-system with non-convex pressure function p. See also Nishihara [19],
Mei-Nishihara[18] and Matsumura-Mei[13], however, their results are limited
to weak shock cases, except for [13].

In this paper, we mainly adopt Kawashima and Matsumura’s weighted
energy method to prove the stability of a critical viscous shock. The new
difficulty is the appearance of the critical state, at which the Lagrangian sound
speed is zero. Previous weighted function for p-system or viscoelasticity is not
applicable here. A new weighted energy function is designed to obtain a desired
high order energy estimate.

Finally, due to similar technical difficulty that Kawashima and Matsumura
had in the viscoelasticity [8], we also have similar restriction on the higher order
derivatives of the pressure function. These conditions are carefully studied
here and they cover most physical applications. Moreover, no restriction on
the smallness of shock strength is required.

This paper is organized as follows. Section 2 is the reformulation of the
problem and the statement of the main stability theorem. Section 3 is the
proof of the stability theorem based on an a priori estimate. Section 4 is the
proof of the a priori estimate. Section 5 is devoted to the application to the
gas dynamics for van der Waals fluids.

Some Notation

Let L? and H'(I > 0) denote for the L2-space and Sobolev spaces, respectively.
Their norms are denoted by || - || and || - ||;. Let L? denote for the weighted
L?-space with the following weighted norm:

1o = ([ w@i@)Paz) ",

where w(z) > 0 is the weighted function. Similarly, H. (I > 0) denotes for the
weighted Sobolev space with the weighted norm:

e = (3 l0212) ™.

We shall denote by f(z) ~ g(z) if C~!g < f < Cg for some positive constant
C. We shall also use C for a generic positive constant in our calculation.

2 Critical Viscous Shock and the Main The-
orem

We consider system (1.1) and (1.2) with o satisfying
d(w)>0 for v>0, andd'(0)=0 (2.1)
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and only the states v > 0 are under consideration. Suppose that at the critical
point
d(0) = =o*0) =0, a®(0)#0,

for some integer k > 2. Then o'(v) = O(1)v*~? for v near 0.

The characteristic speeds for the inviscid system of (1.1}, (1.2) are Ay, =
Fy/0'(v); the corresponding eigenvectors are 71 2(v, u). Thus, the inviscid part
of the system (1.1), (1.2} is strictly hyperbolic for v > 0 and degenerate hy-
perbolic at » = 0.

The viscous shock that we consider here is a traveling wave solution of (1.1)
and (1.2):

(v,u)(t,z) = (V,U)(E), €=z -st,
(V» U)(E) s ('U:hu:t)v E — to0.

Here, s is the shock speed, (vi,uy) are the end states which satisfy the fol-
lowing Rankine-Hugoniot condition:

~5(vy —v2) = (uy —u-) =0,
{2 T Do =0, 22)
and the entropy condition [9):
o(ve) —o(v-) _ a(v) —o(v-) 23)

Uy — V. v — v

for all v between v_ and v,.. We say a viscous shock is critical if one of its
end state is the critical state 0. From the entropy condition (2.3}, this critical
state must be v, and we must have

v, =0, v.>0, s>0. (2.4)

Remark: There are only two kinds of critical shock here: either v, is the
critical state or v_ is. If v_ is the critical state, then the entropy condition
(2.3) implies v; < v~ and s < 0. In this case, we may make the following
change-of-variables: £ = —z, v & —v and o(v) = —o(v- — v). Then the
second case is reduced to the first case.

To find the critical viscous shock (U, V'), we plug (u, v)(z,t) = (U, V)(z—st)
into (1.1) and (1.2), then we arrive

-sV' =U' =0,
{0 Z oy = . (25)

Integrating (2.5) and eliminating U, we obtain a single ordinary differential
equation for V(£):

usV' = =s*V 4+ o(V) —a = h(V), (2.6)
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where
a= —-szvi + U(Ui).

For the existence of viscous shock, we have the following proposition. Its proof
is identical to that of Kawashima-Matsumura [8].

Proposition 1 (Ezistence of viscous shocks).  Suppose that (2.1) and (2.4)
hold.

(i) If (1.1) and (1.2) admit a viscous shock wave (V(z — st),U(z — st))
connecting (v_,u.) and (vy,uy), then (vi,us) and s must satisfy the Rankine-
Hugoniot condition (2.2) and the entropy condition (2.5).

