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ABSTRACT. This article is the first in a series devoted to studying generalised Gross-Kudla-
Schoen diagonal cycles in the product of three Kuga-Sato varieties and the Euler system
properties of the associated Selmer classes, with special emphasis on their application to
the Birch—Swinnerton-Dyer conjecture and the theory of Stark-Heegner points. The basis
for the entire study is a p-adic formula of Gross-Zagier type which relates the images of
these diagonal cycles under the p-adic Abel-Jacobi map to special values of certain p-adic L-
functions attached to the Garrett-Rankin triple convolution of three Hida families of modular
forms. The main goal of this article is to describe and prove this formula.

Cet article est le premier d’une série consacrée aux cycles de Gross-Kudla-Schoen généralisés
appartenant aux groupes de Chow de produits de trois variétés de Kuga-Sato, et auz systémes
d’Euler qui leur sont associés. La série au complet repose sur une variante p-adique de la
formule de Gross-Zagier qui relie l’image des cycles de Gross-Kudla-Schoen par lapplication
d’Abel-Jacobi p-adique auz valeurs spéciales de certaines fonctions L p-adiques attachées a
la convolution de Garrett-Rankin de trois familles de Hida de formes modulaires cuspidales.
L’objectif principal de cet article est de décrire et de démontrer cette variante.
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2 HENRI DARMON AND VICTOR ROTGER

1. INTRODUCTION

This article is the first in a series devoted to studying generalised diagonal cycles in the
product of three Kuga-Sato varieties and the Euler system properties of the associated Selmer
classes, with special emphasis on their application to the Birch—Swinnerton-Dyer conjecture
and the theory of Stark-Heegner points. The basis for the entire study is a p-adic Gross-Zagier
formula relating

e the image under the p-adic Abel-Jacobi map of certain generalised Gross-Kudla-Schoen
cycles in the product of three Kuga-Sato varieties, to

e the special value of the p-adic L-function of [HaTi] attached to the Garrett-Rankin
triple convolution of three Hida families of modular forms, at a point lying outside its
region of interpolation.

In order to precisely state the main result, let

= an(f)q" € Se(Ns, xy),

9= Zan(g)q” € Se(Ng, Xg),

h=>"an(h)q" € Sm(Nn, xn)
be three normalized primitive cuspidal eigenforms of weights &k, £, m > 2, levels Ny, Ny, N, > 1,
and Nebentypus characters xf,Xq, and xj, respectively. Let N := lem(Ny, Ny, Nj) and
assume that
XfXg Xn=1,
so that in particular k + ¢ + m is even.

The triple (k, ¢, m) is said to be balanced if the largest weight is strictly smaller than the
sum of the other two. A triple of weights which is not balanced will be called unbalanced, and
the largest weight in an unbalanced triple will be referred to as the dominant weight.

Section 4.1 recalls the definition of the Garrett-Rankin L-function L(f,g, h;s) attached to
the triple tensor product

Vo(f,9:1) = Vp(f) @ Vp(9) @ Vi(h)

of the (compatible systems of) p-adic Galois representations V,(f), V,(g) and V,(h) attached
to f, g and h respectively. This L-function satisfies a functional equation relating its values
at s and k+¢+m —2—s. In particular, the parity of the order of vanishing of L(f, g, h;s) at
the central critical point ¢ := W is controlled by the sign ¢ € {£1} in this functional
equation, a quantity that can be expressed as a product ¢ = Hv| Noo Evs €0 € {£1}, of local
root numbers indexed by the places dividing Noo. The following hypothesis is assumed
throughout:

H: The local root numbers ¢, at all the finite primes v|N are equal to +1.
This assumption holds in a broad collection of settings of arithmetic interest. For instance, it
is satisfied in either of the following two cases:

e gcd(Ny, Ny, Np,) =1, or,

e N =Ny =Ny = N, is square-free and a,(f)a,(g)a,(h) = —1 for all primes v | N.
Assumption H implies that ¢ = €., depends only on the local sign at oo, which in turn
depends only on whether the weights of (f, g, h) are balanced or not:

e —1 if (k,¢,m) is balanced;
R 1 if (k,¢,m) is unbalanced.

In particular, the L-function L(f,g,h,s) necessarily vanishes (to odd order) at its central
point ¢ when (k, ¢, m) is balanced.
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Let &€ denote the universal generalised elliptic curve fibered over X = X;(N). For any
n > 0, let €™ be the n-th Kuga-Sato variety over X (V). It is an n + 1-dimensional variety
obtained by desingularising the n-fold fiber product of £ over X;(NN). (Cf. [Sc| for a more
detailed account of its construction.) The p-adic Galois representation V),(f,g,h) occurs in
the middle cohomology of the triple product

(1) W=EF2x g2 gm2,

When (k, ¢, m) is balanced and assumption H is satisfied, the conjectures of Bloch-Kato and
Beilinson-Bloch predict (because of the vanishing of L(f, g, h,c)) that there should then exist
a non-trivial cycle in the Chow group Q ® CH¢(W), of rational equivalence classes of null-
homologous cycles of codimension ¢ on the variety W of (1). Section 3.1 introduces cycles
A¢gn € Q® CHY(W)o which are natural candidates to fulfill these expectations, and whose
construction we now briefly summarize.

Set r = W. As explained in §3.1, there exists an essentially unique, natural way of
embedding the Kuga-Sato variety £" in the variety W. Its image gives rise to an element in
the Chow group CH”+2(W) which, suitably modified, becomes homologically trivial. In this
way, we obtain a cycle

Apgm € CH™P2(W)g := ker(CH™H2(W) -4 HAH(W/C)).

In the special case where k = ¢ = m = 2, the cycle Aj99 is just the modified diagonal
considered by Gross-Kudla [GrKu] and Gross-Schoen [GrSc].

The cycles Ay, 1, alluded to above are defined as the (f, g, h)-isotypical component of the
null-homologous cycle Ay, ¢, with respect to the action of the Hecke operators.

It is natural to conjecture that the heights of these cycles in the sense of Beilinson and
Bloch are well-defined (cf. [GrKu] and [GrSc] for more details on the necessary definitions),
and can be directly related to the first derivative of the triple product L-function L(f, g, h, s)
at the central point:

(2) h(A¢gn) L (Explicit non-zero factor) x L'(f, g, h,r + 2).

When (k,¢,m) = (2,2,2), this was predicted in [GrKu| and has recently been proved by X.
Yuan, S. Zhang and W. Zhang in [YZZ)].

Remark 1.1. It would be natural to relax assumption H to the weaker condition
(3) Heven: The set of primes v|N for which e, = —1 is of even cardinality.

This is sufficient to guarantee that ¢ = ¢4, and can be dealt with at the cost of replacing
Kuga-Sato varieties with more general objects arising from the self-fold products of certain
families of abelian surfaces (or genus two curves) fibered over Shimura curves rather than
classical modular curves. Hypothesis H may thus be regarded as analogous to the classical
Heegner or Gross-Zagier hypothesis imposed in the study of the Rankin-Selberg L-function
L(f ® 0k, s) attached to a single eigenform f and the weight one theta series of an imaginary
quadratic field K. Both are meant to avoid having to deal with Shimura curves associated
with a quaternion division algebra, and make it possible to confine one’s attention to classical
modular curves. Much of our study extends to the setting of Heven by appealing to the work
of P. Kassaei [Kas99] and R. Brasca [Br]; in our exposition we have tried to present our results
in a way that suggests the modifications necessary to deal with arbitrary Shimura curves.

In this work we do not focus on (2), but rather on a p-adic analogue. Our main result
relates the image of Ay, under the p-adic Abel-Jacobi map

(4) AJ, : CH P (W)o(Q,) — Fil'2HIH3(W/Q,)Y

to the special value of a triple product p-adic L-function attached to three Hida families of
modular forms, which we now describe in more detail.
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Fix an odd prime number p{ N at which f, g and h are ordinary. Let
£:9r —GCplldl, g:9 —Cpllgll, h:Q — Cylld]]

denote the Hida families of overconvergent p-adic modular forms passing though f, ¢ and h,
respectively, as constructed in [Hi86a] and [Hi86b|, and briefly reviewed in §2.6 below. The
spaces {1y, {1, and €2, are finite rigid analytic coverings of suitable subsets of the weight space

Q := Homs(Z, ,C)),

which contains the integers Z as a dense subset via the natural inclusion k — (z +— z¥). A
point = € €y is said to be classical if its image in (2, denoted ~(z), belongs to 722, and the
set of classical points in €1y is denoted by €. Part of the requirement that f be a Hida

family is that the formal g-series fép )= f (z) should correspond to a normalised eigenform of
weight x(x) on I't1(N) NTo(p), for almost all x € Q. For all but finitely many such z, the

form fé” ) is the ordinary p-stabilisation of a normalised eigenform on I'y(N), denoted f,.
The natural domain of definition of the triple product p-adic L-functions is the p-adic
analytic space
Y= Qp X Qy X Q.
Let X¢1 := QX Qg X Q. C X denote its subset of “classical points”. This set is naturally
partitioned into four disjoint subsets:

Y5 = {(z,y,2) € Xa, such that k(z) > k(y) + k(2)};
Yy = {(z,y,2) € ¥q, suchthat k(y) > r(z)+ k(2)};
Y, = {(z,y,2) € Za, such that k(z) > k(z) + k(y) };
Ypha = {(x,y,2) € Za, such that (k(z),k(y),k(2)) is balanced.}.

Section 4 exploits the strategy pioneered by Hida [Hi88b] and subsequently extended by Harris
and Tilouine [HaTi] to construct three a priori distinct p-adic L-functions of three variables,
denoted
"g/ﬂpf(fvg7h)7 fpg(f7g7h)7 fph(f7g7 h) : E B (va

which interpolate the square-roots of the central critical values of the classical L-function
L(fz, 9y, hz,9), as (x,y, z) ranges over X, 3,4, and Xy, respectively. The precise interpolation
property defining the three p-adic L-functions is spelled out in Theorem 4.7 of Section 4.2.

Given (x,y,z) € Xpa, the Heegner assumption H can be used to show that the classical
L-function L(fy, gy, h-,s) vanishes at its central point for reasons of sign. The central critical

derivative L' (fz, gy, h, “(m)+”(y2)+“(z)_2) is then a natural object of arithmetic interest. In the

p-adic realm, the three distinct p-adic avatars of the classical L-function, namely, .,E,”pf (f,g, h),
£,?(f,g,h), and fph(f, g, h), need not vanish at the balanced point (x,y, z), since this point
lies outside the region of classical interpolation. The corresponding p-adic special values can
be viewed as different p-adic avatars of the complex leading term, and one might expect them
to encode similar information related to the motive of Vy, @V, @ V.

Remark 1.2. One can also envisage a fourth p-adic L-function
Ll;al(f,g,h)(x,y,z,s) (Qrx Qe x O xQ—C,

involving a further “cyclotomic” variable s and interpolating the classical special values of
L(fz, 9y, hz, s)-but not their square roots—in the critical range

(3373/72) € Ypal, 1<s< H(l‘) + ’%(y) =+ /{(Z) - 3.

The construction of such an L-function is described in [BoPa] (see also the references therein).
Under hypothesis H, the function L];al(f , &, h) should vanish identically on the “central critical
hyperplane” 2s = k(z) + k(y) + k(z) — 2, and the presence of the cyclotomic variable is
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therefore key to ensuring its non-triviality. This “balanced” p-adic L-function plays no role
in this article.

In stating our main result, it will be convenient to assume for simplicity that Ny = N, = Np,,
i.e., that the three eigenforms f, g and h are new of the same level N. (This assumption,
which is too restrictive for most interesting arithmetic applications, will be relaxed in the
body of the text.) To any classical newform ¢ of weight » + 2 on I';(N) which is ordinary at
p, there corresponds a cohomology class

wy € FIMT HIEN(ET/Q) C Fir T HIE (E7/Cy),
where the inclusion is induced from our fixed embedding Q C Cp. The ¢-isotypic component
of H'FY(&"/C,) is two-dimensional over C, and (because ¢ is ordinary) it admits a one-
dR P P
dimensional unit root subspace, denoted Hgﬁl((‘:’“ /Cp)™™, on which the Frobenius endomor-
phism acts as multiplication by a p-adic unit. This unit root subspace is complementary to the
middle step in the Hodge filtration, and hence, there is a unique element ng™ € Hg;{l (E7/Cp)" "
satisfying
<w¢777$s'r> = 17

where (, ) denotes the non-degenerate Poincaré pairing on H/' (€7/C,). One thus obtains a
natural basis (wg, n;'r) of the ¢-isotypic component of H g;{l(é' "/C,), for any ordinary classical
newform ¢ € S, 12(I'1(V)).

If (f,g,h) is a triple of newforms of level N and balanced weights (k,¢,m) = (r; + 2,73 +
2,73+ 2), then

(5) N @wy@w, € Hyp'(EM) @ FIPT HEM (E72) @ FiIs T HE (E™)
c R (Hp(E) @ Hg (€)@ Higt ()
C Fil'?HIPW/Qy),
where the last inclusion arises from the Kiinneth decomposition. In particular, the class
N} ® wg ® wy lies in the domain of AJ,(A) when (k, £,m) is balanced.
For any f € Sg(N, x), we shall always write
(@ = ap( )z + xs (PP ) = (& — ay)(z = By), with ordp(ary) < ord,(8y),

so that in particular o is a p-adic unit when f is ordinary.
The main result of this article is

Theorem 1.3. Given (z,y,z) € Xy, let

(f,9,h) = (fa; gy; h2), (k, £;m) = (k(2), K(y), £(2)),
c=(k+l+m—2)/2, k=0+m—2-2t (witht>0),
2

and let A := Ay ¢, be the generalised diagonal cycle in EF=2 5 £6-2 % £m=2. Then

E(f,9,h)

4 (E.8.0)(,y.2) = (V' 5 I E T

X Adp(A)(nf™ © wg @ wh),

where
(6) E(fr9.h) = (1= Bragonp™) x (1 — Broagfp™)

X (1= BrByanp™) x (1= B1BeSBrp™°)
(7) &(f) = 1=8ix;" ('™,

(8) a(f) = 1=8ix; (™).
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See Theorem 5.1 for a more general statement involving newforms of possibly different
levels. Theorem 1.3 can be viewed as a p-adic analogue of the archimedean formula suggested
in (2), and in fact the Euler factor £(f, g, h) that arises in the formula fits within the general
conjectural description of the p-adic L-function of an arbitrary motive given by Panciskin in
[Pan, p.285].

One could also envisage a more direct p-adic analogue, relating the cyclotomic p-adic
height of Ay, o pn. to the derivative in the cyclotomic direction of the p-adic L-function
Lgal(f ,g,h)(x,y, 2, s) alluded to in Remark 1.2. Such a formula, which is currently unavailable
in the literature, would be closer in spirit to the archimedean formulae conjectured in [GrKu]
and proved in [YZZ], and to the p-adic analogues of the Gross-Zager formula proved in [PR]
and [Nel], while Theorem 1.3 is better adapted to the arithmetic applications that the authors
wish to pursue by exploiting the Fuler system properties of p-adic families of diagonal cycles
and associated explicit reciprocity laws in the spirit of Coates—Wiles and Kato—Perrin-Riou.
Let us close this introduction by describing some of these applications.

I. The Euler system of diagonal cycles. Theorem 1.3 is available when f is replaced by g
or h if the latter two forms are also assumed to be ordinary. The Abel-Jacobi image AJ,(A)
therefore encodes the values of the three distinct p-adic L-functions .,S,ﬂpf (f,g,h), £7(f,g,h)
and fph(f ,g,h) at (z,y,2) € Xpa. This suggests that these L-functions should be viewed
as the different projections of a common Fuler system obtained by p-adically interpolating
the diagonal cycles themselves as (z,y,z) ranges over Xy,. (More precisely: their images
&(fzs gy, hz) € HY(Q, V. .9,.h2) under the p-adic étale Abel-Jacobi map, where Vy, o 5. de-
notes the self-dual Tate twist of the triple tensor product Vi ® V, ® V_ of the Deligne
representations attached to the eigenforms f,, g, and h,.) The sequel [DR] to this paper
pieces these global classes together into an element

ﬁ(fv g, h) € Hl(@7 Vf,g,h)7

where V¢ g1, is a twist of the tensor product Vi ® Vg ® Vy, of Hida’s A-adic representations
attached to f, g, and h respectively, interpolating the representations Vy, 4 ».. The three
Garrett-Rankin p-adic L-functions are then obtained from the image of k(f,g,h) under a
homomorphism interpolating the Bloch-Kato logarithms attached to the specialisations Vy, ®
Vy, ® Vi, in the range (2,9, 2) € Ypa. The resulting construction of the Garrett-Rankin p-adic
L-functions in terms of diagonal cycles is directly analogous to the construction of the Kubota-
Leopoldt (resp. Katz) p-adic L-function from the p-adic logarithms of circular (resp. elliptic)
units. An application of this point of view to the Birch-Swinnerton-Dyer conjecture, obtained
by considering weight one specialisations of g and h, is the implication

L(Evpl ®P271) 3& 0 = HomGQ(Pl ®PQ7E(@) ®C) = 07

where E is an elliptic curve over Q and p; and ps are odd irreducible two-dimensional Artin
representations for which p; ® py has determinant one.

I1. Beilinson-Flach elements. The methods of the present article, transposed to the setting
where h is a Hida family of Eisenstein series, lead to a proof [BDR] of a p-adic Beilinson
formula relating the p-adic regulators of certain Flach elements in the Higher Chow group
CH?(Xo(N) x Xo(N),1) to values of Hida’s three-variable p-adic L-function attached to the
Rankin convolution of two Hida families f and g of cusp forms. A notable application of this
result (when made to vary in p-adic families, as in the previous paragraph) is the implication

9) L(E,p,1) #0 = Homg,(p, E(Q) ® C) =0,

where p is an odd, irreducible two-dimensional Artin representation.
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IT1. Beilinson elements and Kato’s Euler system. The point of view sketched in the
two previous Remarks is also consistent with the Kato-Perrin-Riou approach to the Mazur-
Swinnerton-Dyer p-adic L-function attached to a cusp form of weight 2, which one recovers
when both g and h are taken to be Hida families of Eisenstein series, the role of the diagonal
cycles being played by Beilinson elements in the Ko of modular curves, or in the higher Chow
group CH?(Xo(N),2). Guided by this analogy and relying crucially on the techniques of
the present work, the article [BD] gives a new proof of the p-adic Beilinson formula relating
the p-adic regulators of the Beilinson elements to the special values at s = 2 of the Mazur-
Swinnerton-Dyer p-adic L-functions. The authors’ study of diagonal cycles and Flach elements
is thus a direct generalisation of the approach of Kato which underlies the proof of (9) when
p is replaced by a Dirichlet character.