(i) Conversely, suppose that (2.2) and (2.3) hold, then there exists a viscous
shock wave (V,U)(z — st} of (1.1),(1.2) connecting (v_,u-) and (vy,u.). The
viscous shock is unique up to a shift in £ and is monotonic:

up > U€) >u-, Ué) >0, (2.7)
vy < V(E) <u, V(€) <0, (28)

for all £ € R. Moreover,
[(V,U)(E) = (vs,us)| = O(1)e ¥, a5 € — %00, (2.9)
where ¢ = |0’ (vy) ~ 8|/2 > 0 are determined constants.

Now, let us consider a perturbation of such a viscous shock at the initial time:
(v, u)(z,0) = (vo, uo)(z), (2.10)

where (vp(z),uo(z)) = (vs,uz) as ¢ = Foo. From conservation laws, this
perturbation will cause a translation and produce a diffusion wave in other
characteristic field [10]. The distance of the translation zq and the mass m; of
the diffusion wave can be determined by

/m (vo = Vyup = U)(z)dz = zo(v4 — vy ug — ul) + myri{vo, us).

Tp and m, can be determined uniquely because (v, —v_,us—u_) and ri{v_,u_)
are linearly independent. The energy estimate for the stability of viscous shock
with appearance of diffusion waves can be found in Szepessy-Xin [22]. Here,
we shall focus on the problem of critical state. Thus, we may assume

for simplicity. In this case, we may also assume
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after we make a translation in z by z5. Now, from conservation laws, we have
o0
/ (v(z,8) = V(z ~ st),u(z,t) — Uz — st)) dz = (0,0)
-0
for all t > 0. Thus, we may write

('v,u)(t,x) = (Vv U)(g) + (d’f) d’f)(ta é)v =1~ st

and use (¢,1)) as our new unknown variables. Let us dencte the initial data
of (¢,%) by (¢o,%o). That is

(o )@ = [ (= V,u0~ V)(w)dy.
To state our main theorem, we define the weighted function:
l, €<0
w(f) = { (2.13)
e, €20,

where b = (k—1)c; > 0. We also need the following two technical assumptions
on o which will be discussed in detail in the last section.

o"(v) > 0, for v € {vy,v.], (2.14)
—% < 4s?, for v € [uy,v_]. (2.15)

Condition (2.14) implies ¥ = 2 in our case. Now, our main theorem can be
stated as follows.

Theorem 1 Suppose that (2.1), (2.2), (2.3), (2.11), (2.14), (2.15), ¢o € H?,
dog € HY, and ¢ € H2 hold. Then there exists o positive constant §; such that
if ||doll2 + Hdoellrw + |[Yollzw < 81, then (1.1),(1.2) and (2.10) have o unique

global solution (v,u)(t,z) satisfying
v~V € C%[0, 00); H,,) N L2([0, 00); Hy,),

u = U € C([0,00); H,) N L*([0, 00); Hy).

Furthermore,
sup (v, u)(t,z) = (V, U}z —st)] 20 as t— oo
z€ER

Remarks
1. Assumption (2.15) can be replaced by the following stronger condition:

0" (v) < 0 for v € [vy,v_]. (2.16)
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In fact, let f(v) = s%0'(v) + R{v)o”(v). Then f'(v) = o'(v)o"(v) +
h{v)o" (v) > 0 due to o'(v) > 0, ¢”(v) > 0, 0" (v) < 0 and h(v) < 0. So,
f(v) is monotonic increasing in [v;,v_]. Hence, f{v) > f(vis) = 0, for
v € [vq,v-]. With this, we see that

h(v)o" (v)
o'(v)

4s% + >352>0

for v € [vy,v_].

2. Assumption (2.15) can also be replaced by the smallness condition on the
shock strength, namely, v_ ~ v,. In fact, by I'Hospital rule, lim,_,,, ﬂﬁ%)lﬂ =
s, Hence (2.15) is always true for v_ in a neighborhood of v,

3. In the case that v_ is the critical state, we see from the Remark of section
2 that the conditions (2.14) should be replaced by

a"(v) <0, for v € [vg,v.]. (2.17)

3 Proof of the Stability Theorem

To prove the stability theorem, as in the previous works, we reformulate the
problem by integrating (1.1),(1.2) in £ and using ¢ and ¥ as our new variables.
The problem (1.1),(1.2) and (2.10) is then reduced to the following “integrated”

system
& — s — Y =0
Yy — st — 0'(V)de — wabge = F {3.1)
(¢1 zb)(O,{) = (¢0$ ¢0)(£)

where

F=0(V+¢¢) - (V) =o' (V)ge = O(lo¢[*)-

We consider the following solution space for our Cauchy problem (3.1): for
any fixed ¢t € (0, 00) define

X(0,t) = {(¢€C%0,t;H?),¢¢ € C°(0,t; H,) N L2(0,t; H),
¥ € C°0,¢ H2), ¢ € L*(0,8; H2)}

Then our stability theorem is a direct consequence of the following theorem.

Theorem 2 Under the assumptions in Theorem 1, there ezist positive con-
stants 8, and C such that if ||doll2 + ||oelliw + li¥oll2w < 02, then (3.1} has a
unigue global solution (¢,v) € X(0,00) satisfying
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eIz + llee®NT + O30 + ‘/Ot{IIq&E(T)”iw + 1973, } d

< C(lIgoll3 + lido gl + lloll3)
forany t >0, and

sup |(¢¢, Ye)(,§) = 0 as ¢ — oo

EER
Theorem 2 can be proved by a standard continuation method {7} with the use
of the following local existence theorem and a priori estimate.

Theorem 3 (Local Ezistence). Let

N(e) = sup {[16(7)ll2 + llée(r)ll1w + 1(T)ll2w}- (3.2)

For any 6y > 0, there ezists a positive constant ty depending on 8, such that,
if 9o € H?, ¢oe € HL, 1o € HZ and N(0) < &, then the Cauchy problem
(3.1) has a unique local solution (¢,¥) € X(0,t5) satisfying N(t) < 28, for
0<t <ty

Theorem 4 (A Priori Estimates).  Suppose that the assumptions in Theo-
rem 1 hold, and (¢,¢) € X(0,%,) is a solution of (3.1) for a positive t,. Then
there ezist positive constants 63 and C which are independent of t, such that
if N(t) < &3, then (@,v) satisfies
t
NIz + e w + 5 + /0 {ll6e(m)II} 0 + ()30} dr
< Cllidol? + ldogll o + llwoll5.)  (3.3)

forOStStl.

The proof of the local existence theorem is standard (see, for example, [7)).
The proof of the a priori estimate will be our main effort.

4 Proof of A Priori Estimates

There are two key lemmas to establish the a priori estimate (3.3). The first
one is the following basic energy estimate.

Lemma 1 It holds that
IO+ WO+ [ I0erIE dr < CUIboll+l4ollz + N (D) [ lide(r)IE dr).
4.1)

To prove Lemma 1, we need the following lemma.
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Lemma 2 [t holds that

1/d'(V(§)) ~ w(€) (4.2)
|""fv))vf |<C, forancer, (4.3)

Proof. From the Taylor expansion of o near v = 0, we have o(v) = O(v*), and
o'(v) = O(v*~!). From these, (2.9) and (2.13), we see that w(£) and 1/0'(V(€))
are equivalent to each other near £ = oc. On the other hand, both w(£) and
a(V(€)) are bounded above zero for £ € [~00, €] for some sufficiently large £.
Thus, we have 0 < C; < w(£) - 0'(V(€)) < C; for all £ € R. For the estimation
of jo”(V)V¢/o'(V)|, similarly, we have that it is bounded for £ € [—00,£]. And
a"(V(€)) = O(V(€)*7?) with k > 1 and |suVe(€)] = |A(V(€))| = O(V(€))
for £ = co. Hence, from (2.9) we also have that |¢"(V)V,/d'(V)| = O(1) as
E—>00. 1

Proof of Lemma 1. We multiply the first equation of (3.1) by ¢ and the
second one by 1,ZJ¢7’(V)'1 respectively, and add them to yield