IV. The Euler system of Heegner points, revisited. In part, the authors were led to
Theorem 1.3 by the analogy with the main result of [BDP], in which the images of Heegner
points (or more general Heegner cycles) under p-adic Abel-Jacobi maps are related to the
values of certain anticyclotomic p-adic L-functions at classical points lying outside the range
of p-adic interpolation defining them. In his forthcoming PhD thesis, F. Castella uses this
to construct these anticyclotomic p-adic L-functions in terms of p-adic logarithms of Heegner
points, leading to a treatment of the Heegner point Euler system entirely parallel to the other
examples alluded to above (namely, circular units, elliptic units, Beilinson-Kato elements,
Flach elements, and diagonal cycles.)

V. p-adic calculations of Chow-Heegner points. The article [La2] and the forthcom-
ing Ph.D thesis of M. Daub [Da] combine Theorem 1.3 with Alan Lauder’s fast algorithm
[Lal] for calculating ordinary projections to calculate the “Chow-Heegner points” attached to
Gross-Schoen diagonal cycles (as described in [YZZ] and studied in [DRS]) by p-adic analytic
methods, thus supplying the p-adic counterpart of the complex calculations carried out in
[DDLR].

Notations: Throughout the article, given a power ¢ = p¢ of a prime p, the symbols Fy, Zqg,
and Q, are reserved for the finite field with ¢ elements, its ring of Witt vectors, and the
finite unramified extension of Q,, of degree d respectively. For any field extension F/Q, we
will write Gr = Gal (F'/F) for the absolute Galois group of an algebraic closure of F, and
if X is any variety over F, we let X := X X Spec(F) Spec(F) denote the base change of X
to the algebraic closure. We adopt the usual conventions regarding motives and their Tate
twists: for any integer j we write Z(j) = H?(P;)® 7/, so that a geometric frobenius element
at £ # p (resp. at £ = p) acts on its p-adic étale (resp. cristalline) realisation as multiplication
by ¢=9. If M is a motive over Q, we let M (j) := M ® Z(j) denote its j-th Tate twist, so that
L(M(j),s) = L(M,s+ j), where L(M,s) is the L-function attached to M.

Acknowledgements: The authors thank Ignacio Sols and Dipendra Prasad for many stimulat-
ing exchanges about the geometric aspects of diagonal cycles and the analytic properties of
triple product L-functions, respectively. The work on this article began during the summer
of 2010 at the special number theory semester organised by the CRM in Barcelona, and the
authors also gratefully acknowledge the role of this institute in facilitating their collaboration.
The first author was funded by an NSERC Discovery grant, and the second author received
financial support from DGICYT Grant MTM2009-13060-C02-01 and from 2009 SGR, 1220.

2. COHOMOLOGY AND MODULAR FORMS

2.1. The de Rham cohomology of curves over p-adic rings. Let X be an arbitrary
smooth proper curve over Spec(Z,) and write X and X for its special and generic fiber,
respectively. Let {Py,...,Ps} C X (IF‘p) be a non-empty G, -stable collection of closed points

in its special fiber. Since X is smooth, these points admit lifts Py,...,P; € X(Oc,) to
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characteristic zero. It will be convenient (albeit not indispensable) to fix a choice of such lifts
which is stable under the natural action of Gg,. This determines the affine scheme

X' =x—-{P,..., P}
over Spec(Z,), whose special and generic fiber are denoted X' and X' respectively. Because
X is proper over Spec(Zj), there is a natural identification X(C,) = &(Oc,) and a resulting
reduction map o
red : X(C,) — X (F)).
The standard affinoid in X (C,) attached to X' is defined to be
A= red H(X'(Fp)).

It is a connected affinoid region obtained by deleting from X (C,) a collection of s disjoint
residue discs. ~

For each j =1,...,s, choose a local coordinate A; at Pj, i.e., a rigid analytic isomorphism
from the residue disc of ]5] in X(C,) to the open unit disc in C,, sending Pj to the origin.
These local parameters give rise to a family of wide open neighborhoods of A, indexed by a
real parameter € > 0 and defined by

We =AU U{a: € red ' (P;) with ord,\j(z) < €}.
j=1
The region W, is obtained by adjoining open annuli Vy,...,V, of “width ¢’ to A around the
boundaries of each of the deleted residue discs. Note the obvious inclusions

AC W, C X'(Cp), We, CW,, if €1 < €.

One of the main reasons for working with the wide open neighborhoods W, rather than
with the affinoid A itself is that their cohomology is better behaved and a more faithful
reflection of algebraic de Rham cohomology over C,. More precisely, let O and Q! denote
the structure sheaf and the sheaf of differentials on X. The restrictions of these sheaves to
A and to W,, viewed as rigid analytic sheaves, are denoted by the same symbols by a slight
abuse of notation. If K is any complete subfield of C,, we will denote by Q'(W,/K) the rigid
differentials on W, that are defined over K. Set

1
Hl W /K) = M

rig dOW€ K :

Note that, because X is affine, we have Hy(X'/K) = Qlégi;{/,m. The natural restriction map
QYX'/K) — Q'(W./K) sends exact forms to exact forms and therefore induces a map

comp, : Hip(X'/K) — Hrlig(wﬁ /K).

For each annulus Vi, ...,V appearing in the definition of W,, let
resy; Q'W,./K) — K(—1)

denote the p-adic annular residue, as it is described in [Cole94, Ch. 7] for example.

The annular residue vanishes on dOyy,, and is therefore well-defined on cohomology. It is
related to the usual residue of algebraic differential forms through the following commutative
diagram:

1 ! @jresﬁj s X
(10) Hyp(X'/K) K(=1) — K(-1) —0
[ |
EBjreSVj n

Hyy(We/K)

K(-1)) — K(-1) —0.
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Proposition 2.1. For any € > 0, the map comp, is an isomorphism of K-vector spaces.

Proof. This follows as in [Cole94] from the long exact Mayer-Vietoris sequence (cf. A.2. of
loc.cit. for instance) associated to the admissible covering of X by wide open subsets consisting
of W, together with the p-adic residue discs in the complement of A. ]

Thanks to this proposition, the de Rham cohomology H le(X k) of the base change of
X to K can be identified with the space of classes of rigid analytic forms on W, over K
with vanishing annular residues (cf.e.g. [BDP, Prop.4.11]). This description of H s (Xk)
is the basis for a concrete description of the action of the Frobenius operator on de Rham
cohomology. Let o € Gal (K /Q,) be a Frobenius automorphism and let

d: A— A

be any characteristic zero lift of the Frobenius morphism on the special fiber X’. This rigid
analytic morphism extends to a morphism ® : W, — W,,, for suitable 0 < € < €, and
induces linear maps

d:OW./K) — OW/K), &:Q8'W./K)— Q'W./K).

Although the operator ® need not preserve any of the spaces Q! (W, /K) for a given fixed e,
it does give rise to an endomorphism on H}p (X’/K), which shall also be denoted ® by abuse
of notation. This Frobenius morphism is thus the unique endomorphism of H GllR(X '/K) that
completes the top row in the following commutative diagram:

3]
(11) HéR(X’/K) ............ - HéR(X//K)
comp.r comp,
1 1] 1
Hrig(We//K) - Hrig(WG/K)'

The endomorphism ®, which is compatible with the annular residue in the obvious sense,
preserves the subspace H g (Xr).

The K-vector subspace of H} (Xf) (resp. of Hl(X’/K)) spanned by the vectors on which
® acts via multiplication by a p-adic unit is called the unit root subspace and is denoted by
Hlp (Xg )T (vesp. by His (X'/K)"T). More generally, the subspaces spanned by vectors on
which @ acts with slope ¢ € Q (i.e., as multiplication by a scalar A € C with ord,\ = 1) is
called the slope t subspace of Hlp (Xf) and is denoted Hp (X k).

The de Rham cohomology H GllR(X k) is equipped with the usual alternating Poincaré duality

() ) Hig(Xx) x Hig(Xx) — Hig(Xx) = K(-1),

1

which in terms of representatives wi,ws € Qrig(We) for cohomology classes &1 and &5 is de-

scribed by the formula
(€1,62) = Zresvj(Fugﬂl') - wa),
j=1

)

where resy; is the p-adic annular residue and Fu(,]1 denotes a local analytic primitive of wq on

the annulus V.
Poincaré duality is compatible with the Frobenius endomorphism in the sense that

(DE1, PE2) = (&1, &) = plé1,62).

In particular, Poincaré duality descends to a well-defined non-degenerate pairing

(12) () ) Hip(Xx)"™ x Hig (Xg)® — K(=1).
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2.2. p-adic modular forms. Denote by S ,ip )(N ) the space of p-adic modular forms of weight
k and tame level N (as defined in [Se] or [Kat73] for example) and let Sp°(NN) denote its sub-
space of overconvergent forms. These spaces are equipped with two non-commuting operators
U and V, defined on g-expansions by the rule

(13) (Uf)(Q) = Z apnqna (Vf)(Q) = Z ang®".
n=1 n=1
These operators satisfy
UVIi=f VU@ = ampd™,
n=1

so that
(14) fPi=(1=VU)f(g) = ang"

pin

has fourier coefficients supported on the integers prime to p. Note that the operators U and V
do not commute-although, as we will explain later, the operators induced on the cohomology
of modular curves (with coefficients in the relevant local systems) do commute, and are inverse
to each other.

The operator U on the p-adic Banach space of overconvergent modular forms is completely
continuous and gives rise to a slope decomposition on this infinite-dimensional vector space.
A p-adic modular form which belongs to the slope 0 subspace for U is said to be ordinary,
and the space of all such p-adic modular forms is denoted by S grd(N ). The ordinary subspace
(like all the finite slope subspaces) is finite-dimensional over C,. More precisely, Coleman’s
classicality theorem (cf. [Cole95]) asserts that any ordinary overconvergent modular form of
weight k > 2 is (the p-stabilisation of) a classical modular form of weight £ on I'y(NV). In
particular, S™4(N) is naturally contained in the space Sy (I'1(N)NT(p)) of classical modular
forms (with fourier coefficients in C,). Hida’s ordinary projector

(15) €ord := lim U™

gives a Hecke-equivariant projection from S¢¢(N) to SF(N).

Let X1(N) denote the modular curve over Spec(Z[1/N]) classifying generalised elliptic
curves equipped with an embedding of the finite flat group scheme py of N-th roots of
unity. (See [Kas99] for a more general scenario.)

Recalling that the prime p does not divide N, set

X = XI(N) X Spec Z[1/N] Zp7 X =4 X Spec(Qp)

for the smooth curve over Z,, (resp. over Q,) obtained by change of base.

Let Pp,....,P, € X (IFp2) denote the supersingular points of the special fiber of X. These
points are the zeroes of a distinguished mod p modular form of weight (p — 1)—the so-called
Hasse invariant. As in the previous section, we may choose lifts P,....P, e X (Z,2) of
the supersingular points to characteristic zero. For example, when p > 5, one may do this
by taking the zeroes of the Eisenstein series F,_1, which is the customary lift of the Hasse
invariant to characteristic 0. We continue to write

X =x—-{P,..., P}
for the resulting affine scheme over Spec(Z,), whose special and generic fiber are denoted X/

and X' respectively. The connected affinoid region obtained by deleting from X (C,) the s
disjoint supersingular residue discs:

A= Agq :=red 1 (X'(F,))
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is called the ordinary locus, or Hasse domain, in X(C,). Note that
(16) A= {z € X(Cp) with ord,E,_1(z) = 0},
where

ord,Ep_1(x) := ordpEp_1(Az, wy),
and

(1) A, is the generalised elliptic curve with I'; (V)-structure attached to x by the moduli
interpretation of X;

(2) wy € QY(A,/Cp) is a regular differential on A,, chosen so that it extends to a regular
differential over Oc, if A, has good reduction at p, or corresponds to the canonical
differential on the Tate curve if x lies in the residue disc of a cusp.

(3) The notation E,_;(A;,w,) follows Katz’s geometric definition of modular forms as
functions on such pairs, as described in [Kat73, Ch. 1], for example.

While E,,_ (A, w,) genuinely depends on the choice of w,, its p-adic valuation is independent
of it since any two such choices differ by multiplication by an element of (’)(ép.
Define a system of wide open neighborhoods of A by choosing a real parameter € > 0 and
setting
We :={z € X(C)p) with ord,Ep_1(x) < €}.

When 0 < € < 1, the region W, does not depend on the choice of lift of the Hasse invariant
to characteristic zero. As suggested by (16), the quantity ord,E,_i(z) is (at least, when it is
not too large) a sensible measure of the “degree of supersingularity” of the elliptic curve A,
associated to z. If ord,E,_(z) < %, Katz has shown that the elliptic curve A, although
supersingular at p, continues to admit a canonical subgroup Z,, a connected subgroup scheme
of A, of order p generalising the canonical subgroup on an ordinary elliptic curve. This makes
it possible to choose a canonical lift to characteristic zero of the Frobenius morphism, by

: P
setting, for all x € W, with € < ISR

(17) ®(x) = Point corresponding to A, /Z;.

The affinoid A and the wide opens W, play a key role in Katz’s geometric description of p-adic
and overconvergent modular forms, which we will now briefly recall.

Modular forms of weight two. We begin with the somewhat simpler case of forms of
weight k& = 2, which can be treated by specialising the discussion of Section 2.1 to the case
where X = X;(N) with pt N, so that X has good reduction at p. For any complete subfield
K of C, we have

(18) SN K) = QL (A/K), = | J 2k We/K),

e>0

that is to say, the space of rigid sections of Q'(W./K) is identified with the p-adic Banach
space of overconvergent modular forms of weight two with “annuli of convergence of width
€”, and fourier coefficients in K. Under this identification, a weight two modular form f with
g-expansion f(q) =), an(f)q" corresponds to the differential

or = 1@)% = (Z an(f)q”> da

By definition of the operators U and V,

(19) Pl q) = (1= VU)f(q) = ¢
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The modular form F(g) is an overconvergent modular form of weight 0 and level N, i.e., an
element of Oy, for a suitable € > 0. It corresponds to the rigid analytic primitive of w )
which vanishes at the cusp oo, i.e., it is determined by the properties

i = )L, Feo) =0

Define S9°(N; K)o to be the subspace of S$°(N; K) consisting of overconvergent modular
forms with coefficients in K and vanishing residues at the supersingular annuli. Set also
SN, K)o = SS¢(N; K)o N SS4(N; K) and write ¢°™ := eyq¢ for the ordinary projection
of an overconvergent modular form.

Lemma 2.2. If ¢ is an overconvergent p-adic modular form of weight two on T'1(N), then
the class of wg belongs to Hrlig(We)‘I”l. Furthermore, the assignment ¢ — [wg| induces iso-
morphisms

SYN; K) = H}

i W/ )P, ST K)o — Hip(Xg)™

Proof. The Frobenius morphism ® : Q'(W.) — Q'(W,,) is related to the operator V on
overconvergent modular forms of weight two by ®(ws) = pwys. The relation between the
operators U and ® on cohomology (relative to the identifications described above between

differentials and weight two modular forms) is therefore given by
d=pV =pU~ L

Hence, if ¢ belongs to the slope zero subspace for the action of U, the class of the rigid
differential wy lies in the slope one subspace Hrlig()/\ie)q>’]L for the action of ®. The first
statement follows. The second is a well-known result of Coleman: cf. the cases k = 0 of
Cor. 6.3.1. and Prop. 6.6 of [Cole95] for the injectivity and surjectivity respectively of the

maps induced by restriction. ([l

Proposition 2.3. For any class n € HéR(XK)“‘r and any overconvergent modular form
¢ € SS¢(N; K)o, we have

(1, we) = (N, Wyeora),
and Poincaré duality induces a well-defined non-degenerate pairing

() HR(XE)™ x SSYN; K)y — K.
Proof. This follows directly from Lemma 2.2 in light of (12). O

Modular forms of higher weight. Turning now to the case of forms of general weight k& > 2,
let £ — Y denote the universal elliptic curve over the affine modular curve Y = Y7(NV)/Q.
Let w := W*Qé Y denote the line bundle of relative differentials on &£ over Y. It extends to a

sheaf over X = X1(N), also denoted by w, by setting
H°(SpecQ[[q]],w) = Q[[q]] - wean,

where wean := % is the canonical differential on the Tate curve G,/ qz.
Let Q% (log cusps) be the sheaf of differentials 1-forms on X with logarithmic poles at the
cusps, for which
dgq
H°(Spec Q|[[¢]], 2 (log cusps)) = Q[[¢]] - v
A modular form ¢ on X of weight k£ = r 4+ 2 with fourier coefficients in a field K (viewed
as a function on “test objects” (F,wg), following the point of view adopted in [Kat73, Ch. 1]
for example) corresponds to a global section of the sheaf w™*? over Xy, by sending ¢ to the

global section ¢(E,wr)wy 2, and hence we can define

Sp(N; K) = HY(X{(N)g,w").
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Let
L:=R'm0
be the relative de Rham cohomology sheaf on Y. It is equipped with a filtration

1_>0

(20) 0 —w—L—w
arising from the Hodge filtration on the fibers. The sheaf £ and its r-th symmetric power
L, :=sym" L

are vector bundles over Y (of rank 2 and r+1 respectively) endowed with a canonical integrable
connection:

V:L, — L, ®Q%(log cusps),
the so-called Gauss-Manin connection. The sheaf L, extends to a sheaf on X by setting
(21) H°(SpecQ[[g]], £+) = Qlla]]gan + Qlg]Intan wean + - + Qll]]wean

where 7can == V(qdiq)(wcan) is a complementary vector to wean in H, éR(E /Z][q]]), and similarly
at the other cusps of X. The connection V extends by setting
dgq

(22) VWean = Nean & ;7 vTlcan =0.

The filtration (20) gives rise to an (r+1)-step decreasing filtration on £,, with successive
quotients
(23) L,/ FiL, ~w™ - Fil" L, /Fil" I L, ~ "% o Fil'L, ~ W

The connection V obeys Griffiths transversality:

VFil" 7L, c Fil" 77 1L, @ QX (log cusps).

Furthermore, it induces an isomorphism of O x-modules:
~Fil'Jc,  FUL,
B Uy SR O Ko

which gives rise (by setting 7 = 1 and j = 0 for example) to the Kodaira-Spencer isomorphism

(24) ® Q% (log cusps),

KS : w®* = Qk (log cusps).

It follows that a modular form ¢ of weight r +2 can be interpreted, via this isomorphism, as a
global section of W™ ® Qk (log cusps), while a cusp form can be interpreted as a global section
of " ® QL ie.,

Sp(N; K) = HO(Xp,w" © Q).
At a geometric point of X attached to an elliptic curve E with I'y(IV)-level structure, the
section wy is given by

wy = ¢(E,wp)wh KS(wh).

At the test object (G, / qz, Wean ) corresponding to the Tate curve with its canonical differential,
this leads to the formula for wy in terms of the g-expansion of ¢:

r (44
w¢(Q) = ¢(Q)wcan <;> :
Let (£, ® Q4 )par denote the subsheaf of £, ® Q'(log cusps) defined in the neighborhood of
the cusps by

H°(Spec Qlla]l, (£r ® Qx)par) = VH(SpecQllq]], £;)

= QU + QeI wean + - + QU] ) 2

.
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Note that for r = 0 we have (£, ® Q&)par = Qk A standard inductive argument using (24)
shows that the natural inclusion w”™ — L, induces an isomorphism

HY( Xk, (Lr ® Q% )par)
0 T 1y o ) \~r X /par

We write '

Hg (X, L, V) :=H (0 — L, Y L® Q% (log cusps) — 0)
for the j-th hypercohomology of the complex of sheaves on X over K associated to V, and
H}or (XK, L, V) for the parabolic cohomology:

H} o (X1, £0,V) = B0 — L~ (L @ QX )par — 0)-

par

(Cf. also Chapter 2.1 of [BDP] for example.) These algebraic de Rham cohomology groups are
finite-dimensional K-vector spaces. The group H %ar(X i, Lr, V) is equipped with a two-step
Hodge filtration given by

Hlar(XKwCTav) 1f.7 < 0;

26 FiVH! (Xy,L,,V)={ H' (Xg,w"@0QL) ifl1<j<r+1;
par X
0 ifj>r+2,
giving rise to the exact sequence
(27) 0 — H)Xg,w" ® Q) — H) (Xk, Lr, V) — H' (Xg,w™") — 0.
We note the Poincaré duality pairing
(28) (,):Hp( Xk, Lo, V) x HY (XK, L, V) — K(—=1—71).

Since H(Xf,w" ® Q%) is its own orthogonal complement under (28), Poincaré duality de-
scends to a perfect pairing

(29) (,)V:HY Xk, w™") x HO(Xg,w" @ Q%) — K(—=1—1),

which is denoted by the same symbol by a slight abuse of notation.

In the sequel, if £ is a local system on a variety V', endowed with an integrable connection
V that is clear from the context, we shall write H*(V, £) instead of H*(V, L, V), and likewise
for similar cohomology groups.

2.3. Nearly holomorphic modular forms and the Shimura-Maass derivative. Sup-
pose now that K = C. Hodge theory gives a canonical (real-analytic, but non-holomorphic)
splitting

Splhdg L — w
of the exact sequence (20) over the affine modular curve Y. This map can be viewed as

a homomorphism of Oy (), ,—modules, where Oy (c),, is the structure sheaf of real analytic

functions on Y (C). We will also denote by the same symbol the associated map £F — wF,

as well as the resulting map
(30) Splyag : H (X, (L£r @ Q)par) — HO(YV(C)an, w” @ Q)
restricted to regular (i.e., holomorphic) sections over X of the sheaf (£, @ QL) par-

Definition 2.4. The image of Splyq4, is called the space of nearly holomorphic cusp forms of
weight £ =7 + 2 on I'1 (V).

Nearly holomorphic cusp forms were introduced in [Sh86]; see also [Hi93, Ch. 10] for a more
elementary description. The space of nearly holomorphic cusp forms on I'{(NN) is denoted
by S,ﬁ:‘h(N ;C). It is contained in the space of real analytic functions on the upper half plane
which satisfy the same transformation property under I'1(/V) as (holomorphic) modular forms
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of weight k. The following basic facts about nearly holomorphic modular forms, which we
recall without proof, will be useful in the sequel:

(i) The map Splyg, of (30) is injective, and hence induces an isomorphism of finite-
dimensional complex vector spaces:

Splyag : H (X, (£ @ Qy)par) — Sp(N;C).
(Cf. equation (5a) in §10.1 of [Hi93].)
(ii) If K is any subfield of C, the image of H(Xg, (£, ® QX )par) under Splyq, yields a

natural K-structure on SP(N;C), and is denoted by SI(N; K).
(iii) If ¢ = Splyge(wy) belongs to SHh(N; K), then equation (25) allows us to write

I¥(¢) € HY (X, w" @ Q%) = Sp(N; K),

__ 11hol :
(31) we =N (¢) + Vs, with { s€ HO(Xx, L),

The modular form H}]{})l((ﬁ) is called the holomorphic projection of the nearly holomor-
phic modular form ¢. (Cf. equation (8a) in §10.1 of [Hi93]; the fact that IT52!, which
is denoted by H in loc. cit., preserves K-rational structures is stated in (8b).)

(iv) The inverse of the Kodaira-Spencer isomorphism followed by the Gauss-Manin con-
nection gives a well-defined map

(32) Vi HY(Xp, (L @ Q% )par) — H' (XK, (Lria @ Q%) par)-

This map corresponds (under the identification Sply,q,) to the weight & Shimura-Maass

derivative operator d; = ﬁ(d% + 3 k =), i.e., the following diagram commutes:

Splhdag

HO(XK7 (Er ® Q%{)par)

|

HO(XKa (£r+2 02y Q%{)par)

SpM (N K)

|5

Spl
T gnh (NG K).

This follows from a direct calculation based on the identities (in terms of the standard complex
coordinates 7 € H and z € C/(1, 7))

dz — dz

T—T

V(2midz) = 2mi < > ®dr, Vdz=0,  KS((2midz)®?) = 2midr.

Since nearly holomorphic modular forms are closed under taking products and under ap-
plying the Shimura-Maass derivative, it follows that, if g € Sy(N;K) and h € S,,(N; K) are
classical cusp forms with fourier coefficients in K, then for all ¢ > 0, the product (5zg X h
belongs to S?J}rlm 4o¢(IN; K'). More precisely, let

(33) Viwg @ & € H Xk, (Lopmrat—2 ® Q )par)
be the global section obtained by tensoring the sections
Viwy € HY( Xk, (Logar—2 © Uk )par) and &y, := KS™ (wn) € H( Xk, Lin).
Then
(34) 59 X h = Splygy (Viwg @ @p).

Hodge theory gives a canonical splitting of the exact sequence (27):

H,.(Xc, L) = H(Xc,w" ® Q%) @ HO(Xc,w" @ Q).

par
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The Petersson scalar product (, )y of level N on SI(NV;C) is defined by the familiar rule

(35) (s SPOT) xSV — €, (fufalv = [ o 1) 1202) o

where the integration is performed relative to the variable z = x + ¢y on any fundamental
domain in the upper-half plane $ under the action of I';(/N). Note that this pairing is
Hermitian-linear in the first argument and C-linear in the second, in contrast with the more
customary conventions.

Lemma 2.5. For alln € S;42(N;C), and all ¢ € S™2,(N;C),
(n,0)n = (n, 11K (8))

The equation of Lemma 2.5 gives an independent definition of the holomorphic projection,
since the Petersson product is a perfect pairing on the space Si(IN;C) of cusp forms.

2.4. Nearly overconvergent modular forms and the d operator. Recall the ordinary
locus A and its system of wide open neighborhoods W, O A that were introduced in Section
2.2. We define

HOWe, (£r @ Q% )par)
VHOW,, L) ’
where H?(W,, —) designates a space of rigid sections. The quotient on the right of (36) is

related to overconvergent cusp forms of weight & = r 4+ 2 by noting that any rigid section
ne  HW., (L, ® Qk)par) can be written as

(37) =1+ Vs, with g € HOW,,w" ® Qk), s€ H'W,,L,).

This fact follows from an inductive argument based on (24).
Similarly as in (18), the spaces of overconvergent modular (Cusp) forms of weight & are

(88) SV K) = | OOV /K" @ QL) © MES(T — | B WK ).
e>0 e>0

(36) igWes L) =

rlg

It is also known (cf. [Cole95]) that any overconvergent modular form of weight —r, viewed
as a section s € H'(W,,w™™"), admits a unique lift § under the projection H*(W,, L) —
H°(W,,w™") induced by (23) satisfying

Vie HOW.,w" @ Qk),
and that V3 corresponds to the overconvergent modular form d"*'s, where d := qdi is Serre’s
operator sending p-adic modular forms of weight m to p-adic modular forms of weight m + 2.

(Note that the operator d does not preserve overconvergence in general, even though d”*!
maps S°.(N) to S2{5(N).) Thanks to (37), equation (36) can be re-written as

HOWe,w" ® QL) _ S(N)
VHOOW,, L) N HOWe,w" @ Q%) A8 (N)’
Just as when r = 0, there is a canonical isomorphism

(40) Hyor(Xe,, Lr) = We, L)

par

(39) Hyiy(We, Lr) =

rlg(

between the algebraic (parabolic) de Rham cohomology over C, and the rigid de Rham coho-
mology. As explained in [BDP, §4.5], for each supersingular annulus V;, j = 1,..., s, there is
a residue map

(41)  ves: Hyg(We, £,) — (H(V;, £,)V 7)Y = L,(P}) = (Sym” Hgg(E;)) (~1),

rig

where E;/C, stands for the supersingular elliptic curve corresponding to the point ]5]
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By [BDP, Prop.4.11], the image of H}, (Xc,,£L,) in Héar(X{cp,ﬁr) under the restriction
map consists of those classes represented by L,-valued differential forms w on W, whose
residues at the supersingular annuli V;, j = 1,..., s, are all zero.

Over A, the slope decomposition arising from the action of Frobenius gives a canonical

splitting
(42) Sply,: L —w

of the exact sequence (20). This map can be viewed as a homomorphism of O 4-modules,
where O 4 is the structure sheaf of rigid analytic functions on A. We will also denote by the
same symbol the associated map L7 — w”, as well as the resulting map

(43) ur' UHO ®QX)par)—>H0(.AUJ ®QX)
e>0

on overconvergent sections. The image of Spl,_, is contained in the space of p-adic modular
forms of weight £ = r + 2, and contains the space of overconvergent modular forms, but is not
equal to it in general, because the splitting (42) does not extend to a rigid analytic splitting
over any of the wide opens W,. The following definition arises naturally from our parallel
discussion of the complex-analytic setting.

Definition 2.6. The image of the map Spl,, in (43), denoted S;°°(IN;C,), is called the
space of nearly overconvergent modular forms of weight k£ on I';1(N).

We refer the reader to the forthcoming work [Ur] of Urban, where this notion has also been
introduced independently.

Note that the weight of a nearly overconvergent modular form always belongs to Z=2, by
definition. The following basic facts about nearly overconvergent modular forms are analogous
to those that were observed in the complex setting:

(i) The map Spl
spaces:

wr Of (43) is injective, and induces an isomorphism of p-adic Fréchet

Pl t | HOWe, (L7 ® QX )par) —— SE(NV:Cp).
e>0
This is a consequence of the main theorem of [CGJ], which asserts that the p-adic
modular form FE5 is transcendental over the ring of overconvergent modular forms.
(i) If K is any subfield of C,, the image of |J,.oH’(W¢/K, (Lr @ Q% )par) under Spl,.,
yields a natural K-vector space Sp°¢(N; K) C Sp¢(N;C,).
(ili) Let ¢ = Spl,..(wy) be an element of S;°°(N;C,), where wy is a global section of
(L, @ QY )par over some W,. Equation (37) then allows us to write

I35(¢) € HOWe,w" @ Q') = SP°(N; K),

(44) We = ITy (¢) + Vs, with { s € HO(Wea ['r)'

The overconvergent modular form IIf(¢) of weight k and level N is called the over-
convergent projection of the nearly overconvergent modular form ¢. Note that II37(¢)
is only well-defined modulo d"**(S°¢.(N)), by (39).

(iv) If K is a field equipped with simultaneous embeddings into C and C,, then there are
natural identifications

phdg Spur

SA(N; K) <— HY( Xk, (£ @ QY )par) —= SEO(N; K).

It follows directly from the definitions that the holomorphic and overconvergent pro-
jections, restricted to SER(N; K) and S2°¢(N; K) respectively, take values in Sy (N; K)
and are equal (under the above identification of SH'(N; K) and Si°¢(N; K)).



18 HENRI DARMON AND VICTOR ROTGER

v) The map V of (32) corresponds (under the identification Spl,_.) to the operator d =
u-r
qdilq on p-adic modular forms, i.e., the following diagram commutes:

S lu'r n-oc
Ueso HOWe, (Lr ® Q%()par) - S (N Cy)

@l dl
Sply-r -
UE>0 HO(W€7 (£T+2 ® Q}()par) S]?_f_)QC(N,(Cp)
A nearly overconvergent modular form admits a g-expansion, and hence Hida’s ordinary pro-

jector eqrq of (15) extends formally to the space Sp°°(N;C,). The following lemma relates
this ordinary projection to the overconvergent projection II$f.

Lemma 2.7. Let ¢ be a nearly overconvergent modular form on T'y(N). Its image under
Hida’s ordinary projector is overconvergent, and thus classical on T'1(N) N Tg(p). More pre-
cisely,

(45) eord¢ = eordH(J)\? (¢) .

Proof. If s is any overconvergent section of L,, then a direct calculation using the relations
(22) shows that

d
Spl,.(Vs) belongs to d(C, ® Oc,[[q]]) - wean ® ?q

But eqq annihilates the image under d of any g¢-series with bounded denominators, so
(46) eord(splu—r(vs)) =0.

Now write ¢ = Spl,,_.(we), with wy a rigid section of (£, @ Q2 )par over some W,. By definition
of the overconvergent projection,

wy = ¢o + Vs  with ¢pg € HOW.,w" @ Q) and s € H'OW,, L,).

Applying the operator Spl,,_, to this last identity gives ¢ = II37(¢) + Spl,..(Vs). The result
now follows by applying e,q and invoking (46). O

Let g € S¢(N;K) and h € S,,,(N;K) be classical cusp forms defined over K, and fix
embeddings of K into C and C,. The forms g and h can then be regarded simultaneously as
complex and overconvergent modular forms.

Proposition 2.8. For all t > 0, the modular form d'g x h belongs to S ot (N; K) and

eord(dlg X h) = eorqITa¥ (849 x h).

Proof. Recall the global section Vw, @ &, € HO(Xge, (Lormiar—2 @ Q% )par) that was intro-
duced in (33). Since

d'g x h=Sply(Viwg ®@@p),  0hg x h = Splygy(Viwy @ @y,),
it follows that
T35 (d'g x h) =TI (859 x h).
The proposition follows by applying the projector eq.q to this identity and invoking (45). O

We next turn to the case where the exponent appearing in Proposition 2.8 is strictly nega-
tive. After replacing ¢ by its p-depletion g[P! e SP¢(N;Cp), the form d=1tglPl s b (with t > 0)
is still a p-adic modular form of weight k := ¢+m — 2t —2. (Cf. for instance Théoréme 5 of §2
of [Se].) The following proposition shows that it is nearly overconvergent, at least in certain
cases where k > 2.
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Proposition 2.9. Assume that 0 < t < min({ —2,m — 2), so that k :={+m — 2t —2 > 2.
Then the p-adic modular form d='"tglPl x h belongs to Sp¢(N;Cy), and in particular

eora(d gl x h) € SN Cp) € Sp(T1(N) N To(p); Cp).

Proof. Set ro = £ —2 and r3 = m — 2. Since 1 — VU annihilates H rlig(We, L,,), it follows that
the overconvergent section Wy lp] of w™ ® Qk is V-exact, i.e., there exists GIP) € H ‘W, L)
satistying w ) = VGIP!. The g-expansion of the section G can be written down explicitly
in terms of the differentials weay and 7cay on the Tate curve. Using (22), one checks that it is
equal to

T2
(47) GP(g) =) (-1)']! (3?)d—j—lg%)wz;;jnzan.

j=0
Set 7 =19 + 15 —t, and let LY, ..., £ denote r copies of the sheaf £; over X, numbered
consecutively. If S = {iy,...,is} with i1 <i9 < ... <4 is any subset of {1,...,7}, we set

ﬁS = ﬁ(ll) R ® ﬁ(%)

Let eg = > ey, Sen(o)o denote the symmetrisation projector and write Lg := esL?,
viewed as a subsheaf of £% in the obvious way.

Choose now two subsets B and C of {1,...,r} of cardinalities 7o and r3 respectively, whose
union is equal to {1,...,r}. Such a choice is possible, since r = ro + r3 —t < ro + r3. Put
Al=BnCand A={1,...,r}\ A"

Poincaré duality on the fibers of £ gives rise to a duality £; x £1 — Ox(—1) of sheaves.
Since the cardinality of A’ is ¢, this in turn induces a map of sheaves

(48) LB oLl — £A(~t).