¢2 s¢2 s,w2
( )}‘ S tamttow )We}e
so”"(V)Ve o 0" (V)V; Fy
+gl(V)w€ - (V)2 Y- (V) ¢1/)5 V)’ (4.4)
By Schwarz’s inequality, we note that
po"(V)Ve pg 1 pa(V)PVEy?
V) ¢¢s| T i (4.5)

where 0 < < 1 is a constant to be chosen later. Substituting (4.5) into (4.4)
yields

¢2 w2 S¢2 sw'z
(V) F¢'
+(1-7n) (v )1/)5 ,(V)¢2 < SV’ (4.6)
e "(0)ho)
z2(v) = —5)—;2—;,(—2)—2[477520’ + ha"]

Here, we have used suV; = h(V). From (2.15), we can choose 1 such that
0<n<1and
|4(n = 1)s%0’(v)| < 45%0"(v) + h(v)o” (v)

for v € [0,v_]. Then we arrive

z(v) >0, forv € [vg,v-],
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By these facts, integrating (4.6) over [0,¢] X R and using that w(é) ~ o'(V)~!
SUP(e rerxoy 1€ 7)| < CN(t), and

t
L G,(V)|d£d r <N [ lor)
by |F| = O(1)¢%, then we arrive

6P +IBIE + [ e dr+ [ [ 2v)=Yo dear

0'(V)

< C(Iol? + 9ol + N@) [ loe(r)I r). (&)

Finally, we can drop the term f§ [ z(V)y?/o'(V)d€dr in (4.7) to obtain
(4.1) because of its positivity. &

The following steps are to treat the energy estimates for (¢¢,v) in HJ}.
Differentiating (3.1) in & and multiplying the first equation by ¢ and the
second one by ¢'(V)~'4¢ then adding them, we obtain

{?2+—¢£—} {—5+ sd" + beve + — R vebeede + — v
VWV o w" VIV Fe (V)Y
- 0'(V)2 ")g—' O.I(V)z ¢f¢f€ '(V)+ ’(V) ¢€w€ (4'8)

From Lemma 2: |0"(V)V,/o'(V)| < C and |0”(V)V| < C, we get by Cauchy
inequality that

pa"(V)Ve | Oy

o el < e t (49)
7(V)V; et Oy

|~ 273 ¢<w | < 7+ e (4.10)

where 0 < £ < 1 is a constant to be chosen later (by (4.27)). Substituting
(4.9) and (4.10) into (4.8), integrating (4.8) over [0,t] x R and using (4.2) and
(4.3) yield

6 + Ie(®I + [ eI dr
< O{lldoell* + ivoells + ¢ [ ligell ar
- t t oo F¢
+{1+¢ l)/0 ||¢€(T)“2wd1'+|/0 /_m a'sz) d{dr'}. (4.11)

From (4.1), we have

(re™) [l dr < O +e™) (6ol + vl + N [ oI ar).
(4.12)
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By integration by parts and (4.3), we get

TN Ff%d‘f =1 [[F '(v Jode ]

SC[:/_:OMEP - VEI Iwel alw(cd))d{dT

<N [ NIl + ||wes<r)ni) dr, (4.13)
Plugging (4.12) and (4.13) into (4.11), we have proved the following lemma.

Lemma 3 It holds that

I96(OI7 + eI + (1 - V) [ Iwee(r)IE ar

< c{(+e™) (Ioll? + llwoll2) + [e+(1+e )N (?)] /0 llee(MIZ dr}. (4.14)

The next lemma is devoted to estimate [ ||p¢(7)||w d7. It is the second key
lemma in this section.

Lemma 4 It holds that

6Ol + [ 16 r < gm0+ el + dnglls + )

e+ (L e ING) [ IR dr+ [ el ar).  (@13)

Remark. Previous works (see [8, 13, 14, 17, 18, 19]) that obtained an energy
estimate like (4.15) used o’(V) > C > 0 which is not valid in our case. Thus,
the proof of this lemma is another key point of this paper.

Proof. From the first equation of (3.1), we have

ber — 5P — Yee = 0.
Multiplying this equation by w(§)¢ee yields

{w(&)Peede}e — w(€)Beerde — sw(€)dfe — w(E)Pegtee = 0.