The natural inclusions £, C L7 ~ LB and Ly, CL™ ~ LS allow us to build certain rigid
sections of £F and (EC ® Qk)par out of G and wy, respectively, denoted

GP(B) e H'W,, LP), wi(C) € HOWe, (L° @ Q% )par).-

Taking the tensor product of these two sections and applying (48) gives an overconvergent
section GIP/(B) @ wy,(C) € HO(W,, (LA @ Q% )par), whose symmetrisation can be viewed as
an element e4(GP(B) ® w,(C)) € HOW,, (Lr—t @ Q% )par). A direct calculation using (47)
reveals that

(49) Spl,.(ea(GPH(B) @ wp(C))) = (=D f(d 't gP) x h)wTL (%) ,

which implies that d=1"tg[?! x h belongs to Spo¢(N;Cp), as desired. O

The sheaf L, equipped with the Gauss-Manin connection is an overconvergent F-crystal in
the sense of [Cole94, Sec. 10], i.e., the action of Frobenius on the relative de Rham cohomology
L, induces a horizontal morphism

Dr, e PHLr )y, — (Lr) s
for suitable €, ¢ > 0. These give rise to the Frobenius endomorphism
D, = compe_,1 o®p .o 0®d"ocomp,

of H éR(X , L), which is equal to ® when r = 0. By abuse of notation, we will continue to
write @ instead of ®,., since the context will make it clear which Frobenius endomorphism is
being referred to.
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The action of ® on H le(X@p,ﬁT) induces a decomposition of its f-isotypic part, for all
ordinary modular forms f of weight k = r + 2:

HéR(X(CP’ L, V)f = HO(X(CWQT ® Q}X)f 7 HéR(X(Cm ﬁr)f7u_r7

where the superscript u-r denotes the unit-root subspace, i.e., the part of the cohomology
on which the Frobenius endomorphism acts with slope zero. This decomposition plays a role
somewhat analogous to that of the Hodge decomposition in the complex setting.

The following lemma generalizes Lemma 2.2 to higher weight.

Lemma 2.10. If ¢ = Spl,_.(wy) € S;°°(N)o is an ordinary overconvergent p-adic modular
form of weight k = r +2 > 2 on I'1(IN), then the class of wg belongs to HéR(XK,ET)‘}’k_l.
Furthermore, the assignment ¢ — [wg] induces an isomorphism

SEE(N) = Hg (X, £)%L

Proof. The Frobenius morphism & is related to the operator V' on overconvergent modular
forms of weight k by

®(wy) = pFlwyy,
as can be seen from a computation on the Tate object (G, /q%, £) after noting that ®(%) =

p%. The relation between the operators U and ® on cohomology (relative to the identifications
described above between differentials and weight two modular forms) is therefore given by

P = pk’—lv — pk_lU_l.

If ¢ belongs to the slope zero subspace for the action of U, the class of the rigid differential
wg lies in the slope k£ — 1 subspace of Hrlig(WE, L,)®* =1 for the action of ®. Since ® acts with
slope k/2 on the target of the residue map, the class wy automatically has vanishing residues
at the supersingular annuli when & > 2, and the class of wy can therefore be viewed as an
element of H le(X Kk, Lr). The injectivity and surjectivity assertions in the second statement

follow from Cor. 6.3.1. and Prop. 6.6 of [Cole95], just as in the proof of Lemma 2.2. ([l
We also record the generalisation of Prop. 2.3 for k > 2.

Proposition 2.11. Letn be any class in HéR(XK, L)%, and let ¢ be a nearly overconvergent
modular form of weight k > 2 on I'1(N) with vanishing residues at the supersingular annuli.
Then

)U—I‘

(n,wg) = <7],W¢ord>, where qSord = €ord ®.
In other words the expression (n,we) depends only on the ordinary projection of ¢, and
Poincaré duality induces a well-defined pairing

(, ) Hig(Xc,, L))" X eqraSp°(N) — Cp.

Proof. The Poincaré pairing of (28) is compatible with the Frobenius endomorphism ® and
hence gives rise to a well-defined pairing

(50) (1) Hip(Xx, L) X Hip(Xk, £)PF1 — Cp(=1 7).
The proposition therefore follows from Lemma 2.10. O

2.5. Periods of modular forms. The newform f € Si(Ny, xr; Kf) C Sp(Ny; Kf) generates
an automorphic representation of GL2(Ag), denoted 7¢. For any multiple N of Ny and any
field K O Ky, let Si(N; K)[r¢] denote the f-isotypic subspace of Si(N;K), attached to
the automorphic representation 7¢. The space Si(N; K)[r¢] is a finite-dimensional K-vector
space of dimension oo(N/Ny), where og(m) denotes as usual the number of divisors of m, and
a basis for Si(N; K)[ny] is given by

(51) {f(dz) = f(qd)}d\(N/Nf)-
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Similar remarks and notations apply to the modular forms g and h.
Fix from now on a field K D K¢, endowed with a complex embedding K C C.

Lemma 2.12. For all f € Sp(N; K)[m¢] and all ¢ € Si,(N; K), the Petersson scalar product
(f, ¢)n s a K-rational multiple of the period (f, f)n

Proof. Let Ty be the Hecke algebra of level NV generated over Q by the “good” Hecke operators
T, with ged(n, N) = 1. The eigenform f corresponds to an idempotent e; € Ty ® K¢ which
induces a projection of Si(N; K) onto S,(N; K)[n¢]. The vector f is orthogonal to the kernel

of ey and therefore (f, )N = (f, er¢)n depends only on the projection of ¢ to Si(IN; K)[m].
By the remark preceeding equation (51), it is thererefore enough to show that, for all divisors
d1 and d2 of N/Nf,

(f(dlz)v f(ng))N = Q(f? d17 d2) : (f7 f)Na with Q(fa dla d2) € Kf
If didy = 1, this is clear. Otherwise, let g be a prime dividing d;ds. The compatibility beween
the weight k slash operator and the Petersson scalar product shows that

(52) (f(d12), f(d22))n = q " (f(d1/qz2), f(d2/q2))N, if g|d1 and g|ds.
Otherwise, assume without loss of generality that ¢ divides d; but not do. We then have
1—k
4L (f(d1/42), f(daz))n if gl

(63) (1), S = E 00 (f(ay fg2), Fldoe))n
—xr(@a * N (f(di1/q?2), f(da2))n, i ¢°|di.
These relations imply that
(54)
q Q(f> di/q,d2/q) if gld1 and g|da;
o(f,d1,d2) = %(f o(f,d1/q,dz) if g||d; and ¢ { do;
“q” of,di/a,d) = x5 (@)~ Fo(f,di /% d),  if g*ldy and q  dy.
Equation (54), together with the fact that o(f,1,1) = 1 and o(f,d1,d2) = o(f,d2, d;) make it
clear (by induction on didy) that o(f,dy,d2) belongs to Ky for all dy,dy dividing N/Ny. O

The above proposition allows us to associate to any (not necessarily new) eigenform f €
Si(N; Ky), and to any modular form ¢ € Si(N; K), a K-rational period

o Loy
J(f: ) = G~
Let
(55) ¥t € HO(Xc,w" ® Q) C Hir(Xc, Lr)

denote the class of the anti-holomorphic form ﬁ W,
it

in H'(Xc,w™") under the projection in (27).

Corollary 2.13. The class ny belongs to H' (Xk,,w™).

and let 0y 7 denote its natural image

Proof. By Lemma 2.12, for any wg € HO(XKf,g’" ® Q&) associated to a cusp form ¢ €
Si(N; Ky) with K ¢-rational fourier coeflicients, we have

(56) (1o = G 00) = (O

(Where the first occurence of ( , ) designates the pairing of (29) induced from Poincaré
duality, with K = C.) But HI(XKf,g_’“) can be characterized as the set of n € H*(X¢,w™")
satisfying (56) for all ¢ € Si(IN; K¢). Corollary 2.13 follows. O

belongs to K.
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2.6. Hida families. Fix a rational prime p > 2 and assume that the field K D K of the
previous section is furnished with a p-adic embedding K — C,. Let O denote the ring of
integers of the p-adic closure of K in C,,.

For every p {1 N write the characteristic polynomial of a Frobenius element at p acting on
the two-dimensional Galois representation over K ® Q) associated by Deligne to f as

(57) LP(f;T) = (1= ap(/)T + xs()p"'T) = (1 = g, T) (L = By, T),
where x is the nebentype character of f and ay ), and 3y, € Q are the reciprocal roots of the
polynomial L®)(f:T).

The modular form f is said to be ordinary at p if the two reciprocal roots of (57) can be

labelled in such a way that oy, is a p-adic unit, i.e., belongs to O*. The modular form given
by

P q) = f(q) = Brpf(d”)

is called the ordinary p-stabilization of f; it has level pIN, although it is only new at the primes
dividing N, and it is again an eigenform for all the Hecke operators. To be precise,

SO = a())fP), VL #Dp, FPWU, = ap,f©.

Set I' =14+ pNZy and let A = O[[I']] be the completed group ring of I'. The weight space is
defined to be

Q = Spf(A)(0) = Homo_ag(A, 0),
which may naturally be identified with the space Homs(I', O*) of continuous characters of
I". The subset of classical characters of () is defined to be

Qa = {xi = (v — "), with k € Z=?}.
Given any finite flat extension Ay of A, let

Qp := Spf(Af)(O) = Hom(As, O).

This space is endowed with a natural p-adic topology and is equipped with a natural projection
Kk:Qp—Q

to weight space induced by the inclusion A € Ay of O-algebras. A point x € Qf for which
k(x) belongs to . will be referred to as a classical point of Q ¢, and the set of all such classical
points will be denoted Q.

We will mostly work with the following definition of a Hida family of p-adic modular forms,
which is slightly more restrictive than what can sometimes be found in the literature.

Definition 2.14. Let Ny > 1 be an integer and let p be a prime not dividing Ny. A Hida
family of tame level Ny is a quadruple (Af, Q¢ Q¢ q,f), where

(i) Af is a finite flat extension of A;
(i) Q¢ is a non-empty open subset of X; := Hom(A¢,C,) and Q¢ is a p-adically dense
subset of {2y whose image under & lies in ;
(iii) £ := > a,g¢™ € Af[[q]] is a formal g-series with coefficients in Ay such that, for all
x € ., the power series

W= an@)”
n=1

is the g-expansion of the ordinary p-stabilization of a normalised newform (denoted
fz) of weight s(x) on I'1(Ny).
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The collection of {f;}zeq . arising from Hida theory can be thought of as a p-adically
coherent collection of eigenforms on I'y(Ny) of varying weights. In particular, the fourier
coefficients a, (f;) are analytic functions of z when p { n, (but not when p|n, in general). The
following theorem of Hida reveals the ubiquity of Hida families in the above sense.

Theorem 2.15 (Hida). [Hi86b] Let f be an ordinary newform in Sy(Ng; Ky¢). There exists
a Hida family (Ay, 5, Qpa,f) of tame level Ny and a classical point xg € Qy satisfying

H(':UO) = k? fro = f

By shrinking € if necessary, we can and will assume that x(z) = k (mod p — 1) for all
x € Qy; in particular the integers x(z) and k have the same parity for all classical z € Q.

It will be also convenient, for later purposes, to dispose of a somewhat more flexible no-
tion of p-adic families of modular forms, interpolating classical modular forms which are not
necessarily new, or even Hecke eigenvectors; as well, it will be convenient to allow the fourier
coefficients to belong to more general coefficients rings which are not necessarily finite over
A. This leads to the following definition:

Definition 2.16. A A-adic modular form of tame level N is a quadruple (R,Q4, Q24 .q, @),
where

(i) R is a complete, finitely generated (but not necessarily finite), flat extension of A;

(i) Q¢ is an open subset of Hom(R,C,) and €24 is a dense subset of 14;

(ii) @ = > a,q" € R][q]] is a formal g-series with coefficients in R such that, for all
T € Q¢7C1, the power series

op) = Zan z)q" € Cpllq]]

is the g-expansion of a classmal ordmary cusp form in Sy ) (F1(N) N To(p); Cp) =
S/i(z) (FI(N) N FO(p); Q) ® (Cp'

The following examples of A-adic families of modular forms are of importance in our dis-
cussion.
1. Families of old forms. Let f € Si(Ny; Ky) be a newform of level Ny and let N be some

multiple of Ny with p { N. Let fe Sip(N; Ky)[ns] be an element of the old class of level N
associated to f. By the remark preceding equation (51), there are (unique) scalars Ay € K
indexed by the divisors of N/N; and satisfying

> X flah
d|(N/Ny)

The p-stabilisation of the modular form f (qd) is the weight k specialisation of the formal

g-series
= g anqdn
n

where (A¢,Qf,Qfq,f) is the Hida family of tame level Ny attached to f via Theorem 2.15.
We can then set

(58) — Y M

d|(N/Ny)

The triple (A, Q¢, Qf ., f ) is a A-adic modular form whose classical specialisations are eigen-
vectors for the good Hecke operators T, with ged(n, N) = 1, and for the U operator, but they
are not new at the primes dividing N/N; and specialise to the old-form f at the weight k
point zg € Qy alluded to in Theorem 2.15.
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2. Products of modular forms. Let (Ag,§g4,g) and (Ap,€p,h) be A-adic modular forms
of tame level N (for example, Hida families of eigenforms arising from Theorem 2.15 or
families of oldforms constructed as in the previous paragraph). Let Ay, := Ay ®o Ap, be the
finitely generated (but not finite) A-algebra equipped with the natural diagonal embedding
A — Ay ® Ay, sending the group-like element [a] € A to [a] ® [a]. Set

Qgh = Qg X Qh, Qgh@] = Qg@] X Qh,cl-

Then the quadruple (Agn, Qgn, Qgh.cl, €ord (g X h)), where the power series g x h is viewed as
an element of Agp[[g]] in the natural way, and eqq is Hida’s ordinary projection operator, is
an example of a A-adic family of modular forms with Fourier coefficients in A g,.

3. Derivatives of modular forms. Recall the operators U, V defined in (13), and the differential
operator d := qdi, which induces a map from p-adic modular forms of weight k£ to p-adic
modular forms of weight k + 2. Recall that

Q := Spf(A)(O) = Homp_a1 (A, O) = Hom(I', 0*)
and notice that for any n € Z such that p t n, the group-like element [n] gives rise to a function
n]: Q1 — O
k

whose value at a character k €  represented by vy — ~*, is simply [n](k) = n*.

Let g and h be A-adic families of eigenforms of tame level N (but not necessarily new of
that level). Assume that p is a prime that does not divide N, and let a,(g) € Ay, ap(h) € Ay,
denote the Hecke eigenvalues associated to the Hecke operator T7,. Let

g = (1-VU)g=(1-ay@V +plp 'V)g = aulg)
pin

be the A-adic counterpart of the modular form defined in (14). The specialisation g?[f Vof glP)

at a classical point y € 1, can either be viewed as a p-adic modular form of tame level N
as in (14), or as a classical modular form of level Np2. Note that g[p] is not ordinary; in fact
it lies in the kernel of the U operator. But the fact that gm has fourier coefficients supported
on the integers prime to p allows the formal ¢-series

(59) d*gl =" "[nlan(g)q"
pin
to be viewed as an element of A ®p Ay[[q]]. The specialization of this g-series at a classical
point (t,y) € Qq X g is simply
(d’g[ })(t y) = d 9[p]-

Define Ry, := A ®o Ay ®o A, regarded as a A-algebra by mapping the group-like element
[a] € T to [a?] ® [a] ® [a], so that the map from Hom(R,;,Cp) = Q x Q4 x Qp to the weight
space sends the classical point (t,y,2) € ZZ0 x Qg q X Qpa to k(y) + k(z) + 2t.

Let d*gl?! x h denote the product of d*gP! and h, viewed as a formal series with coefficients
in Rgp. Let eorq(d®g x h) denote its image under the ordinary projection operator. The
specialisation of eqq(d®gP! x h) at (¢,y,2) is equal to
(60) eord(d°gP) x h)y . = eora(d gl x KP)) = egpa(d' gl x 1),
where the last equality is a consequence of the following simple but extremely useful lemma:

Lemma 2.17. If g and h are p-adic modular forms of tame level N, then g} x (Vh) is in
the kernel of the U operator, and in particular

eord(g[p} X Vh) =0
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Proof. This follows from the fact that a,(g/”! x (Vh)) = 0 whenever p|n. O

The above discussion is summarised in the following proposition, which plays a key role in
the construction of the triple Garrett-Rankin p-adic L-function described in Chapter 4.

Proposition 2.18. Let

Qgh,cl = {(taya Z) €Z % Qg,Cl X Qh,cla 1> - min(’%(y% H(Z))}
The quadruple

Cora(d* g™ x h) 1= (Rgn, © x Qg x U, Qi e1, ora(d°g x b))
is an ordinary A-adic modular form of tame level N. For all (t,y, z) € Qgp c1, the specialisation
of this family at (t,y, z) is the classical modular form (with coefficients in C,)

eora(d'gl!! x h) € Sp(T1(N) NTo(p); Cp).
This specialisation has algebraic fourier coefficients (lying in K = K4 Ky, ) when t > 0.
We conclude this section by describing the A-adic interpolation of the periods that arise in

Lemma 2.12. Write S"4(V; R) for the space of A-adic modular forms with coefficients in the

A-algebra R. A Hida family (Af,Qy,f) of eigenforms in the sense of definition 2.14 gives rise
to a subspace

SO (N Ap)[my] = {f‘ € S4(N;A;)  such that T.f = a,f, forall (n,N)= 1}.

Letting A; denote the fraction field of the integral domain Az, the vector space Sord (N Ap)[my]
is finite-dimensional over A’ and has for basis the set {f (qd)}d|(N/Nf) of A-adic forms. Let
f € S4(Ny, Af) be a Hida family of ordinary eigenforms, and let fesord(n, Ayf)[me] be an
associated test vector of tame level V.

Let ¢ = (R,Q4,Qp.c, #) € S™(N; R) be a A-adic modular form, and let (z,y) € Qg %
Q. be a pair of points with x(x) = k(y). The specialisation qﬁép) of ¢ at y € Q4 1 need not

be the p-stabilisation of a classical modular form, but its projection ey, qbgp ) to the fz-isotypic
component is the p-stabilisation of a classical modular form, which shall be denoted ¢ ;.