Then use Peer = SPege + Yeee to obtain
1
-2-{(w(§)¢§)£ - wl(f)ﬁbf}t — {sw(&)Pedee + w(€)Pevee)e

+{50/ (€008} - S0 ()% + W' (E)oevec = O (4.16)
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Equation (4.16) holds for both £ € (—00,0) and & € (0, 00), respectively. We
integrate (4.16) in & from ~oc to 0 and use w(&) = 1, w'(§) = w"(€) = 0 for
£ € {(—00,0) to obtain

w(f) .,

dt( 2 d’f)‘ — (sw(&)dedec + w(€)¢¢¢¢¢)f€=o =0. (4.17)

Similarly, we integrate (4.16) in £ from 0 to oo and use w(¢) = &%, w}(£) =
bw(€) and wi () = bPw(£) for € € [0, 00), then we get

() - 22 [7 wlergta + (suw(O)octee +ulEdoever)|

b 2 sb? re 2 it _
-S|, -5 [ w@etd+b [T w@bcseds =0 (418)
Substituting (4.17) into (4.18) and using w(€) being continuous on R, we obtain

bd

0 b
3@ w(€)¢? d€ + %w(f)d%le=0

b oo o
+ 5 [T w©stds - b [~ w(©evecd =0. (4.19)
By the Cauchy inequality:

|b/ ¢s¢eed€|_ 4/ ¢5d§+s"‘/omw(§)¢gsd§,

and integrating (4.19) in 7 from 0 to ¢, dropping the positive term Lw(¢ )¢£‘
we obtain

[T w@ste o+ [ [T u@dinea
< C{lioclly + [ Ibeetr)I dr}.

From this inequality and (4.14), we get
00 t o0
[T w@seoa+ [ [Tuedeed

< 1 LA+ I+ oo+l e+ (4N [ el ar).

(4.20)
On the other hand, from (3.1) we have

Hge — spdee + o' (V)de + s — ¢y = —F. (4.21)
Multiply (4.21) by ¢, to obtain
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{ﬁd’g}t {sufﬁg}e +0'(V)E + sbeibe — devhy = —F. (4.22)
From ¢¢; = see + e, we have

—@ethy = —{oV} + e
= {0} + {(sb¢ + V) }e — sbewve — V7. (4.23)

Substituting (4.23) into (4.22) yields
{502~ veedi+ o' (V6] — (6% - swde — Yehe = ¥f — Fog.  (4.24)

Integrating (4.24) over [0,t] x R, using the Cauchy inequality:

| [ vocde] < Ellge@? + - Ip@)1?

< Lloe®I? + Cu w2,

also noting o'(V'(£)) > ¢'(V(0)) > 0 for £ < 0 (since ¢”(V) > 0 and V; < 0),
we then get _

LligeP +ovo) [ [ stdgar [ [T ov)g2dedr

< C{llocll + Il + I + [ Ise(r)IP dr + N@) [ o) ar}

< C{locll? + Ioll + IWIE + [ eI dr + N [ (I r).
(4.25)
Finally, (4.15) follows from (4.1), (4.20) and (4.25). &

Lemma 5 It holds
e IF + loeOIZ + Il (BIfE +/{H¢e (M + (DI L} dr

< Cligoll? + lidogll?, + 1ol ) (4.26)
for N(T) < 1.

Proof. Combining Lemmas 1~4, we have

IR + eI + IO + [ UISerIE + (I} dr

< T (A Gl louli+ ol e+ (e OV ) [ loe(r I )
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Now, we choose € such that

<

Ce
huh 4.

]

then choose N(t) such that

1-CN(t)

v
A f o DD =

—(27—(1+e‘1)N(t) <

then we obtain (4.26). 1

The energy estimate for (¢¢, 1) can be obtained by repeating the same
procedure in Lemmas 1—4. We list the result as follows and omit the details.

Lemma 6 It holds that
llBee(I” + eI + llvec(B)Z + /ot{ll¢ec(f)l|2w + [[Weee(T)II2 } dr

< C(ligoll3 + Nldoelf? o + 1voll3 ) (4.28)
for N(T) « 1.

Proof of Theorem 4. Commbining Lemmas 1-6, we have proved (3.3)
provided that N(T') is less than a suitably small constant, say é3 > 0.