If R is any flat A-algebra with associated analytic space Qr = Hom(R, Q), the elements of
the ring A} ®A R can be viewed as “rational functions” on the fiber product € ; xq {2z with
poles at finitely many = € Qy. Given J € A ®x R and (z,y) € Qf xo g, we write J(z,y) for
the value of J at (x,y), when it is defined. Let (, )n, denote the Petersson scalar product
on modular forms attached to the group I'1(N) N Ty(p).

Lemma 2.19. For all f € S(N; Af) ] and all ¢ = (R, Qy, Qs 1, P) € ST4N; R), there
exists (a unique) J(f', o) € A’f ®a R such that, for all classical points (z,y) € Qf.a Xa, gl

¢ (fﬂgp)v¢¥j))]\/, (fxa(b:c, )N
(61) J(f> d))(az,y) = ( m(p)’ m(pz)/)N;) = (fmf:cng = <nfc07¢557y>7

where the last pairing is the Poincaré duality between H'(Xc,,w™") and H*(Xc,,w" ® Q).

Proof. Let Ty be the A-adic Hecke algebra of tame level N generated by the Hecke operators
T, with ged(n, Np) = 1 and U acting on S°"4(N;A). The Hida family f corresponds to an
idempotent ef € Ty ®a A’; which induces a projection of Sord(N: A) to ST4(IV; A’p)[rs]. Hence
er¢ is a (A @ R)-linear combination of the forms f (¢%) with d|N/Ny, while the same is of

course true for f. It is therefore enough to show that, for all divisors d; and da of N/Ny,

(£ (™), £P) (q%2))
(fﬂgp)7 :gp))N,p

2 — o(f,dy,dy)(x), for some o(F,dy,d) € Ay © Q.
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But the proof of Lemma 2.12 with f replaced by fép) and I'1(N) by I't' (V) N To(p) shows

that o gﬁp ),dl,dg) (defined in the obvious way) is a polynomial involving the expressions
¢ @), aq(fz) % and q% as ¢ ranges over the divisors of dids. Since the primes ¢ that arise
are different from p, these expressions all belong to Ay ® Q and hence the same is true of

9

o(f,dy,ds). Tt follows that the expression J(f, ¢) defined by

#(p) (p)
IE.9)(ry) = L N
( e s o )N D
belongs to A’f ®a R, and the first equality in (61) follows. The second equality follows from a
direct calculation, and the third from the definition of 7, and the familiar expression for the
Poincaré pairing in terms of the Petersson scalar product. Lemma 2.19 follows. ([

3. DIACONAL CYCLES AND p-ADIC ABEL-JACOBI MAPS

3.1. Generalised Gross-Kudla-Schoen cycles. The main aim of this section is to intro-
duce, for each triplet (k,¢,m) of balanced weights, a distinguished algebraic cycle Ay ¢, on
the product of three Kuga-Sato varieties fibered over the modular curve X = X (V). When
the triplet is (k, ¢, m) = (2,2,2), the cycle Ay is the one introduced by Gross and Kudla in
[GrKu] and studied in detail by Gross and Schoen in [GrSc|.

Let £ denote the universal elliptic curve fibered over X, as constructed in [Sc|]. It is a
projective smooth algebraic surface defined over Q equipped with a proper regular (but not
smooth) fibration

m:&— X,
whose fiber £, at a point € Y outside the finite set of cusps is the elliptic curve corresponding
to x under the moduli interpretation.

Fix a base point 0 € X(Q), say the cusp at infinity. Write u for the unique automorphism
on & extending the involution —1 on the fibers with respect to the zero section o of .

For any r > 0, write £&" = & Xx ... Xx &, for the r-th fibered product of £ over X. A
generic point in " is (z; P, ..., P,) where z € X and P; are points in the fiber &£,. Let

1
€oym = Z sgn(o)o € Corr(£") ® Q
UEET
denote the projector in which a permutation o acts on £" by permuting the factors in the
fibration 7 : £ — X. Let also

€inv := <1 —2u1> ®-® <1 _2UT> € Corr(E") ®Q

denote the idempotent in the ring of correspondences from £” to itself, in which u; denotes
the involution on the j-th factor in the fibration £ — X. Write
(62) €r = €sym * €iny € Corr(E") @ Q
for the composition of the two idempotents.
Put (k,¢,m) = (r1 + 2,79 + 2,73 + 2) with r3 > r9 > r; > 0 and set
r
po T2
2
Let us now define a generalized Gross-Kudla-Schoen cycle Ay, 4, of codimension 7 + 2 in the
(2r 4 3)-dimensional variety

W=E"xE?xE
introduced in (1) of the introduction. We shall regard it as an element in the group

CH 2(W) := 2" P2(W) @ Q/Z" 2 (W) @ Q

rat
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of rational equivalence classes of cycles of codimension r 4 2 with coefficients in Q.
We treat the three cases (k,¢,m) = (2,2,2), (2,¢,¢) with £ > 2, and k, ¢, m > 2 separately.
Definition 3.1. Assume (k,¢,m) = (2,2,2). For any non-empty subset I C {1,2,3}, let
Xr={(P1,P,P) e X x X xX: P,=Pjforall {i,j} CI,P;=oforall j¢&I}.
Then the Gross-Kudla-Schoen diagonal cycle is defined to be
Agoo = X123 — X12 — X13 — Xoz + X1 + Xo + X3 € CH?*(X; x X x X3).
To treat the remaining cases, choose three subsets

(63) A=A{a,...,ar}, B={b1,...,bp,}, C={c1,...,cry}
of {1,...,r} of cardinalities 71, ro and r3 respectively, such that AN BN C = (. If some
of the r; is 0, we take the corresponding subset to be the empty set. One readily checks
that such subsets exist, and that they satisfty A= BUC\BNC, B=CUA\CNA and
C = AU B\ AN B. The choice of the triplet (A, B,C) is unique up to permutations in S...
Since the union of any two of the sets A, B, C' is equal to {1,...,7}, the maps

papc 1 & —— EM X ER X E™, (1 Pr, ., Pr) o (23 Py ), (03 By, ), (23 Pey)
(64)

and ¢pc: & — E? xEB, (v; P, ..., P) — (23 By,), (x; P,))

are closed embeddings of £" into W (and likewise for the analogous maps pap and @ c).

Definition 3.2. If (k,¢,m) = (2,¢,¢) for some ¢ = r + 2 > 2, the generalised Gross-Kudla-
Schoen cycle is defined by

Agpo = (Id,€ry, €r5) (panc(E7) — {0} x wpc(ET)) € CH™(X x £ x E7).
Definition 3.3. If k, ¢, m > 2, the generalised Gross-Kudla-Schoen cycle is defined by
Ak,f,m = (67“1 s €Ergy GTS)SOABC(E‘T) S CHT+2(W)-

By examining the image of these cycles by the cycle class map in each of the Kiinneth
components of the complex de Rham cohomology group H §§+4(W/ C) of the variety W, it
follows from [BDP, Lemma 2.2] that the cycles Ay 4, we defined for each triple of balanced
weights (k, ¢, m) are null-homologous, that is to say:

Appm € CH™2(W)g := ker (cl : CH™M (W) — HILH(W)).
Fix a prime p{ N and
(65) AJ, : CHP2(W)y — Fil"P2H3L (W)Y
denote the p-adic Abel-Jacobi map, as introduced e.g. in [Ne2, (1.2)], [Bes00].
There are several equivalent definitions of (65). Given that Fil"™2H §§+3(W)V is naturally
isomorphic to the group Extl((@p,Hgl’;rg(W)) of isomorphism classes of extensions of the

trivial filtered frobenius module Q, by H§£+3(W), the map AJ, sends A to the extension
class given by

(66) 0 — HI3(W) Va Qp 0

lCIdR

r r 2r+4
0 —= H3pH3 (W) —= HIEP (W \ |A]) — H (W) —0,

where the lower row is the short excision exact sequence associated with the pair (W, A) and
the upper row is obtained from the lower by pull-back under the cycle class map clgg in de
Rham cohomology.
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3.2. A formula for AJ,(Ayem,) in terms of Coleman integration. The goal of this
section is to give a p-adic analytic description of (a piece of) the functional AJ,(Ag ¢ m),
involving p-adic integration of differential forms, a la Coleman.

Let (k,¢,m) = (r1 +2,r2 4+ 2,73+ 2) with r3 > ro > r1 > 0 be a triplet of balanced weights
and recall that we set r = %

Our description of AJ, (A ¢m) rests on the p-adic analytic description of H le(X@p , L) that
was given in Sections 2.1 and 2.2. In order to keep track of the factors it will be convenient
to write X2 = X5 x X3 and likewise write (X’)? = X} x X}, where X’ denotes the affine
subvariety of X fixed in Section 2.1. By Proposition 2.1 and equation (40) we have

H&R(X,wcrz) ® H&R(X,wcm) ~ Hp We, L1y) @ Hrl (We, Lrg)-

rig 1g
We fix a choice of lift of Frobenius to W, x W, by setting ® := &5 x &3, where &5 and
®3 denote the canonical lift of the Frobenius endomorphism on W, described in (17), viewed
as acting on the first and second factors of X5 x X3 respectively. This choice yields a linear
transformation

D=y @ P3: QL W, Ly,) QL We, Lry) — QL (W, L) @ QL WV, L.,)

rig rig rig rig
and induces an endomorphism of H rlig(We, Lr,)®H rlig(We, L,,) which we denote with the same

letter. View L,, ® L,, as a sheaf on X x X. The Gauss-Manin connection on £,, and on L,,
gives rise to a connection

V:£r2 ®£r2 —>£T‘2 ®£T3®QA]5(XX

on sheaves on X x X, denoted again by V by abuse of notation, and defined on sections by
the rule
V(s2 ® s3) = V(s2) ® 53 + 52 ® V(s3).
Given a class
wr®ws € HYX, 0% ®@w?) e H'(X,0k @w™)
= Fil"= P2 (Hp (X, Lr,) © Hig(X, Lr,))
C HLOW.,L,.,)@HL (W, L) C H:(We X We, Ly @ Lys),

rig rig rig
choose a polynomial P € C,[z] satisfying
(i) P(®) = P(®2P3) annihilates the class of we ® ws in Hfig()/\/E X We, Lry @ Lyy).
(ii) For each supersingular annulus V;, j = 1,...,s, P(®) annihilates the target of the
residue map (41), namely (Sym” H}p (E;))(—1).
T2+T3+1

(iii) None of the roots of P(z) are of complex absolute value p~ 2

The existence of such a polynomial follows from the fact that the eigenvalues of the geo-
metric Frobenius ® acting on H}y(Xc,,L,) (resp. on (Sym” Hjp(E;))(—1)) are algebraic
numbers with complex absolute value p 2 (resp. p 2 ), and hence a polynomial P satisfying

ro+rg+2
(i) and (i) can be chosen so that all its roots have complex absolute value either p~— 2 or

pTTH; such a choice of P automatically satisfies (iii) because the triplet of weights is assumed
throughout to be balanced.

See the discussion right after Proposition 3.7 below for a justification of the need of condi-
tions (ii) and (iii). As for (i), note that a direct consequence of it is the existence of a rigid
analytic primitive of P(®)(wa A w3), as we quote in the following statement.

Lemma 3.4. There exists a real € > 0 and an Ly, ® Ly,-valued rigid one-form p(P,wa,ws)
on We X W, satisfying

(67) Vp(P, wg,W3) = P((I))(WQ A wg).
This one-form is well-defined up to rigid V-closed one-forms on W, x We.
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Recall the base point o € X that was chosen to define the cycle Ay 2. This choice of base
point determines the horizontal and vertical inclusions

(68) tg: X =X x{o} = X x X, t3: X ={o} x X = X x X.
Let
(69) L231X‘—>X><X

denote the diagonal morphism. By abuse of notation, we will denote by the same symbols
the resulting maps

L2,L3,L23:X"—>X,><X/, LQ,Lg,ngZWGQWGXWG.
Finally write
o3 1= Ly — Ly — L3 : Qgig(we X We) — QI(WG)

for the maps obtained by combining the pullbacks of these three morphisms.

We xW,) — HL

Lemma 3.5. The map H: rig

rig (We) induced by ¢34 is the zero map.
Proof. This is a direct consequence of the following two facts:
(1) The map
3+ Hin (X5 x X3/Qp) — Hig(X'/Qp)
is 0. This can be checked by choosing a complex embedding of Q, and noting that
the map o3 : H1(X'/C) — Hy (X x X4/C) vanishes, using topological methods.
(2) There is a commutative diagram

p*
Hle(Xé x X3/Qp) = Hle(X//Qp)

comp, comp,

.
$23

HyWe x We/Qp) = H, (W /Qp).

O

To formulate the counterpart of Lemma 3.5 for general weights (k, ¢, m), recall the subsets
A, B and C of {1,...,r} of cardinalities r1, ro and r3 > 0 that were chosen in §3.1, and
denote by A’, B’ and C’ their respective complements. Note that

A'=BnC, B =AnC and C'=ANB.
Recall also the diagonal inclusions
oape :ET— EM x E? xE™ and ppo &N — E x E™

introduced in (64). As in (48), the map ¢ pc together with Poincaré duality on the fibers of
the projection £" — £™ induced by A, give rise to a pullback operation on sheaves

(70) Lry @ Lyy — La(—1)

where t := |A'| = r — rq satisfies k = £ + m — 2 — 2t. We hence obtain a map
©ABC Qgig(we X We, Lry @ Lyg) — Q%ig(wea La(-1)).

Set

-l Lim-en

Corollary 3.6. If 0 € Q'W, x W,, L, ® L,,) is V-closed, then ¢* (o) is V-ezact on W.
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Proof. 1If (r1,72,73) = (0,0,0), this is just Lemma 3.5. If r3,79 > 0, by the Kiinneth decom-
position we have
HéR(X, X leﬁm ® £T3) = HéR(X/7£T2) ® H(EI)R(X/7£7’3)
87 HCOIR(X,’ ‘CTQ) ® HéR(X,’ £T3)7
and these modules vanish because the sheaves £,, and L,, have no global horizontal sections

(cf. [BDP, Lemma 2.1]). In light of (40) we deduce that in fact o is already exact, and a
fortiori so is ¢* (o). O

Proposition 3.7. The element

&(P,wsy,ws) := class of ¢*p(P,ws,ws3) in H%ig(WE,EA(—t))

does not depend on the choice of rigid differential p(P,ws,ws) satisfying (67) of Lemma 3.4
and has vanishing annular residues. In particular, £(P,wq,w3) belongs to Hig (X, La(—t)).

Proof. The first assertion is a direct consequence of Corollary 3.6. In light of (41) and the
discussion following it, the second assertion follows the condition (ii) satisfied by P. t

The Frobenius endomorphism @ acts on H}g (X, La(—t)) with eigenvalues of complex ab-
solute value \/51”2“3. Therefore, since the roots of P have absolute value either p™! or
\/1_72”2”3, the endomorphism P(®) acts invertibly on Hlp (X, L£a(—t)). In particular, for all
n € Hi: (X, La(—t)), the class P(®)'n is well-defined. Furthermore, the class
(72) E(wa,w3) = P(®) ' E(P,wy,w3) € HYyy(We, La(—1))

does not depend on the choice of polynomial P. More precisely, replacing P by a polynomial
PQ@) satisfying the conditions before the statement of Lemma 3.4, one sees that

p(PQ,WQ,W3) = Q((I))p(P, w27w3)7 S(PQ,Wg,wg) = Q((I))f(P, w27w3)'

We will now describe (part of) the image of the generalized Gross-Kudla-Schoen cycle
Aj.¢.m under the p-adic Abel-Jacobi map. More precisely, we will describe the restriction of
the functional AJ,(Ag¢m) to the summand

(73) HéR(X7 ‘CTI) ® HO(X7£T2 ® Q_lX) @ HO(X7£T3 ® Q%() g H§ﬁ+3(W)>

where the inclusion arises from the Kiinneth decomposition as in (5).
Let 14 : £4 — £ denote the natural isomorphism between the varieties £4 := &,, xx
X... Xx &, and ™, giving rise to an isomorphism of sheaves between L, and L4.

Theorem 3.8. Let n @ we @ wy be any class in (73). Then
(74) AJp(Akem)(n @ wa ® wy) = (4N, §(w2, w3)),

where
() Hip(X, La) x Hyg(X, La(=t)) — Cp(~1 1)
arises from Poincaré duality.

Remark 3.9. The reader mainly interested in the case (k,¢,m) = (2,2,2) will notice that
Theorem 3.8 asserts that the image of the Gross-Kudla-Schoen cycle Ag 5o in X 3 under the
p-adic Abel-Jacobi map satisfies

(75) AJp(A222)(n ® we @ w3) = (n,&(w2,ws)),

where (, ) is the usual Poincaré duality pairing on H g (X).
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3.3. Proof of the formula: Besser’s finite polynomial cohomology. The goal of this
section is proving Theorem 3.8, and to do that we first set some notation. Let V' be a smooth,
proper, irreducible variety of dimension d over Q, which admits a smooth proper, flat model
V over Zp. There are syntomic and finite polynomial cohomology groups

H! (V,n)C Hfip(V,n)

syn
for every i,m > 0 (cf. e.g. [Bes00] and the references therein). These groups are related to the
p-adic de Rham cohomology of V' by the following diagram (cf. [Bes00, Prop. 2.5 (1-2)]):

isyn Psyn

(76) 0 — HH(V)/Fil"H R (V) — HL,,(V,n) —=Fil"Hig (V)

\ | \

Pfp

0 —— HIZW(V)/Fil"HIZ (V) —2= HE (V,n) —> Fil" Hip (V) — 0,

in which the rows are exact. In addition there are compatible cycle class maps

lep
CH' (V) —> HZ (Vi) — H{(V,4)
clar

CHY(V) Fil'lH% (V)

which give rise (by the formalism of e.g. [Ne2, (1.2)]) to the p-adic Abel-Jacobi maps
(77)  AJp: CHY(V)o — ker(psyn) = Hi (V) /Fil'(Hah ' (V) = Fild = HIE 24 (V)Y

that we already introduced in (65). Besides the definition of AJ,, given in (66), Besser proved
in [Bes00, Theorem 1,2] that the p-adic Abel-Jacobi map may be expressed purely in terms
of Coleman integration.