5 Application to the van der Waals Model

For applications, we consider the viscous p-system for van der Waals fluids:

V¢ — Uy = 0, (51)
U +p(v): = pUzz, TER, t20,

where u is the velocity, v, the specific volume, p, the pressure, and p > 0, the
viscous coefficient. The equation of state considered here is given by van der
Waals:

RO a

p(v) = et for v > b, (5.3)
where R > 0 is the gas constant, § > 0 the absolute temperature (assumed to
be constant), and a and b are positive constants (See Figure 1).

When R6b/a > (2/3)3, then p'(v) < 0 for all v > b and the corresponding
inviscid equation is strictly hyperbolic. The fluid is in vapor phase. In this
case, the stability of viscous shock waves has been studied by Kawashima-
Matsumura (8] Mei [16], and Matsumura-Mei [13] for the Lax shock case,
and by Nishihara [19] and Mei-Nishihara (18] for the contact shock case (i.e.
—p'(v) = s? at v = v_ or vy).
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"85 t 15 2 25 3 (] 5 10 15
Figure 1. The graph of o(v) = Figure 2: The graph of f;(m), i =
—p(v) (5.3) with RO = 2.35, q = 3 1,2,3

and b= 1/3.

When R8b/a < (2/3)%, there exists an interval (v;,v,), where p'(v) > 0.
In this case, the corresponding inviscid equation is elliptic in this region and
hyperbolic elsewhere. This equation of state is used to model fluid that exhibits
water-vapor phase transition. The state in the region (vs, 00) is called in vapor
phase, while the state in (b, v,) the water phase. The state in the elliptic region
is linearly unstable.

The van der Waals gas dynamics has been investigated by many researchers
recently (see {4, 8, 11, 13, 14, 17, 18, 19] and references therein). The stability
of a phase interface was obtained by Hoff [4] for the 3 x 3 Navier-Stokes van
der Waals model. Here, our stability analysis covers the case: R8b/a < (2/3)3.
The critical shock we consider is in one phase (i.e. either entilely in (v,, 00)
or in (b,v1)), but one of its end state is the boundary state of that phase, at
which the Lagrangian sound speed is zero.

We now investigate the technical conditions (2.14) and (2.15) for the van
der Waals fluids.

Let us rescale v by v = mb. Then the derivatives of ¢(v) are given by the
follows.

700) = (1m) - B2 e (5.4)
fi(m) = (’—’Li);—mg—l-)—i i=1,2,3 (5.5)

for m € (1, 00). The graphs of f;(m) (i = 1,2,3) are plotted in Figure 2.
When ROb/a < (2/3)*, each f; intersects y = R6b/a at only two points:
myj, j = 1,2. They satisfy the following ordering relation (see Figure 2):

myp < Mgy < M3y < Mg < Moy < Mag.
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Regarding to the sign of o(?, let vy =myib, 1 =1,2,3,7 = 1,2, from (5.4) and
(5.5), we have for i = 1,2, 3 that

A >0 forv € (vi,vi)
(-1)'e (v){ <0 otherwise. (5:6)

This equation of state models water-vapor phase transition. The region (b, vy;)
is the water-phase region, (vi,, 00), the vapor-phase region, and (v11,v12), the
water-vapor mixed region. The inviscid part of (5.1) and (5.2) becomes elliptic
in (v11,v12). It is easy to see this region is linearly unstable by simple Fourier
method.

Our first interesting region is the region (vyg, v22), where o’(v) > 0, ¢"(v) >
0, ¢"(v) < 0 and vy, is the critical point. We see that our Theorem 1 is
applicable in this vapor-phase region. For the water-phase region, we see that
in (b,v11), o'(v) > 0 and ¢”"(v) < 0. Unfortunately, ¢"(v) > 0 which is in
wrong sign. However, as we have mentioned in Remark 2 of Theorem 1 that
we can always find a state 9 in a neighborhood of v, such that (2.15) is satisfied
in region (%, v11).

When Rfb/a = (2/3)3, we see that o'(v) = 0 only at the point v = 3b,
and o'(v) > 0 otherwise. This model has water and vapor phases but no
water-vapor mixed region. In this case we can see from Figure 2 that

= Vg = U1 = 3b < v < v < 3.

We then obtain that Theorem 1 is applicable for the water region (b, 3b) as
well as a vapor region (3b, 7), where ¥ is a neighboring state of 3b.
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