Namely, let A = > a;A; be a representative of a class in CH*(V)y, with a; € Q and
A irreducible, smooth proper subschemes of V over Z,. Besser showed that AJ, sends the
null-homological cycle A to the functional

(78) AJp(A) : Fil T HIE2H (Y)Y — Q,p, w /Aw = Z a;tr(e;(@)),

where © € prd_QiH(V, d—i+1) is a lift of w under the map pg, appearing in (76), ¢; : A; — V
is the natural inclusion and

tr Hpd 724 (A d —i+1) > Qp

is the canonical trace isomorphism ([Bes00, Prop.2.5 (4)]).
It is Besser’s formula (78) which we shall apply in order to prove Theorem 3.8. As a final
piece of notation, let

(79) (ip s Hiy(V,n) x HEFH (V,d+1-n) — @,

denote the cup product in finite polynomial cohomology described in [Bes00, Prop.2.5 (4)].
We first focus in the particular case (k,¢,m) = (2,2,2). Set

._ ol 1773 v2
PdR, 1= (23.dRx — l2,dR+ — !3,dR,x : Hyg(X) — Fil" Hjg (X?),

— .7l 3 (2
Prpy 1= L23,fpx — L2fpx — L3,fpx 1 Hpp (X, 0) — Hi (X7,1)

to be the maps induced by push-forward by the three embeddings to, t3, t23 introduced in
(68) and (69) on de Rham and finite polynomial cohomology, respectively.
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By [Bes00, Proposition 2.5 (1) and Lemma 5.1], there is a commutative diagram
(80) 0 S H{ (X,0) Hpp(X)—0

l SDfp,*L @dR,*L

H2.(X?) : P2 ..
R, (X9) S HP (X%,1) —Fil' H3; (X?) —=0

0

with exact rows arising from (76).

Let 77 € Hflp(X,O) be a preimage of n under p; and @y, W3 € Hflp(X, 1) be preimages of wo
and wsg respectively, so that &y ® W3 is a preimage in Hfzp(/l’z, 2) of we ® w3 € Fil2H§R(X2).
Lemma 3.10. The following equality holds in Q,:

(clip(A222),7 @ W2 @ W3)1p = (Pip(77), D2 @ D3)fp-
Proof. The class of the cycle X193 — X19 — X153 — Xog + X1 + Xy + X3 is an integral, smooth
proper model of Ay 9 in CH?(X?)y. Hence
(clip(Ag,2,2), 7 ® Wo ® W3), = — Z(—l)‘”tu(ﬁ(ﬁ ® W2 ® w3))
I

where I ranges through the seven non-empty subsets of {1,2,3} and try : Hp b (X,2) = Qp
is Besser’s trace isomorphism. For I = 123, 12 and 13, it follows from the Very definitions
that the above traces may be recast as the cup-products

tr (g3 (7 © W2 @ @3)) = (7]: (@2 @ W3) 25 )
try(Lo(T @02 ®W3)) = (7, (W2 ® ©3)12,)p
tra(s( @02 @@3)) = (7, (02 @ ¥3)|25)8p

on X, while try(¢;(7 ® @2 ® @3)) vanishes for the remaining four choices of I.

On the other hand, the push-forward map g, is dual under cup-product (79) to the
pull-back homomorphism ¢f = 133, — (35, — 3¢, Hfzp(/l’z, 2) — Hfzp(/l’, 2), and hence

(Pip (1), 02 @ D3)1p = (7, (D2 ® @3)|a03)tp — (7, (D2 @ O3) 20, )tp — (7], (W2 ® @3) |23 1p-

This proves the lemma. O
Lemma 3.10 combined with (78) yields
(81) Ip(A2,22)(n ® w2 @ w3) = (P (1), W2 @ D3)fp

By the functoriality of [BesOO, (8)], there is another commutative diagram with exact rows

(82) 0 —= Hlp(X2) —> H2(X?,2) P~ Fi>HZ, (X2) — 0

@QR l go;pl SDER l

p )
0— Hlp(X) —— H{ (X,2) —= Fil?HZ; (X) = 0.
In light of [Bes00, Def. 2.2 and eq. (6)], a pair

(Oé, ﬁ) € Q%lg(wez) @ F112H§R(X2) Q%lg(wez) @ 92(X2)

satisfying da = P(®)(3) gives rise to a class in H? (X2 2). Since the map p of the upper row
of (82) is the projection [«, 3] — [f] to the second factor the class Wy ® w3 in HEP(X2, 2) may
be represented by the pair

(p7 w2 & w3) € leg(wg) D 92(X2)7
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where p := p(P,ws,ws) is as in Lemma 3.4. Since Fil?H2;(X) = 0, the class P, (W2 ® W3) has
a preimage in H éR(X ) under the map i of the lower row of (82). Such preimage is the class
of € i= E(lz,ws) € Hlp(X), as

(83) i(€) = [P(®)E,0] = [¢"p,0] = ¢, (@2 @ @3) € HE(X,2).

From this we find, as desired, that

<90fp*(77)7('~u2 & ‘:)3>fp = <ﬁ7 @?p(UNJQ & UNJ3)>fP = <77?Z(£)>fp = <n7£>a

where the first equality follows from the functoriality of the cup product, the second is (83)
and the third is a direct consequence of [Bes00, (14)].

This concludes the proof of Theorem 3.8 in the case where all three weights are equal to 2.
We turn now to show how a similar approach yields Theorem 3.8 in the remaining cases, that
is to say, when either (ry,r9,73) = (0,7, 7) with r > 0 or (r1,72,r3) with r3 > 79 > r1 > 0 and
rs < r1 4 ro.

By a slight abuse of notation, let us still denote W the base change of the triple product
EM x " x £ to Qp, which recall has dimension ry +rg +r3 + 3 = 2r + 3.

Let n € Hig(X, L) C HiETHE™) and

wy € Hip(X,w™ @ Q) C FilPT HZTH(E™),  ws € Hig(X,w™ @ Q) C Fils T HH (£9)

be classes as in (73), which we may interchangeably regard either as £,,-valued 1-forms on X
or as (r; + 1)-forms on £". We thus have

n®ws ®wsy € Fil?T2HEL (X3, L, @ Ly, ® Lry) C Fil? s P23 (W),
Denote €" the canonical integral, smooth and proper model of £" over Z,. Let
i€ HETHE, —t), @y € HE (€2 ry + 1) and @3 € HETH(ES, rg + 1)
be, respectively, lifts of 17, wo and w3 in finite polynomial cohomology, and write 7 ® Lo ® W3 €
Hf25+3(W, r + 2) for their tensor product.

Similarly as for ppc and papc, write 94 : E" — E™, (x5 Pry oo, Br) = (35 Py ooy Pa, ) for
the natural projection induced by the choice of the subset A of {1,...,7}.

Lemma 3.11. We have
(84) AJp(Dkem) (N ® w2 ® w3) = (P (1), PO (W2 @ W3)) e fp-

Proof. Cycle Ay ¢ is a linear combination Zj a;A;, where a; € Q and A; are irreducible
subvarieties of W, all of which are the image of £” under a closed embedding ¢; : £" — W,
see Definitions 3.2 and 3.3 for more details. These embeddings lift in a natural way to proper
maps ¢; : € < W, and Y a;¢;(€") is thus a representative of Ay ¢, in CH™2(W)j.

By Besser’s formula (78),

(85) AJp(Akem)(n @ wr @ ws) = (clip(Dk,em), 7 © D2 @ Da)gp = Y ajtrer (5 (7 @ D2 @ 3)).
J

If £ = 2 (and thus £ = m > 3), according to Definition 3.2 then half of the terms in the above
sum correspond to the image of {o} X ¢pc(E") under some automorphism of £ x €7 x £
that acts as the identity on the copy of £™. Here o is some choice of a base point in £™.
For such embeddings, it follows that ¢} (7] ® We ® w3)) vanishes, and hence those terms do not
contribute to the sum in (85).

In view of this and Definition 3.3, for any balanced triple (k, ¢, m) # (2,2,2) we conclude
that AJp(Agem)(n ® wa ® ws) is equal to a linear combination of the form

(86) Dty an0strer (Plipe © (1 @ ar @ az)* (7 @ @ @ &3))
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where o; are automorphisms of €™ for i = 1,2,3 and the scalars an, a,,q; are each equal to
i%n for some n > 0. We refer to §3.1 for the explicit description of the automorphisms «;
that intervene here; all them satisfy o} (v) = +@ € Hgﬂ(@”, -) for the classes in play, so
that trer (¢ go 0 (@1 @ as ® a3)* (N @ W2 @ W3)) = ttrer (Pl o (7 @ W2 ® @3)). It is a simple
combinatorial exercise to check that the terms in (86) sum up to trer (9l g g, (11 ® W2 @ @3)).

By Besser’s definitions of trace and cup-product in finite polynomial cohomology, it directly
follows that trer (0% pogp (1 @ @2 ®@ W3)) = (P74 1, (7): P, (W2 @ W3)) er - U

The class ¢ gg (w2®@ws3) in de Rham cohomology vanishes, because it lies in €, [ £§{+T3+2 (&)

and the idempotent €, annihilates H (") for all j # r+1; note that indeed ro+ro+2 # r+1
because the triplet (k,¢,m) is balanced. Hence the pair (¢5(p(P,w2,ws3)),0) is a represen-
tative of SO*BC,fp(sz ® @3) in finite polynomial cohomology.

It follows exactly as in (83) that P(®) l¢hq(p(P,ws,ws)) is a preimage of the class
Phegp(@2 ® W3) under Besser’s map

i H£§+T3+1(ET)/Filr2+r3+2(H£]2;{+T3+1((‘:r)) _ H{;+T3+2(€r, o+ 13+ 2)‘
It thus again follows that

(87) (Do (), P50 (@2 @ D3))er p = (DT .ar (1), P(®) T 0B (p(P,wa,ws)))er ar.-

Pulling-back under the natural immersion £™ < &7 induced by A, we obtain that the
right-hand side of (87) equals

(5n, P(®) (P wa, w3))er ar = (41, E(wa, w3))em dR-

Theorem 3.8 follows.

3.4. A formula for AJ,(Aj¢,) in terms of p-adic modular forms. Let g and h denote
modular forms of weights ¢ = ro + 2 and m = r3 + 2, respectively, on I'y(IN). For the
calculations of this section, it is only necessary to assume that g and h are eigenvectors for
the Hecke operator T),; in particular it will not be assumed that they are new of level N. Let
ag and (3, be the roots of the Hasse polynomial 2% — a,(g)z + Xg(p)pé_]L for g at p, ordered in
such a way that ord,(ay) < ordy(fy), and let

(88) Ggo =9 — B4Vy, g8 =9—0ogVyg

denote the respective p-stabilisations, on which the U, operator acts with eigenvalue o, and
By respectively. Similar notational conventions are adopted for h. Note that with these
conventions, when g is ordinary then g, is the ordinary p-stabilisation of g that was previously
denoted ¢®), but that no ordinariness assumption on g or h are made in this section.

Let f denote a modular form of weight £k = r; + 2 on I';(/N) which is an eigenvector for
all the good Hecke operators, and is ordinary at p (but is not necessarily new of level N) and
let ™ € H},.(Xc,,Lr)"" be the unique lift to the unit root subspace of the cohomology
class in H 1(X K f,g_”) attached to f as in Corollary 2.13. Recall that e,.q denotes Hida’s
ordinary projector. Let ey« denote the commuting idempotent in the Hecke algebra giving
the projection onto the f*-isotypic part, where f* is the modular form which is dual to f,
obtained by applying complex conjugation to the Fourier coefficients of f, and set

€fx ord = €f*€ord-

The goal of the next two theorems is to give an explicit expression for the class {(wg,wp) €
H éR(X , L) that appears in Theorem 3.8, or rather, its image under e g« orq.

Theorem 3.12 below treats the setting where £ = ¢ = m = 2, in which the cycle Ay
is simply the Gross-Kudla-Schoen modified diagonal on X1(IN)3. This setting is notationally
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simpler and therefore easier to follow, but already brings out the key ideas needed to handle
the general case, which will then be treated in Theorem 3.13.

Theorem 3.12. Suppose that k = ¢ =m = 2, so that {(wgy,wp,) can be viewed as an overcon-
vergent modular form of weight 2. The ordinary projection e g« ora(§(wy,wn)) s equal to the
classical modular form

&(f _
ef*,ord(g(wmwh)) = _ﬁef‘,ord(d lg[p} X h)7
where E1(f) and E(f,g,h) are defined as in Theorem 1.3 of the introduction.
Proof. Let
Py(z) =1 =ay(ghp e+ xg()p~'2? = (1 —agp'2)(1 - B~ '),
Pu(z) =1 —ap(hp~ e+ xalp)p~'a? = (1—app'z)(1 - Bup '),

denote the Hasse polynomials attached to the forms g and h, and set

Pyn(z) = (1 — agonp™*z)(1 — agfrp22)(1 — Bganp~>x)(1 — Byfnp>x),
Poa(x) = (1 = agapp™?z) " Pyp(z), Pag(z) = (1 — agByp )~ Pep(a),
Pso(z) = (1 = Byapp 22) ' Pyy (), Pag(x) = (1 — ByBrp ) ' Pyp().

Recall that ®5 and ®3 denote the canonical lift ® of frobenius operating on the Hasse domains,
viewed as contained in the second and third factors respectively of the three-fold of X1 (N)3.
The operator @ is related to the V' operator on (nearly) overconvergent p-adic modular forms
of weight two by the rule ® = pV. After writing ®o = plVh and ®3 = pVj3, the operator
P := $yP3 = p?V, V5 corresponds to the the canonical lift of Frobenius acting on ing(l/\/E XWe).

The operators P,(®3) and P, (®3) annihilate the classes of w, and wy, in HL (W,). More

rig
precisely, as in (19),
(89) Py(®a)wy = (1—ap(9)Va+ xg(0)pVE)g(q) = g™ (q) = dGW,
Pu(®@s)wn = (1= ap(h)Vs+ xn(p)pV)h(q) = hP)(q) = dH ),

where GIP) and HIP e Oy, are given by
- n n — 79 h n
GlPl(g) = d 19[p}zzﬂq . HP(q)=4d 1h[p}:ZLq '

n n
pin pin

These primitives are overconvergent modular forms of level N and weight 0. Note that they
have been normalized so that they vanish at the cusp oc.

Equation (89) indicates that Py, (®2®3) annihilates the class of the rigid differential wqwp,
in H3;(X1(N)?) . Hence, there is a rigid one-form p(Pyy,,wg,wy,) satisfying

(90) dp(Pgh,wg,wh) = Pgh(@g@g)wgwh.
To describe p(Pyp,wy,wp,) more explicitly, we exploit the identities
g = (ag - ﬁg)_l(agga - ﬁggﬁ)v h = (ah - ﬁh)_l(ahha - ﬁhhﬁ)

expressing g and h as linear combinations of the stabilisations appearing in (88). This leads
to an expression for the right-hand side of (90) as a sum of four contributions:

Pgh(@gq)g)wgwh = Qaa — Hag — Hga + 955,
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where 0, is the rigid two-form on W, x W, (for a suitable € > 0 given by
agathh(quq)g)(ga X ha)
(ag - 59)(0% — Bn)
Qg0 Poo (P2P3) (1 — aga, VaVs)(ga @ hq)
(ag — Bg)(an — Bn) ’
and 6,5 (resp. g, and fgg) are defined in the identical way, after replacing (a4, as) by
(o, Br) (resp. (Bg, o), (Bg,Bn).) We next observe that

00{6! -

(91)

(1 aganaa)lga ©ha) = 5 ((1=agla)(1+ 1) + (14 agVa)(L = anth)) ga o
It follows from (91) and (92), together with the fact that d® = ®d, that
(93) s = dpon,
where
(94) Do — _agOéhPaa((I)2(I)3) (G[P] @ (I 4+ apVa)ha — (1 + agVa)ga ® Hﬁp}) |

2(ag — Bg)(an — Bn)
The rigid one-forms p,g, pga, and pgg are defined similarly, after replacing (ag, ) as before
by (g, Br), (Bg, o), and (By, Op) respectively, and the differential one-form p(Pyp,wq,ws) of
(90) can be chosen to be
p(Pghngawh) = Paa — Paf — PBa + Pp3-

Let {aas a8, £8as and Egg denote the pullbacks to the modified diagonal of the one-forms paa,
Pags PBa> and pgg, so that for example
g Poo(®) (GP) x (14 apV)he — (14 ayV)ga x HP))

2(ag — Bg)(on — Bn)
The frobenius operator ® acts on e f*,ord(Hrlig
Lemma 2.17,

(95) gaa - —

(We)) with eigenvalue pa;} = f3f, and hence, by

ef+ ord (Paa(fl>)(GM(1+ahV)ha)) = Paa(Bp)es ona(GPR),

s ord (Paa(@)(1+ agV)guH)) = Pan(Bp)es cnalgH ™).
Invoking Lemma 2.17 once again, we find
ef*,ord(gH[p]) = 6f",ord(gh}}]—j[p]) = _6f*,ord(GMhM) = _6f*,ord(GMh)7

where the second equality follows by noting that glP! HIP! + GIPIplPl = 4(GIPIHIP)) is exact and
invoking the fact that exact rigid differentials are in the kernel of the ordinary projection.
Hence applying the projector e s« orq to (95) gives

Q ahPaa(ﬁf)
96 e+ ord(€aa) = —— e ord(GP'h).
) praondlCon) =00 8 )
The definition of {(wy,wp) given in (72) therefore implies that
(97) ef*,ord(g(wgawh)) = ggca - g(lxﬁ - glﬁa + glﬁﬁa

where

QgQp,

v ora(GPIR),
(ag - 59)(0% — Bn)(1 — O‘gahﬂfp_z) er, al )

ggca:_
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and likewise for the other three contributions to e s« orq(§(wg,wn)). A direct calculation reveals
that

! = _ _ ag Lp}
S 808 = T T BT g B A a2 G
! _ ! — _ ﬁg . Lp}
S~ S0 (@ = B ByanByp 21— BynBrp D) o)

Subtracting these two equations and invoking (97) gives

(1 —=xs(p) 0707
E(f g,h)

as was to be shown. O

e+ ord(§(Wg, wh)) = — ef*,ord(d_lg[p] x h),

We now turn to the case of general weights (k, ¢, m). Before stating the result, recall that
the triple of weights (k, ¢, m) is still assumed to be balanced, and that, following notations
similar to those in the proof of Proposition 2.9, we have set

k=0+m—2—2t, witht>0, c=(k+L+m—2)/2,
so that &(wg,wp,) corresponds to a class in HJg (X, Ly, (—1)).

Theorem 3.13. The projection e g« ord(§(wg, wp)) is represented by the classical modular form
(=" -t &)
E(f,9.h)
where E1(f) and E(f,g,h) are defined as in Theorem 1.8 of the introduction.

ef*prd(g(wg’wh)) = - ef*,ord(d_l_tg[p] X h)’

Proof. Let w, and wy, be the global sections of w" ® Q% and of w™ ® Q% over X = X;(N)
attached to g and h respectively. Since these sections are algebraic, they can also be viewed
as Ly, and L,,-valued rigid differentials on W,/C, for any € > 0. Modifying slightly the
definitions of the weight two setting, we define

Py(z) = (1 - O‘gp_m_ll")(l - ﬁgp_m_l:r), Py(z) = (1 —app " a)(1 — Bup " ta).

The operators P,(®2) and P, (®3) annihilate the classes of w, and wy, in HY (W,, £L;,) and

rig
Hrlig(WE, L,,) respectively, and in terms of g-expansions,

Py(®2)(wg) = (1 —agVh)(1—BeVa)g = g7,
Po(®s)(wn) = (1—apVs)(1—BpVs)g = hlPL
Let G and H! denote the overconvergent sections of Ly, and L,, satisfying
vGlrl = Welel, vVHP = Whp] -

The g-expansions of these sections are given in equation (47) of Section 2.4, i.e.,

T2

(98) GFl(q) = Z(—l)jj!<T]?>d‘l‘jg“’}(q)wéﬁ;jnﬁan,
=0
r3

(99) HI(g) = Z(—l)jj!<7;’>d_l_jh[p}(q)wﬁir?jnian'
=0

As in the weight two setting, we let

Pu(z) = (1- agahp_”_”’_%)(l — agﬁhp_”_”_%)(l — Bgahp_”_r?’_%)
x(1— ﬂgﬂhp_”_”_%).
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Just as before, the operator Py, (®2®3) annihilates the class of wgy®wy, in the hypercohomology
group H2s (X1(N)?, L., ® L,,), so there is a rigid L,, ® L,,-valued one-form p(Pyp,wy,wy) on
W, x W, satisfying
(100) V,O(Pgh,wg,UJh) = Pgh(q)2q)3)w9wh‘

The same manipulations as in the weight two case allow us to express p(Pgp,wq,wp) as a
sum of four contributions:

P(Pgh,wg,wh) = paa — Pas — PBa + PBB;
where for instance
g0 Poa(P2®3) (G @ (1 + a Va)wn, — (1 + agVh)wy, @ HIP))
2(cg — Bg)(on — Bn) 7
just as in equations (93) and (94). Let &na, &ass &8a, and &gp denote the pullbacks to the

generalised diagonal cycle £ of the one-forms paa; pag: Pgas and pgs via the map ppc, viewed
as overconvergent sections of £4(—t) ® Q' on W,. Write

oo = SPhyr(§aa), oo = 1IN (Eaa )
for the nearly overconvergent and overconvergent modular forms attached to £,,. By equation
(44) defining TI%¢, the elements £, and &35, have the same image in cohomology, and therefore
the following equality holds in Hlg (X, L, (—1)):

§(Bgh,wg, wn) = oo — Eap — S T &35
Applying ef« orq to this equation and invoking Lemma 2.7 gives

Poa = —

ef*,ord(g(Pghawg,wh)) = ef*,ord( (r;o?c - g-ﬁoc - n-o?c + 53'600)7
and the same argument as in the proof of Proposition 2.9 (cf. in particular equation (49))
shows that
(101) noe Qg0 Pag(®) (71 g x (1 4+ V) ha — (1+ agV)ga x d~17HP))
“ 2(ag = fg)(n — Bn) '

By exactly the same reasoning used to obtain (96) in the weight two case, and using the fact
that ® acts on ep« ora(Hig (X, Ly, (—t))) with eigenvalue p’”1+1+ta;} = Bsp’, we find after
applying the projector e« oq to (101) that

i (=1)" -t aganPaa(Bsp')

102 € e opd (€2°€) = —

( ) f,Ol‘(oza) (ag_ﬂg)(ah_ﬂh)

efs ,Ord(d_l_tg[p] X h).

It now follows from (72) that
(103) e+ ord(§(Wg, wn)) = Eha — Eap — Eha + -

where
¢ = (—1)tt!agah

oo (ag — Bg)(an — Br)(1 — aganBrp=©)
and likewise for the other three contributions to e p+ orq(§(wy,wp)). The result now follows
from a simple direct calculation, as in the conclusion of the proof of Theorem 3.12. ([l

ef*prd(d_l_tg[p} X h)7

We can now conclude this section with a (partial) formula for the image of the generalised
Gross-Kudla Schoen cycle A, 4., under the p-adic Abel-Jacobi map.

Theorem 3.14. With notations as in the statement of Theorems 3.12 and 3.13,

- -8(f) ) ur -1
u-r — (_1)t+1 1 u-r 1-t _[p]
AJP(Ak7£7m)(nf wgwh) ( 1) g(f7g? h) <7]f ,d g X h>7

for all ny™ € HIp (X, L) ]
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Proof. Assume first that (k,¢,m) = (2,2,2). By Proposition 2.3, the class ny" is orthogonal
to the kernel of ey« oq, and hence
(n?_ra g(wga wh)> = <77}1—I" ef*,ordf(wm wh)>

Theorem 3.14 therefore follows from Theorem 3.12. The case of general weights (k, ¢, m)
follows from an identical argument using Theorem 3.13 instead of Theorem 3.12. (]

4. GARRETT-RANKIN TRIPLE PRODUCT L-FUNCTIONS

4.1. Classical L-functions. As in the introduction, let

f € Sk(Nf7Xf)7 g E SZ(N97X9)7 h e Sm(leXh)

be a triplet of normalized primitive cuspidal eigenforms such that x ;- x4 - x» = 1, and let

Qf,gﬁ = Qf : Qg ‘Qp = @({an(f)v an(g)>an(h)}n21)

denote the field generated by the fourier coefficients of f, g and h. Write also N = lem (N ¢, Ng, Np,).
The Garrett-Rankin triple product L-function L(f, g, h;s) is defined by an Euler product

L(f,9,h;s) = [T L® (f,9.hip™*) 7",
P

where, for pt N the local factor L) (f, g, h;T) is the degree 8 polynomial
(104) LP(f,g,hT) = (1—appagpon,T) x (1—appagBn,T)

X(1 = aypBgpanpT) X (1= afpBeplhpT)

X (1 = BrpogpanpT) X (1= BfpogpBpT)

X(1 = BrpBoponpT) x (1 = B pBgpBhpT).
Piatetski-Shapiro and Rallis have given a precise recipe [PSR] for the local Euler factors

L(p)( fyg,h;s) at the bad primes p | N and have shown that there exists an archimedean
factor L(>®)(f, g, h;s) for which the completed L-function

A(f,g.h;8) = L(f,g,h; s) - L)(f, g, h; s)
satisfies the functional equation
(105) A(f,g,h;8) =e(f g, h)A(f,g,h;k +0+m—2—5),
where €(f,g,h) € {£1}. The sign in this functional equation determines the parity of the
order of vanishing of L(f, g, h,s) at the center of symmetry
k+l4+m—2
5
at which there is no pole (cf. [PSR, Theorem 5.2]). The sign (f,g,h) can be expressed as a
product

(106) C=Cfgh=

e(f,9.0) = [ [ 2a(fr9:1)
q

of local root numbers e4(f,g,h) € {£1} indexed by the places ¢ < oo of Q. As already
anticipated in the introduction, we assume throughout that e4(f,g,h) = +1 for all finite
primes. According to e.g. [Pr90] and the references therein, we then have

—1 if (k,¢,m) are balanced.

107 h) = e(f,9,h) = -
( ) 5(f79> ) € (fg ) {+1 if (]{;’E’m) are unbalanced.

We now recall a fundamental result which relates the central critical value of L(f,g,h,s)
to certain trilinear period integrals. For this, assume that (k,¢,m) is unbalanced, namely
(without loss of generality, by eventually permuting f, g and h), that £ = ¢ + m + 2t with
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t > 0. Recall also the Shimura-Maass operators ¢, defined in §2.3 and the space S (N)[r¢]
introduced in §2.5.

For any eigenform ¢ € Si(N) with character x (not necessarily new at N), we write ¢* for
the dual form obtained by twisting ¢ by the character x ~!. The eigenform ¢* has nebentype
character y~!, and its Hecke eigenvalues are complex conjugate to the Hecke eigenvalues
attached to ¢.

Definition 4.1. Assume that k = ¢ 4+ m + 2t with ¢ > 0. The trilinear period attached to
(f.9.h) € Sp(N)[ms] x Se(N)[rrg] X S (N)[m]

is the expression o 5 y
I(f?.évh) = (f*vdéé X h)N
One of the main results of M. Harris and S. Kudla [HaKu], conjectured by H. Jacquet and
refined recently by A. Ichino [I] and T. C. Watson [Wa) is:

Theorem 4.2. Let (f,g,h) be a triple of modular forms of unbalanced weights (k, ¢, m) with
k=0+m+2t andt > 0. Then there exist
e holomorphic modular forms f € Sk(N)[rsl, g € Se(N)[my], and h € Sp(N)[mn],
e for each prime q | Noo, a constant Cy € Qy gy which depends only on the local
components at q of the vectors f , § and h in the admissible representations of GLa(Qq)
associated to g, mg and Tp;

such that

[Line © U
(108) I L(f.g,hie) = [1(f.g. ).

Furthermore, there is a choice of (f,é, 71) for which the constants Cy are all non-zero.

Remark 4.3. If Ny = N, = Nj = N, then the space Si(N)[nf] is one-dimensional, and
likewise for g and h. In that case there is only one choice (up to scaling) for the vectors
f, ¢ and h. Otherwise, the triplet ( f. 4, ) has to be chosen more carefully: see [GrPr| and
[DiNy] for explicit recipes when at least one of 7, 7, or 7, is not supercuspidal at the primes
q | ged(Ny, Ny, Np,). It could be tempting to choose f, g and h to be the new vectors in
Sk(N¢), Se(Ng) and S,,(Ny) attached to f, g and h respectively, but such a choice may not
always be suitable. For example, if there is a prime ¢ dividing Ny but not Ny or IV}, then
Cq = 0 for this choice of test vectors.

4.2. p-adic L-functions. Let Q denote the algebraic closure of Q in C and fix throughout
an odd prime p t N, an algebraic closure Qp of Q, and an embedding ¢, : Q — Qp Let
ord, QX — @ be the valuation on Qp normalized so that ord,(p) = 1.

le a trlple (f,g,h) of newforms and keep the notations of the previous section. As before
we assume that x rxgxn = 1, €4(f, g, h) = +1 for all finite primes ¢ | N, and the triple (k, ¢, m)
of weights is unbalanced.

Let f € Sp(N; Ky)[nsl, g € Se(N; Kg)[mg] and h € Sp(N; Kp)[ms] be test vectors for
which the local constants C; of Theorem 4.2 are non-zero and the central critical value of
L(m¢,mg,mp,s) is (up to elementary non-zero fudge factors) equal to the square of I(f, dJ, 71)

Assume in addition that f, g and h are ordinary with respect to ¢, and let

f=(Ap Q0 Qr0,F), 8= (0,2, a1, 8), h=(Ap, O, Qa,h)

be the Hida families of (not necessarily new) forms on I'; (V) interpolating f, § and k in weights
k, ¢ and m respectively, as described in (58). Adapting the notations of the introduction, we
write

Y= {(x,y,z) € Qf,Cl X Qg,cl X Qh,cl}a
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and set
Yy = {(z,y,2) €, such that 2t := k(x) — k(y) — k() > 0},
Yha = {(z,y,2) € X, such that (k(x),k(y),k(z)) is balanced.}.

For each (z,y,2) € ¥, we may consider the algebraic number

i3 7 I ux7u 7ilz ~
J(fxméyahz) = %y*)]\f) S QJ

which we view in C, via ¢,. In light of the discussion in the previous section, our approach
to defining the p-adic L-function attached to 7y ® 74 ® 7, will be to interpolate (suitable
multiples of) the ratios J( fo, Gy ;LZ) as (x,y, z) ranges over X¢. In order to do this, we let
¢ = eora(d® gl x fl) be the ordinary family of modular forms attached to g and h following
the recipe in Proposition 2.18.

Furthermore, define the Hida family f* = f XJII; note that (f*), = (f)* for all z € Q¢
Recall that according to the notations settled in §2.6, a classical point corresponds to a
character of the form v — ~* for some k € Z>2. We warn the reader that the equality

( f e = ( fx)* does not hold true for arithmetic points corresponding to characters v — 1 (y)y"
for some Dirichlet character 1 of non-trivial p-power conductor.

Definition 4.4. The Garrett-Rankin triple product p-adic L-function attached to the triple
(f,g,h) of A-adic modular forms is the element

L (£,8.h) = J(E, cora(d"g? x h)) € Ay @1 (Ag @ A, @ A)
attached to the families f and b= eord(d'g[p] X fl) following the notations of Lemma 2.19.

Remark 4.5. The definition of fpf (f' , 8, fl) depends not just on the p-adic families of automor-

phic representations interpolating 7, 74, and mp, but also on the choice of a triple ( f .G, 71)
of test vectors in these automorphic representations. Note also that while

2 (f.8.h) = £/ (f.h,g),
the A-adic family f plays an essentially different role from the other two in the definition of

zpf(f",g, fl) There are thus three a priori distinct p-adic L-functions attached to (f",g, fl),
namely, %, (f,g,h), Z,9(f,g,h) .= £9(g, f,h), and £, (f, &, h).

Any element ¥ € A} @A (Ag ® A, ® A) as in Definition 4.4 has poles at (z,y,z) for
only finitely many x € 2y, and hence is completely determined by its values at the points of
Qpaxa(QgaxQpaxQ) where it is defined. Furthermore, it is always defined at (z,y, 2) when
x belongs to Q¢ . By definition, for all (z,y,2) € X, after setting x(x) = r(y) + k(2) + 2t,

(/s eora(d'g x h2))np
(f;(p)a f;(p))N,p
In particular, the special value .pr (f' ,g,ﬁ)(x,y, z) is algebraic and belongs to the field K

(109) fpf(f‘vgvfl)(x7ya Z) =

generated by ay, and by the fourier coefficients of f,, g, and h..

The following proposition supplements (109) with a formula for the p-adic special value
fpf(f,g,fl) at a point (z,y,2) € Xpal-
Proposition 4.6. For all (x,y,2) € Xpal, let (f,9,h) == (fz,9y, hz) and define (k,¢,m,t) by
setting

(k,t,m) = (k(x), k(y), k(2)), k=0+m—2-2t
Then
L, (F,8,0)(2,y,2) = &)1y eora(d™ G % ha)),
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where

o &o(f) is the local factor given in (7);

° 7]}1 ' e HE)M(XCP,E,n)“‘r 1s the unique lift to the unit root subspace of the cohomology

class in Hl(XKfz,g_’”) attached to f; as in Corollary 2.13.

e the classical modular form eord(dtg“]gﬂ x h.) on T1(N) NTo(p) is viewed as a class in
H'W,, L, ® Q%) c HL,.(Xc,, Ly);

par

e (, )x denotes the Poincaré duality on H.

par(XCp’ ‘CT) .

Proof. Let efx denote the idempotent attached to the eigenform f7, set

o). = eps orald'gl! x h2),

and let ¢py. € Si(N;Cp)[ms:] be the classical modular form whose p-ordinary stabilisation is

equal to ¢§c’;,)z. The definition of .pr (f,8,h), in view of the last equality in equation (61) of
Lemma 2.19, implies that, for all (z,y,2) € X U Epa,

(110) LI (E,8.0)(,y,2) = (0, buy:)-
Since ¢y, belongs to FilT+1H;ar(X¢;p, L,), we can also express this identity in terms of the

Poincaré pairing on HJ, (Xc,, Ly) by replacing 7 F, by its lift to H}..(Xc,,L;) under the unit
root splitting:

(111) 2! (£,8,0)(@,y,2) = (0F", duye)-
By Proposition 2.11, we then have
(112) gpf(f‘7g7}u1)(x7ya Z) = <77]u5_r7€0rd¢ryz>-

On the other hand, applying the ordinary projector to the identity qzbryz Guyz — BV duy»
shows that

(113) o). = (1 P

x

f: )eord¢zyz = (1 )eord¢xyz = gO(fx)eord¢zyZ7

and therefore

)

gpf(f',gjh)(q%y?z;) = go(fu’l?) 1<77f 7¢:cyz> go(fx) <T]f 7€fz,ord(d g[yp] X FLZ)>
= &) 0ET eora(d g x D).
The proposition follows. O

The next theorem evaluates .,iﬂpf (f’ ,E, ﬁ) at points (z,y, 2) € ¥y and relates these values to
the complex periods I(fx, Gys ﬁz)

Theorem 4.7. Let (x,y,2) be a point of ¥y and set

v

(f7gv h) = (fragy,hz)7 (f h) (fxagyaﬁz)7 (k7£a m) = (’{(x)vﬁ(y%’%(z))'
Then

(114) 568 e s) = SR <

where E(f,g,h), Eo(f) and E1(f) are given in equations (6), (7) and (8) of Theorem 1.5.
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Remark 4.8. Theorems 4.2 and 4.7 above justify the designation of fpf (f‘ , 8, fl) as a p-adic
Garrett-Rankin triple product L-function in that it interpolates the square-roots of the central
critical values of the complex L-series L(fz, gy, hz; s) for (z,y,2) € E¢. Indeed, assume that

L(f.g,h;c) # 0,
so that Theorems 4.2 and 4.7 ensure that zpf(f,g,fl) is non-zero in Ly ® Ay ® Aj,. By

the Weierstrass preparation theorem, .,S/”pf (f' , g, fl) vanishes at a finite number of points and
therefore (fr, Gy - 5”(%))?\, # 0 for all but finitely many (z,y, 2) € ¥¢. In addition, Jacquet’s
conjecture as formulated and proved in [HaKu], imply that the hypothesis €4(fz, gy, hz) = +1
for all finite primes ¢ still holds true for all such (z,y,z). Hence Theorem 4.2 can again be
applied for the triple (fs, gy, h-), which implies that (114) expresses .fpf(f', g, h)(z,y,2) as a
non-zero multiple of the square-root of L(fz, gz, ha; Cf, g,.h.)- O

We now turn to the proof of Theorem 4.7. As before, p is a prime which does not divide
N, and S}°°(N;C,) denotes the space of nearly overconvergent p-adic modular forms of level
N, as described in Section 2.4. Given a classical newform f = )" a,q" of some level N¢|N,
recall that

e s SPAN; Cp) — SPUN; Cp) ]
€fx ord = €f*€ord * SIEI_OC(N;(CP) - zrd(N;(Cp)[Trf*]
denote the associated projectors to the f*-isotypic component of the ordinary subspace in
the space of overconvergent p-adic modular forms. The operators U and V whose action on
g-expansions is given in (13) also act on the spaces of nearly overconvergent modular forms
of a given level.

Lemma 4.9. Let g € S}°°(N;C) and h € S;;°°(N;C) be nearly overconvergent modular
forms of weights £,m > 2 which are eigenvectors for all the good Hecke operators Ty with
g1 N. (They are not assumed to be new or to be eigenvectors for the operators Ty with q|N.)
Let

Ofgh = ef*,ord(gh) € Slgrd(N;(c)[ﬂ-f*]? (with k = £+ m).
For each r > 0, the modular form

ef*,ord((VTg) X h) € Slgrd(N;(c)[ﬂ-f*]

is a multiple of ¢qp.
Proof. By Lemma 2.17,
(115) 0= eora(g” x V) = eoralg x Vh) = ap(g)ecra(Vy x VA) + xg(p)p" ' ecra(V2g x V).

But since
—1 —1
eordV =U €ord ef*,ordV = af* €f* ord>

it follows after applying the projector ey« to (115) that

(116) efeord(g X V) + xg(p)p il ess ora(Vg X B) = ap(g)af! drgn.
The same argument with the roles of g and h interchanged shows that

(117) Xh(p)pm_la;*lef*,ord(g X Vh) + ef*,ord(v.g X h) = ap(h)a;*IQngh'

The case r = 1 of the proposition is obtained by simultaneously solving equations (116) and
(117) above. The case of general » > 1 can then be treated by induction on r using the
identity

(118)  ep ora(V'g X h) = a;*lap(g)ef*,ord(vr_lg X h) — aj?th(p)pm_lef*,Ord(VT_lg X h),
which follows from Lemma 2.17, more precisely from the fact that eoq(V7g x APy =0. O
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Lemma 4.10. The following identities, as well as their counterparts with (ag, o) replaced
by (O‘gaﬁh): (ﬁg)ah} and (ﬁgvﬁh); are satz’sﬁed:

(1) €fx, ord(Vga) x (Vha)) = a;*lef*,ord(gaha)S

(2) €f*, ord(ga X Vhq) = aga;*lef*,ord(gaha)§

(3) e ord(Vga X ha) = aha;*lef* ord(gaha);

(4) e ora(g?) x h) = e+ ora(g x hlPl) = (1 - agaha;})ef*md(gaha).

Proof. To prove the first assertion, note that

eord((Vga) X (Vha)) = €ora © V(gaha),
and that
eord 0V =1m UM oV =lm UM = U, eora.
The first assertion now follows from the fact that U, operates via multiplication by a« on

Serd(N; (Cp)[Tr;Z]. For the second assertion, we invoke Lemma 2.17 to assert that

(g% x (Vha)) = (9 — ap(9)Vg) x (Vhy)

is in the kernel of the ordinary projection to conclude that

eord(g X Vha) = ap(g)ef*,ord((v.g) X (Vh))v

and the second assertion now follows directly from the first. The third assertion follows from
the identical argument with the roles of g and h interchanged. The last identity then follows
from the previous ones by a direct calculation using the fact that gl?) = g, — gV gq. (]

Proposition 4.11. Let f € Si,(N) be a holomorphic form of weight k and let g € S}=°°(N)
and h € SE°°(N) be nearly holomorphic modular forms, with k = £+ m. Assume that f, g

and h are eigenvectors for the good Hecke operators of level N (but are not necessarily new of
this level.) Then for all primes p{ N,

E(f9,h)
&i(f)
where E(f,g,h) is as in equation (6) of Theorem 1.3 (with c =k —1).

(119) ef*70rd(g[10}h) = ep+ ord(gh),

Proof. The last identity of Lemma 4.10 shows, after setting ¢ /i, == € f*,ord(gp}h), that

(120) efrord(gaha) = (1 —aganarl)” ¢fg[?]ha
(121) efeora(gahp) = (1= agBna;) " b,
(122) €f* ord(gﬁh ) ( ﬁgahafl) lqbfg
(123) eprord(gshp) = (1= BeBrarl) ™ dp i

Combining (120) and (121) with the identity
h = (an — Br) " (anha — Bhp),
and similarly with (122) and (123), we obtain
(124) efeora(ah) = ((1—agona;)(1 = agBra;l)) ™ ¢ pymin;
(125) e+ ord(gsh) = ((1— Bganay H - Bolnaty N7 G g
The result now follows from these two equations by a direct calculation using the fact that

g=(ag— ﬁg)_l(agga — By98)-

)
)
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Remark 4.12. A formula similar to Proposition 4.11 can be found in Proposition 2.2.2. of
[HaTi]. The approach followed there is conceptually sound but more complicated than the
one followed above; possibly for this reason, an error seems to have crept into the roughly five
pages of elementary but tedious calculations in the proof of Prop. 2.2.2. of loc.cit, and the
factor denoted there by Ep(f,g,h) does not agree with the factor £(f, g, h) of Proposition
4.11. We note that the factor £(f, g, h) occuring in Proposition 4.11 is consistent with the
conjectural recipe for the “correction term at p” arising in the theory of p-adic L-functions,
as described in e. g.in [Pan, p. 285].

Corollary 4.13. Let f € Sk(N), g € S¢(N) and h € Sp(N) be holomorphic forms, and
assume that k = £ +m + 2t with t € Z=0. Assume that f, g and h are eigenvectors for the
good Hecke operators in level N (but are not necessarily new in this level.) Then for all primes

PN, £(f.a.h)
*,or dt [P]Xh :7797 * or dt x h).
efora(d'g ) AR a(d'g x h)

Proof. This follows from Proposition 4.11 with (f, g, h) replaced by
(f,d'g,h) € Sp(N) x SE%(N) X S (N),
in light of the fact that d*(gl’!)) = (dg)l!, gy = plag and B, = p'fy. O

Proof of Theorem 4.7. By (109), the value of .,zﬂ,,f(F,g,E) at (z,y,2) € X5 is
(2 e orald' gy x ho))np
(£ 22Ny
o g(f:cagwhz) (f;(p)aef;,ord(dtéy X ;Lz))N,p
e (fo s fa 7 )Np
where the second equality follows from Corollary 4.13. But then by Proposition 2.8,

(2P e s ora(digy x B))np  (Fo® ese orallR0 (855, % 1)) v

(126) gpf(f.agafl)(xvyvz) =

(128) o - T
( fz(p)7 1 (p))N’p ( fz(p)7 fz(p)) Np
On the other hand, by equation (113),
(f;(p)’ ef;,ordnljl\(f)l(6§§y X Ez))N,p _ ( “;(p)j (ef;‘Hljl\(f)l(éﬁgy X EZ))(p))NJ?
(2P, 1P Eo(F) (17 £1 P )N
Eo(fu)(fi [3)N
(f%, 083y % hz)n
130 =
(130) Eolf) (2 T

gO(fr)( ;7]0;)]\7
Theorem 4.7 follows.

5. THE p-ADIC GROSS-ZAGIER FORMULA

Recall the class ny € HI(XKf,u_J_T) attached to the test vector f € Si(N; K)[ry] following
the discussion after (55). Thanks to the chosen embedding of K¢ into C,, the class n 7 can be
viewed as belonging to Hl(X@p,g_’”)[ﬂf]. Let

n € Hin(Xe, L)
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denote its unique lift to the unit root subspace. We can now state and prove the p-adic Gross-
Zagier formula of this paper, relating the image of the generalised diagonal cycles under the
p-adic Abel-Jacobi map to the value of the Garrett-Rankin triple product p-adic L-function
at points corresponding to balanced triples of classical modular forms.

Theorem 5.1. Given (x,y,z) € Xy, set
(fvgvh) = (frvgy)h2)7 (fmévﬁ) = (fw,gyaﬁz)a (kvgam) = (H(.ﬁ),/ﬂ(y),/{(Z)),

and let A == Ay ¢ C W be the generalised diagonal cycle attached to the weights (k,€,m).
Then after writing k =+ m — 2 — 2t with t > 0,

Fa T E(f,9,N) i
LIE g h) (v, y,2) = (1) —D2 7 AT (AT @ wy @ wy).
Proof. This follows directly from Theorem 3.14 and Proposition 4.6. O
REFERENCES

[BD] M. Bertolini, H. Darmon, Kato’s Euler system and rational points on elliptic curves I: A p-adic Beilinson
formula, Israel J. of Math., to appear.

[BDP] M. Bertolini, H. Darmon, K. Prasanna, Generalised Heegner cycles and p-adic Rankin L-series, Duke
Math Journal, Vol. 162, No. 6, pp. 1033-1148.

[BDR] M. Bertolini, H. Darmon and V. Rotger, Beilinson-Flach elements and Euler Systems I: syntomic
regulators and p-adic Rankin L-series, submitted.

[Bes00] A. Besser, A generalization of Coleman’s p-adic integration theory, Invent. Math. 142 (2000), 397-434.

[BoPa] S. Bocherer, A. A. Panciskin, Admissible p-adic measures attached to triple products of elliptic cusp
forms, Documenta Math., Extra volume: John H.Coates’ Sixtieth Birthday (2006), 77—132.

[Br] R. Brasca, p-adic modular forms of non-integral weight over Shimura curves, arXiv:1106.2712v1.

[Ca86] H. Carayol, Sur les représentations (-adiques associées auz formes modulaires de Hilbert, Ann. Sci.
Ecole Norm. Sup. (4) 19 (1986), 409-468.

[CGJ] R. F. Coleman, F. Q. Gouvéa, N. Jochnowitz, F2, ©, and overconvergence, Internat. Math. Res. Notices
1 (1995), 23-41.

[Coa88] J. Coates, p-adic L-functions, Sém. Bourbaki (1988), exp. 701, Astérisque 177—178 (1989), 33-59.

[Cole94] R.F.Coleman, A p-adic Shimura isomorphism and p-adic periods of modular forms, in p-adic mon-
odromy and the Birch and Swinnerton-Dyer conjecture (Boston, MA, 1991), 21-51, Contemp. Math. 165,
Amer. Math. Soc., Providence, RI, 1994.

[Cole95] R.F. Coleman, Classical and overconvergent modular forms. Les Dix-huitiémes Journées
Arithmétiques (Bordeaux, 1993). J. Théor. Nombres Bordeaux 7:1 (1995), 333-365.

[Colz00] P. Colmez, Sém. Bourbaki 1998-99, exp. 851, Astérisque 266 (2000), 21-58.

[DR] H. Darmon and V. Rotger, Diagonal cycles and Euler systems II: The Birch and Swinnerton-Dyer con-
jecture for Hasse-Weil-Artin L-functions, submitted for publication.

[DRS] H. Darmon, V. Rotger, I. Sols, Iterated integrals, diagonal cycles, and rational points on elliptic curves,
Publications Mathématiques de Besangon, vol.2, 2012, pp. 19-46.

[Da] M. Daub, Berkeley Ph.D thesis, in progress.

[DDLR] H. Darmon, M. Daub, S. Lichtenstein, and V. Rotger (with an appendix by W. Stein) Algorithms for
Chow-Heegner points via iterated integrals. Submitted.

[DiNy] M. Dimitrov, L. Nyssen, Test vectors for trilinear forms when at least one representation is not super-
cuspidal, Manuscripta Math. 133: 3-4 (2010), 479-504.

[Gar] P. Garrett, Decomposition of Eisenstein series: Rankin triple products, Ann. Math. 125 (1987), 209-235.

[GrKu] B. Gross, S. Kudla, Heights and the central critical values of triple product L-functions, Compositio
Math. 81 (1992), no. 2, 143-209.

[GrPr] B. Gross and D. Prasad, Test vectors for linear forms, Math. Annalen 291 (1991), 343-355.

[GrSc] B. Gross, C. Schoen, The modified diagonal cycle on the triple product of a pointed curve, Ann. Inst.
Fourier (Grenoble) 45 (1995), no. 3, 649-679.

[HaKu] M. Harris, S. Kudla, The central critical value of a triple product L-function, Ann. Math. (2) 133
(1991), 605-672.

[HaTi] M. Harris and J. Tilouine, p-adic measures and square roots of special values of triple product L-
functions, Math. Annalen 320 (2001), 127-147.

[Hi86a] H. Hida, Iwasawa modules attached to congruences of cusp forms, Ann. Sci. Ecole Norm. Sup. (4)9
(1986), 231-273.



A p-ADIC GROSS-ZAGIER FORMULA FOR DIAGONAL CYCLES 47

[Hi86b] H. Hida, Galois representations into GL2(Zp[[X]]) attached to ordinary cuspforms, Invent. Math. 85
(1986), 545-613.

[Hi88] H. Hida, On p-adic Hecke algebras for GL2 over totally real fields, Ann. Math. 128 (1988), 295-384.

[Hi88b] H. Hida, A p-adic measure attached to the zeta functions associated with two elliptic modular forms
II, Ann. Inst. Fourier (Grenoble) 38 (1988) 1-83.

[Hi93] H. Hida, Elementary theory of L-functions and Eisenstein series, London Math. Soc. St. Texts 26, 1993.

[I] A. Ichino, Trilinear forms and the central values of triple product L-functions, Duke Math. J. 145 (2008),
no. 2, 281-307.

[Ja] U. Jannsen, Continuous étale cohomology, Math. Ann. 280 (1988), 207-245.

[Kas99] P. Kassaei, p-adic modular forms over Shimura curves over Q, M.I.T. Ph.D thesis, 1999.

[Kat73] N. M. Katz, p-adic properties of modular schemes and modular forms, in Modular functions of one
variable, 111, Lecture Notes Math. 350 (1973), 69-190.

[Kat78] N. M. Katz, p-adic L-functions for CM fields, Invent. Math. 49 (1978), 199-297.

[Ki] K. Kitagawa, On standard p-adic L-functions of families of elliptic cusp forms, in p-adic monodromy
and the Birch and Swinnerton-Dyer conjecture (Boston, MA, 1991), 81-110, Contemp. Math. 165, Amer.
Math. Soc., Providence, RI, 1994.

[Lal] A.G.B. Lauder, Computations with classical and p-adic modular forms, LMS J. Comput. Math. 14 (2011)
214-231.

[La2] A.G.B. Lauder, Efficient computation of p-adic Rankin L-functions, in Boeckle, G. and Wiese, G. (eds.)
Computation with Modular Forms, Springer Verlag, to appear.

[Nel] J. Nekovar, On the p-adic height of Heegner cycles. Math. Ann. 302 (1995), no. 4, 609-686.

[Ne2] J. Nekovér, p-adic Abel-Jacobi maps and p-adic heights, in The Arithmetic and Geometry of Algebraic
Cycles (Banff, Canada, 1998), CRM Proc. Lect. Notes 24 (2000), 367-379.

[Pan] A. A. Panciskin, Admissible non-archimedean standard zeta functions associated with Siegel modular
forms, in J.-P. Serre, S. L. Kleiman, U. Jannsen, Motives, AMS Proc. Symp. Pure Math. 55: II, 1994.

[Pau] A. Paulin, Local to Global Compatibility on the Eigencurve, to appear in the Proc. London Math. Soc.

[PR] B. Perrin-Riou. Points de Heegner et dérivées de fonctions L p-adiques. Invent. Math. 89 (1987), no. 3,
455-510.

[PSR] I. I. Piatetski-Shapiro, S. Rallis, Rankin triple L-functions, Compositio Math. 64 (1987), 31-115.

[Pr90] D. Prasad, Trilinear forms for representations of GL(2) and local epsilon factors, Compositio Math. 75
(1990), 1-46.

[Pr07] D. Prasad, Relating invariant linear form and local epsilon factors via global methods, with an appendix

by H. Saito, Duke J. Math. 138:2 (2007), 233-261.

c] A. J. Scholl, Motives for modular forms, Invent. Math. 100 (1990), 419-430.

e] J.-P. Serre, Formes modulaires et fonctions zéta p-adiques, Lecture Notes Math. 350 (1973), 191-268.

h86] G. Shimura, On a class of nearly holomorphic automorphic forms, Ann. Math. 123 (1986), 347-406.

r] E. Urban, Nearly overconvergent modular forms, to appear.

YZ7Z] X. Yuan, S. Zhang, W. Zhang, Triple product L-series and Gross—Schoen cycles I: split case, preprint.

Wa] T. C. Watson, Rankin triple products and quantum chaos, to appear in Ann. Math.

S
S
S
[u
[
[

H. D.: McGILL UNIVERSITY, MONTREAL, CANADA
E-mail address: darmon@math.mcgill.ca

V. R.: UNIVERSITAT POLITECNICA DE CATALUNYA, BARCELONA, SPAIN
E-mail address: victor.rotger@upc.edu



